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1 Introduction

This paper develops the Wilson line approach to the high energy scattering proposed in [1]
to the case of the 3-quark Wilson loop (3QWL) operator in the next to leading order (NLO).
The full NLO hierarchy of the Wilson lines and the JIMWLK hamiltonian equivalent to
it are obtained in [2] and [3]. However, the NLO evolution of the color dipole operator in
known for some time [4], [5], [6].

The 3QWL is a colorless operator which has a baryon structure ei’j/hlaz-jhU{'i, Ug j’U?]}h/‘
Its leading order (LO) linear evolution equation was studied in the C-odd case within
the JIMWLK formalism and proved equivalent to the C-odd BKP equation [7]-[8] in [9]
and its nonlinear evolution equation was derived within Wilson line approach [1] in [10].
The connected contribution to the kernel of the equation was calculated in [11]. In the
momentum representation the evolution of this operator was first studied in [12], and the
nonlinear equation was worked out in [13]. In the C-odd case the linear NLO evolution
equation for the odderon Green function was obtained in [14].

In this paper we use the results of [2], [6] and [11] to construct the NLO evolution
equation for the 3QWL operator. Then as in [5], we construct the composite 3QWL
operator obeying the quasi-conformal evolution equation and give its linearized kernel.



The paper is organized as follows. The next section contains the definitions and nec-
essary results. Section 3 presents the derivation of the NLO kernel for 3QWL operator.
Section 4 describes the calculation of the quasi-conformal kernel for the composite 3QWL
operator. Section 5 gives the linearized kernel. Section 6 lists the main results. Section 7
concludes the paper. Appendices comprise necessary technical details.

2 Definitions and necessary results

We use the following notation. We introduce the light cone vectors n; and no

1
n1=(1,0,0,1), ng= 5 (1,0,0,—1), nf =ny =nna =1 (2.1)
and for any vector p we have
1 _
p*zp—zpnzzg(powg), pr=p =png =p’ —p°, (2.2)
p=p"ni+p ng+pi, p*=2ptp” —p?, (2.3)
pk=p"k,=p k™ +p kT —pk = pik_ +p_ky — pk. (2.4)
We define the 3QWL operator as
Bigg = &9 ey, Uty U3 Ul = Uy - Uy - Us, (2.5)
where .
Ui = U (7%,7m) = Pe'9 "= bu F.0dr™ (2.6)

and b, is the external shock wave field built from only slow gluons

d* ;
b, = / (27:))4 e "P*h~ (p) O(e" — p). (2.7)

J

The index convention is a; bg? = (ab)f. The parameter n separates the slow gluons entering

the Wilson lines from the fast ones in the impact factors. The field
W (r)=0b(r*,P)nk = 5(r")b (7) nk. (2.8)

Therefore 77,79, 73 are the coordinates of the quarks within the 3QWL, and we denote
70,74 as the coordinates of the gluons. Hereafter we set N, = 3 explicitly. Then one can
use the SU(3) identities

. 1. 1.

U = 2r(?Ust°UY), - (1)} (1)) = 508, — 816} (2.9)
to rewrite the result of [2] only through the Wilson lines in the fundamental representation.
For the contribution of the the states with 2 gluons crossing the shockwave it reads

i j O‘? S g
<KNLO ® (Ul)é’(UQ)?i’)’gg = _W/dTOdT4 G12, (2.10)



J3

G =G {(U1U§U4>: (UOU;[UQ) 4+ (U4U§ Ul)j (UzUon)jj}

J1

- J3 J3
+G(17)® {(U0U1U2U§U4) "+ (nujuauiv,) }
J1 J1
. i3 i3
+G3(Un) P {<U0U1U1U§U4>' + (nuitnvjty) }
i1 3

1

Gy {(U4);l§ (U1U§U2>f + (U (U2U3U1> ’

1

}tr(UoUi)

Ji
+G5(U2)}3 (U) i tr(UaUDtr (UgUL)

. J3 J3
+Gg ((UO)Z? {(U4USU1UIU2) -+ <U2U1U1U3U4) ' }
n n

. J3 . i3
_ {(U4);§ <U0U1U2>i + (U)P (UQUIU())' }tr(UgU1)>

1 J1
+G7(U1);i§(U4)§§tr(U0Uj)tr(Ug Us)
i3
i1

+Gs ((U@ﬁ {(UOUJUQUgUl): + (nmujvauluy) }

_ {(Uo){f (U4U§U1)z + (Vo) (U1U3U4)j3} tr(UjU2)> . (2.11)

1

We did not write the subtraction terms here since it would be easier to make the subtraction
after the color convolution. The functions have the form

G o4 — 272> T04°T12° + T02 (7”12 —T14 ) =+ (?"01 + T02° — 712 ) 724
1= e = - e
270227042 (7242 — T022) 2701270227042 242
- S = S 9 o N[z 2 = 2\ = 2
n 1 2715 1ot 4% (Fo2? — Toa?) (Ma? — 7o1?) Toa
70127242 — 70227142 | Toa? 270127242 To4? Toa? (P42 — T022)
.
ro2 1
><1n<_,2)—_,4—|—(0<—>4,1<—>2). (212)
T4 2704
a 1 ( 1 n 1 ) (Fo2% + 747) 2 Foa? — T2
2= =5 - - e - - =55 5o
(To22 — T242) | \Toa? 27227242 2 704 47022 704% 724>
S 9
T02 1
X In <_, 2> - = (2.13)
794 T04
Gs = G102 (2.14)
o (To2® — T24?) (Fo2?F14® — T01°T2a®) 702 + oy’ 1 N 7ot
4= Iy — == 5555 e 5555 S
2701 2702271427242 704> 270222427042 270127142 2701%702%714° 724>

> 2 = 2\ (=2 2 = 2 " _ .

(7"01 —T14 ) (7"02 — T2 ) 7022 + Tha? =2\ 7012 a 91

+ 2—» 2= 2= 2= 2= 92 _2—» 2= 2= 22 92 T12 n _.72 - 1- ( . 5)
70177027047 7147724 7017702714724 714



2 1 4 Ft+ma 1 1 7o12
G5 = 1 + (7:612 5 |: 5 =1 — 3 3 In =3 - (216)

704 — T14% [ T04 704 701 7012704 714
S S D 2 2 2 2 2\ | = 2(=2 2 = 2, = 2 S
G F1o? — Ta? n r14 (7‘24 —T02 )+7“01 (7”14 — 7127 + 724 ) In (7“012) (2.17)
6= | s=5552 e —]. (2.
270127142742 2701270427142 7242 7142
G7 = Gsl1s2, Gs = Ggl162,004- (2.18)

After the convolution with 1%, ;. (Us)¥, (2.11) gives the contribution of the 2-gluon
states to the evolution of the 3QWL operator U; - Uy - Us describing the total interaction
of Wilson lines 1 and 2, leaving Wilson line 3 intact.

Guae M eiyjoi (Us)])
= G ( (Uotitey) - (o) + (et - (Uatiton ) ) - U
+ [Gg (U0U4TU2UOTU4 + UUo U UL U ) UL Us + (1 2)]
~Gatr (UoU1) (11061 + U U ) - Us - Uy
+[Gs Uz Uy - Us tr (U0 )t (UoUsT) + (15 2) |
+ |G (tr (Do'vn) (UoUt 0y + 02010 ) - Us - U
+ (U2U4TU1U0TU4 U U UL Uy ) Uy - Ug) b (14200 4)] . (2.19)

One can also write )

. le% . .
(Knzo ® (U)f)leg = — 55 / dFodFy G, (2.20)

Glf = G35 (U4TU()U1TU4U0Jr + U()T[LJJ&TIJ()[L;Jr

—tr (U1T U4) tr (U4T UO) Uot — tr (UoT U4) tr (UNUO) U, )jS

Ji

+ Gg (t’l" (UlTU4) tr <U4TU0) UOT —tr <U0TU4) tr (UlTU()) U4]L )JS y (2.21)
J1
S 2 o9 =09 S 9
ro1° — To4” + 714 701
= 1 . 2.22
Go 4701270427142 <F142> (222)

And then take the convolution

Giiys = Gyi (Us)! = Gy (tr (UOTU3U4TU0U1TU4> +ir (UOTU4U1TU0U4TU3)
—tr (UoT Ug) tr (U1TU4) tr (U4T U0> —tr (UOT U4> tr (UlT Ug) tr (U4T Ug) )

+ Gy (tr (UOT U3> tr (U1T U4) tr (U4T Uo) —tr (UOTU4) tr <U1TU0) tr <U4TU3) ) . (2.23)
For the elements of SU(3) group one has the identity

Eijhé‘i/j/h/(Ul)gl(Ul);/ = Q(UDZ/, Uy -Up-Us = 2tT(U;rU3), (2.24)



Taking 7 = 7 in (2.19) one can check that it is related to (2.23) via this identity using
the other SU(3) identities (A.1) and (A.3). Taking the conjugate of G+, one gets

-/ a2 N R
(Knio® (0] oy =~y / drodiy G, (2.25)

Gi=Gs (U4U3U1U1UO + UoUL U, U Uy
—tr(U UNtr (U, UNUy — tr(UUNtr (U, UND U 7
r(U1U)tr(UsUy)Ug T(04)T(1o)4j

’

J

+ Gy (tr(UlUj)tr(U4U§)U0 - tr(UoUl)tr(UlUg)m) B (2.26)
J

The contribution of the evolution of only one line U; to the evolution of the 3QWL reads

G1yzs = Gieleijn (U)! (Us) = Gy <U4U0TU1U4TU0 + DUl Ul U,

—tr(U Ut (UUD U — tr (UOTUl) tr (UJUO) U4) Uy - Us

+ Gy (tr(UlUj)tr(U4U§)Uo i (UOTUl) tr (UJUO) U, ) U - Us.

Then the connected contribution of the evolution of lines 1 and 2 reads

(2.27)

1
G123 = §[H1 — (1 ¢ 2)]

x [(UOUJUQ) - (UlUOTU4) Us — <U0U4TU1> : (UQUOTU4> Us — (4 5 0)
+Hoy :tr (UoT U1> (U0U4T Us + UsUyt U0> - Us - Uy

- <U2UOTU1U4TU0 + U0U4TU1U0TU2) Us-Us— (44 0)

+Hy :tr (UOTUl) (UOU4T Us + UsUyt Uo) Us- U,

n (UQUOTUlUJUO n U0U4TU1U0TU2) Us Ui+ (4 0):
FH[tr (U0U4T> <U1U0T Us + U2U0TU1) Us - Uy
n (UOUﬂUl) : (UQUOTU4) U+ (U0U4TU2) : (UlUOTU4) Us + (4 ¢ 0)]

+ Hy[tr (U4UOT) (U1U4TU2 n U2U4TU1> Up-Us — (44 0)] + (1 4 2).

[(77022 — 712?) (F14% (Fo2? — T24?) + T04? (P24 — T12?))

(2.28)

70127022 70427142242

col

Hy =

22 22 522 22 o9 o9 S 9

T12”° — T4° — Toa”®  Tog” — T2° — T4 701
__u 7 _n2 T (D) (2.29)
T04%T14%724 T02°704°714 714

92 o2 7012 — To2> 7142 — 7042 + 7012

2

=55 55 5+ 555 535 55 55
[0127'1427’022 701271427242 T012704%T24

3L

Hy =
2 7’0127“0427‘14

0| =



= 2 2 2 = 2 = 2 = 2

712 01" — 712 724 701

5 s+ s . (2.30)
702

T0a2M14%T24% 01270427022 70427142 7142
. — 1 [ 7012 — 7o2? F19? 19”
T8 {%1270427?242 Fo127142724% 70427142742
" S 9 o o9 —_ )
= 27:122—» 3T 1“242_’—2?}4 2 = 27:»122—» 2] In (7:»012> . (2.31)
0177047702 70477147702 0177147702 14
Hy = -1 1 [77122(77142 — 701%) (Fo2? + 7242) 122 B it
47pst 8 701270227042 7142742 701271427242 701270227142 7242
Toa? + To2? — 14®  To1? — Too? — Tha®
To22704% 7142 701270427242
N 1 (77122 —2” T’ 70’ 474’ 8 >
Fo12 — M4 | 70127022 T022714° Toa*  Toa?
1 2714 AF2?M14?  8a? o1
—»2*2_—»2*2(—»2*2+ =7 —42>}ln<42>. (2.32)
T017T24% — T02°T14% \ 7027714 T04 704 714

The fully connected contribution can be taken from [2] or [11] and transformed to the form
G 123 = H; [(UOUZLT U3) - (UlUOT Uz) Uy — (UOU4T Ug) : (U1U0T U3> Uy
+ (U2U0TU1) : (U3U4T Uo) Uy — (UQUOTU4) . <U3U4T U1> U+ (4 0)}
+H6[(UOU4TU2) . (UlUOTUg) Uy + (U0U4TU3) : (UlUOT UQ) U,

+ (UQUOTUl) : (U3U4TU0) Uy — (UQUOTU4) : (U3U4TU1) Uy — (4 ¢ 0)]

T (1o 2)+ (1 3). (2.33)
71327022 7192732 71927542 71327942
2 2 2

H5 - g |:
2 22 2 2> 22 2 = 2 = 2 2> 2 = 2 > 2
127713 _ 037712 4™ — T34 . 12 To3” — To1

2 2 2 2 2 2 2 2

0127032704224 7012703271424 7032704271424 T042714%734 %7022

t=%5 97 22 5> 95 9o 5o 9o 5> 9o N
7'0127’1427'3427"02 T012T04 7“3427’02 T032T04 14 T042T142T24 o1 T042T34
2 =2 2 2

- - 9 - 9 - - 9
13 13 12 24 13 12
2 2 2 2 2 2

T0a2T14%7022  T01%T03%T14% 701271427242

2

70127042702
2

734
2

701271427342 T04%T14

2 2

To3” —Th3” 12 Fo3” — T34 702 B 713 ] n <To1 >
703270427242 T012714%702%  Toa?7T34%T02%  T012704%T242% 701270327042 142
(2.34)

+

=2 27 2 =2 2z 2 =2 2= 2
127713 137702 127734

B 2 2

Hg = 3

T032704% 7142724

| =

7012703271424 7012703270424
S 2. 9 S 25 9 S 25 2 9 o o9 S 2 o o9
703712 713724 T12°713 703° — T01 T13° — 701
) 2 2

T012704%734%  T012703%T04
L9 o o9 S L 9 S 9
Tos” —Tos” | ,To4” — T4 — T T94” — T4 702 T34
2 2 2

70127042734 %702 T042714%734%T022 701271427342 702

T032704°T24 701271427042 T042714%702%  T012704%T24%  T032704%T14>

2 2 2 2 2 2 2 2 2.2
12 _ 13 13 12 13
2 2 2 2 2 2

7342 T0a?T14%T34%  T0127142724% 701270327142

2 2 > 2 2 2 > 9
12 12 723 701
M TN NG RN s = B = 2]111(% 2)' (2.35)
T01°T04%T02°  T01°T14°T02°  T04°T34°T02 14

704271427242 T01%T14




3 Construction of the kernel

Taking the contributions of the self-interaction on one Wilson line (2.27), the connected
contributions of 2 (2.28) and 3 (2.33) Wilson lines from the previous section one can
write for the full contribution to the evolution of the 3QWL with 2-gluons intersecting the

shockwave
a2 N
<KNLO X Bmg)’zg = <KNLO Uy - Uy - U3>‘Qg = —87:4/d7‘0d7’4 G, (3.1)
G = G1)23 1t G123+ G123 T G123+ G1(23) T G132+ G (123) 5 (3.2)

Here (...) stands for the connected contribution, i.e. G )23 gives the contribution of the
evolution of line 1 (2.27), with lines 2 and 3 being spectators, Gj2y3 — the connected
contribution of the evolution of lines 1 and 2 (2.28), with line 3 being intact, and Gy;3)
— the fully connected contribution (2.33). All the rest can be obtained from them by
1 < 2 < 3 transformation.

There are several useful SU(3) identities, which help to reduce the number of color
structures. They are listed in the appendix A. First we use (A.5) to get rid of the structure

(UOU4T UgUOTU4> Uy - Us (3.3)

and the 2 ones it goes into after the 1 <> 2 < 3 transformations with their symmetric
counterparts w.r.t. 0 <> 4 exchange. Next we use (A.6) to eliminate 6 such contributions

antisymmetric w.r.t. 0 <> 4 exchange as
(UQUOJf UL U, + U0U4TU1UOTU2) Us- Uy — (445 0). (3.4)
After that we use (A.7) to express 6 structures like
(U2U4TU1U0TU4 + U Ut U, U UQ) Uy - Uy (3.5)

and their symmetric counterparts w.r.t. 0 <> 4 exchange through other structures. Then
via (A.8) we cancel 3 structures of the form

Uy Us - Uy tr (UOTUl) tr (UgUﬂ) Uy Us - Up tr (U4TU1) tr <U4U0T) . (3.6)
Finally, by means of (A.9) we discard the 3 nonconformal terms proportional to
tr (U0U4T) (UonTUQ + UzUoTU1> Us - Uy — (4 0) (3.7)
and the 2 structures they go into after the 1 <> 2 <> 3 transformations. Finally, we get

G = {(L12 + L12) (U0U4TU2) : (U1U0TU4) Uz + Lyatr <U0U4T) <U1U0tU2> U3 - Uy

+(Mis — Mo — Moy + M) [(UgUﬂUg) : (UQUOTU1> Uy + (UonTU2> : (U3U4T Uo> : U4]
+ (all 5 permutations1 <> 2 <> 3)} + (0 +> 4). (3.8)



o 4 S 2 20 2 o 2 2
[ 1 12 1 n 1 4 127 T02"T1a” + 7017
12 — — —> 9 — — 9 8 — ) — ) — 9 > 4

70127242 — 7022714 7012724 7022714 T04 4roy
192 1 1 T01°T24 1
12 (q — =5 ) |0 ( Zoms ) + 5= (3.9)
87042 \ 70227142 71 274 T14%702 T04
) - 92 ~ 9295 9
fooo 2 12 _ 1 _ 1 Iy (017724 (3.10)
12 — 8 - 9272 2= 92— 9 - 2= 2= 9 - 2= 2= 9 n — 2 .
T01°T02°714°T24 T01°7T04°724 T02°T04°T14 142702
- 92 - 92 o 92
Moo — 112 (ED) _ 1 _ 1 1 [ Fo1 272> (3.11)
12 — 16 2 2= 2= 2= 9 2 2= 2= 2 - 2= 2= 9 n - 22 2 . .
T01°7T02°714°T24 T01°704°T24 T02°T04°T14 T14°T24
S 95 9 S 95 9 S 95 9 S 9
My — ( 127723 147723 T03°T12 13 >
2= | 555559555 " 5955 95 55 95— 5 55 95 9o =55 5o
T0127022T24% 342 T012704%724%734%  T0127022704%734%  T012704%7342
1 022
x ~In | =2 (3.12)
4 7“24

These functions obey the identities

) )
723 723 1 1 702
MQ‘Fl—M_"g = 1 <_, = N > 9 S 95 S o T = 27_1,342> ln <2> . (313)

7‘0327“0227"2427”34 T03 7’0427"24 7"0227“04 24
Mg — Mg — Mag + M|z, 7, = Los. (3.14)
M3 — Myy — Moz + Ma|s i = Mig — Mig — Moas + Ms|w, 5, = 0. (3.15)

Using these identities and (A.1) with [ = 3, we get the dipole result
Gl7 7, =4(Las + Lao)tr (UOTU4> tr <U3TU0) tr (U4TU2)
— ALgptr (UoT UsUyt U0U3TU4) 1 (043 4). (3.16)

This expression is twice the corresponding part of the BK kernel for t'r(UgUér ).

The only UV divergent term in (3.8) is the term proportional to Ljs. This term has
the same coordinate structure as the corresponding term in the dipole kernel. Therefore
we can do the same subtraction as in the dipole case. Using (A.3), we get

<U0U4TU2> : (UlUOTU4> Us +tr (U0U4T) (UonTUg) Us - Us+ (26 Do,

= 3[tr (U1U4T) Uy -Us Uy +tr (U2U4T) Uy -Us Uy —tr (Ugw) Uy-Us - Uf — Uy - Us-Us

3
= 5[31443234 + B24aB134 — B344B124] — Bias, (3.17)
Bigg = Uy - Uy - Us = " e;j, UL UL US,. (3.18)
Therefore we can separate the result into the UV finite and divergent parts
2 a?
(KnLo @ Bia3)|2g = ~ 8 4/d7“0d7“4 G finite — e 3/d7”0 Guv, (3.19)

G finite= {L12 <U0U4TU2> : (UonTU4) -Us



L [(UOU4T U2) : (U1U0T U4> Us + tr (U0U4T) (UlUOT UQ) Us- U,

3 1
—1[31443234 + BoaaB134 — B34aBias] + 23123]

+(Mis = Mz = Mag + My) | (UoUa U3 - (0ol 01 ) - U+ (110102 ) - (UsU ) -
+ (all 5 permutations 1 <> 2 <> 3)} + (0 > 4). (3.20)

And Gy is included into the term describing the contribution with one gluon crossing the
shockwave in [2].

The contribution of the diagrams with 1 gluon intersecting the shockwave, which are
not proportional to the S-function one can take from (5.27) in [11]

- ?”107"20 (7 307"20) "”30 i
(Knro ® Bi23)|1g = /d 70 [ -9 — s o9 | =5 In =10 19 (B10oBs20 — B3ooBa10)
7‘107"20 7"307“20 31 7“31

2

(6 5 1 ’Fgo’FlO _)2 772 1
+—"5 /dTO [ﬂ - (_»2 = 2)] In =5 30 In -2 ( Bias — = [3B100Bs20 + Bsoo Bi2o — BaooB13o]
(2m) 10 730710 3 31 2

=
[\

2 RN ~9
o S | (P07 1 r 1

+(2 5)3 /dro [(5207?3(2)) — 7“2] In T?’O In 13 <2 [3B300B120 + B1ooB320 — B20oB13o] — B123>
@ 10730 30 31 T3l

+2<1)+(2+3). (3.21)

This term has the correct dipole limit (see (5.28) in [11]).
The contribution proportional to S-function reads (from [2])

2 -9 =9
~ as 11 T 1 1 T T
(Knpo ® Bias)|? = {— > /dm [111( 01> <ﬁ - ﬁ> - —52-In <~12>

I (27T)3 2 7"022 7“022 "”021 7"0217“022 K

r ,u2 r ,u2
o o1

9
x (Uo Uy - (UUUL) + Uy - Us - (DU U) + U1 U2 U3> +(1+3)+2 3)]
2

.
+|: o 311/_:'"20111 <’l“01> (UU U, - UgtT’(UlUO)—*Ul U, - U3> (1(—)3)—{—(1(—)2)],
(27) To1 fi® (33
3.22

LU (G 3.23

5T 3 M eww ) Ty T3 (3.23)

Or, after some algebra

- a2 11 72 1 1 2 72
o~ [ (B) (- ) e ()
7 (2m )3 6 7’022 7'022 7’021 7"0217’022 2

3
X (2(31003230 + BaooB13o — BsooBaio) — 3123) + (14 3)+ (24 3). (3.24)



It also has the correct dipole limit

2 2 =2 -2
o a; 11 T 1 1 7
(Knro © Big)|y, = ——* /dro [ln <401> (q _ q) _ 12y <}2>]
1 (2r)* 3 /) \Ts Tt T 7o i
(3
5]

531003220 - B122> : (3.25)
and it matches the BFKL kernel [15]. Therefore the real part of the whole kernel reads
a? a?
<KNLO & BlQ3>|real 8 4/d7‘0d7‘4 sznzte - ST 3/d7“0 Greala (326)

1 =2
Greal= —3 [(T10T20) (T?’OTQO)} In T30 In 10 (B1ooB320 — B300B210)

—»2 —
"’107’20 7'307'20 7'31 7'31

B [ 1 (77307710)]1 7"301 I

-9 —

=2
710 730710 731 7"31

+E In o1 1 13y _ iy In ﬁ
12 i) \Fg 7R AT 12
02 02 01 01702 K

3
X <2(B1003230 + BoogoB13o — BsooB210) — B123>

<Bl23 — = [3B100B320 + B3ooBi20 — B2003130]>

+ (all 5 permutations 1 <> 2 <+ 3), (3.27)

and G finite is defined in (3.20). If we put 7 = 73 here, we get the dipole result (see (100)
in [5])

=2 =2 =9 =9 =9

- 11 To1 1 1 5 (3% 5 20 0
Greall=r,=¢ 5 |0 23 ) (z2 ~ 72 ) ~72-2ln t25 s n—3
T02 Toz  To1 01702 i? 20710 7“21 T91

3
X (231003220 - B122> : (3.28)

Finally, from the condition that the kernel must vanish without the shockwave (if all the
B = 6) and that the virtual contribution is proportional to Bjas, we get the total kernel

2 2
o [0
<KNLO ®Bl23> 8 4/dTOdT4 sznzte - oy 3/d G/ (329)
1] 72 72 7 72
G/—* 13 32 In 20 1 B B — B B
2 7?1%7?33 7?3207?28 7“221 n = 7"21 ( 1005320 200B310)
7“122 7"10 7‘2% 1
—=5o3n=5In 9B123 — 7 [2 (B1ooB320 + B200B130) — B3ooB120]
T10T20 5T 2
11 i 1 1 72 73
to =2 ) 72 72 )~z Inl 72
702 To2  To1 To1702 H
3
X <2(31003230 + Ba00Bi3o — BsooB210) — 9Bl23> +(1+3)+ (2 3). (3.30)

It differs from (3.27) in the coeflicients of By23’s which turn into 9’s; G finse is defined in
(3.20).
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4 Evolution equation for composite 3 QWL operator

To construct composite conformal operators we will use the model

oeont _ 4 120

I (4.1)
"mn__y _Tmn_ |n( ‘mn? ’

72 r2 "Tp2 2 72 72

im’ in

im’in im’in

where a is an arbitrary constant. For the conformal 3QWL operator we have the following
ansatz

=2 =2

con 0433 — 12 aryy
Bugf = B3 + dry —5 o5 0| 55

872 7272 273

41" 42 41" 42

1
X (—DBi23 + = (B144B324 + Bo4aB314 — B34aB214)) + (1 < 3) + (2 < 3)] .

(4.2)
If we put 75 = 3, then
a3 LT3 ar 1
By = Bias + — /dm 25 In <_,2 12 > (—Bi22 + ~ B144B224),
Am T41T42 T41T42 6
or

g L2 ar
tr(U U)o = tr(UUS) + —5 / 201 (ool | (tr(U Ut (UsUY) — 3tr(ULUY)),
4m T4iT42 T41742

(4.3)
which is exactly the composite dipole operator of [6]. Using SU(3) identity (A.3) one can
rewrite (4.2) as

=2 =2
« . T ar
Bfggf = Biaz + 3 52 /d?"4 |:_,21_2,2 In <_.2 £22> ((U2UIU1 + UlUlUQ) -Uy - Ug — 2B123)
T 41742 41742

+(1<—>3)+(2<—>3)}.

(4.4)
Then as in [6], for (—B123 + %(3144B324 + BQ443314 — 33443214)) we have

(—3Bi23 + 5(31443324 + BaysB314 — B3ayBa1s))™!

= (—3Bj23 + 5(31443324 + B4 B314 — B344B214))

=9 =9 9 9 =9 =9
« . 7 T4 a T Faa T Toad
+8 Sz/dro <A34—»23i1»2 11’1(_’34_,2) +A13 13 1 ( 13 ) +A23—a22§2 1n<—»223—»2>
n T03704 T03702 T03702

=222 =222
T03T04
=9 -9
T a
+ Az o520y In <421{2>) ., (45)
T T
01702

T02204

T03"01 T03"01
T02204 01702

=2 > 2 -2 -2
T 50 T Tos
+A1—5=5 In <ﬁ21442> + Azi—55 In ( - >
T01"04
where the functions A are calculated in appendix B (B.4-B.8) according to model (4.1).

2222 =2 22
To1704
Therefore the evolution equation for Bfggf turns into

OB a3 / [ 72 1
= dPy | =52 (—B123 + = (B144B324 + Bo4aBsi4 — B3y Boya))™/
877 472 r421r422( 6( ))
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a2 O[2
Faea)+Ee3)] - 87;1/617?061?4 G fimite 87:3/617?0 el

=2 =2 =2 -9
s o oo s T Ton @ Taa
== dT4dT‘0 12 A34 34 In 34 A13 In 13
A2 872 Fi7a P22 P22 2’21"2 Z2572
41742 03704 03704 03701 03701
—»2 —» —»2
Toaa ’I“ Tri4Q T TosQ
+A23 _,2 _,2 1n<_»223_,2> +A14 _,21%.2 < 214_,2) +A24 _;22%.2 111(_’\224_’2)
703702 T03702 T01704 T01704 T02%04 T02%04
+

77122 7"12‘1
—|—A12_,2_‘2 In | = ) (1(—)3)—{-(2(—)3)
T01702 7”017“02

~92 =9
g @ oo T ar

+8 52 74 82 /d?“4d7“0 I:_,21_2,2 In <_'2 £22>
T aT T41%243 T41T 42

—'2 —*2 —*2 —'2 —’2 ,,7122
(A34_.2_»2 +A1 _;2_,2 +A2 _»2_»2 +A1 _»2_;2 +A24_.2 _.2 +A12 2_;2>
T T T T Z
T03%04 03401 03702 01704 02704 01’02

+1e3)+2e 3)} . (4.6)

After simplification one has

OB a3 [ 73 »
877 = 472 d?"4 -2 22 ( B123 + 6(31443324 + B244B314 — B344Bgl4))

OZ2 042
1o +Ee ) - 87T4/dr0dr4 G finie — o 3/dF el

2 ~2 ~9 22 29 59 22 292 59
ditvdi T'12 A T34 In 7“347"417“42 | 13 In 13741742
4470 | 535 345555 -9 59 o 13 HQHQ 59 59 59

4
32 7“417“42 T03704 7“037"047“12 T03701 T03T01712
2229259 ﬁ2 24 =2 ~2 24 =2
23 T93"41742 7"147“42 To4"41
+A23_.2_,2 In 9 59 59 A14_;2 _.2 In -9 59 > +A24_,2 In =9 59 59
TrhalnoT T TasT
T03702 03702712 0104 01704 12 702 04 02704712
7, (TR
+A12_)2_,2 111(_,2_,2)) +(1H3)+(2<—>3):| . (47)
T01%02 To1702

Now we can symmetrize the last 3 lines of this expression w.r.t. 0 <> 4 transformation.
After that one can use (A.9) to show that all the nonconformal terms have the SU(3)
coefficients independent either of 74 or of 7.

So first we add the symmetrized last 3 lines of the previous expression to the noncon-
formal part of G finie (3.20). Taking into account (A.3), (A.9), and (A.13), we have

a2 [ = o [
—87r4/dr0dr4G - —87:‘4/drodr4 [{(M13 — My — Moz + Mo)[(UoUsTU3) - (UsUTT) - U

H(ULU Us) - (UsUTUp) - Uy] + (all 5 permutations 1 <> 2 ¢ 3)} (0 4)}

2 =2 ) 29229222
e diudi "2 go,t34 [ T34T41742
T 4470 | =555 34=95 59 -9 59 59

41742 T03T04 T03704712
29 59 =9 24 29 =92 24 29
2 T93"41742 14 14742 T4 To4T41
+A23 _»232 1 <_»§)_»2_»2 +A14_,2 -9 h’l -9 59 59 +A24_.2_,2 hl =9 590 59
T03702 T03T027'12 01704 To1T04712 T02704 T02T04712
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=2 22 2222 22 22 22
"3, <T13T41T42> + Ap q7;1_2‘2 n <T4217;422>) +(1e3)+2e 3)]

T03T01 To3T01712 T01%02 T01702
2 o4 S 9o 2
! Lo T12 T14°T24 1
= [ diodis | sz 5550 5525 | | 5Bo0sBoi2 — 2Bo01 Boz2s
3T 8T01°T02°T14°T24 T01°T02 2
S 9 S 9 5 92 25 9 S 9 L 9o 25 9
12 < 13 (7“12 7147734 ) + 03 In <7'01 027703 >>
870127022 \ 71427342 701270227132 70427342 704271227342
X (Boo3Boi2 — Boo1Bo23)
S 9 o 4o 2
712 701" 702
——=35 3 [l <4 5o 9o 2) (2Boo3 Bo12 — 2Boo2Bo1s — 3Boo1 Bozs + 4B123)
8r02°T04°T14 T04°T12°T14
F042712>
+1In <W> (—tr (') (a3 02 + DU 0L ) - U - U
01°724

+2 (U1 Uy - Uz — (U0U4TU1> : (U2U0TU4) ' U3>>

4 ( o1 702734 2> (tr <U4TU1) ((UZUOTU4) Uy - Us + (U4U0TU2) -Uo - U3)

7034704%712%714
+ (VU U6, ) - Us - U + (Ual 1 U3 T ) - Us - U
< F12°713> ) (770127712277342> L 703° 712 1n< 70203714 >>
167701%702%714%7342 702271327142 87012702%704%7342 70127042 712%734°
< ((votatos) - (i0'0s) - Uy + (e n ) - (Ustth) - U
- (tiftn) - (vstittn) - to — (LiU'0s) - (Va2 ) - )

+ (all 5 permutations 1 <> 2 <> 3)) + (0 + 4).

(4.8)

Indeed, in this expression all the nonconformal terms have the SU(3) coefficients indepen-

dent either of 7y or of 7y. Therefore one can integrate them w.r.t. 7y or 7. However, it is
easier to transform (3.30) using integral (116) from [6]. We use it in the symmetric form
) 22 =2
T 7 T . .
12 1029 _%) =27¢ (3) (0 (10) + 0 (T20))

=9 = 9 —

Tio"20 T12  Ti2

T'12 dry T30 10 712 10720
— + — In . (4.9)

2 2 7:*2 7:'2

14724

) ~9 5 92 ) =9
710720 2m 04T24  ToaT14  T24T14
Then,
9 59 ) -9 - -9 -9 -9 I, NN
, L[ T13T90  TaaTT 12 dry "20 10 T2 10”20
=3 gy ey g | on g T rare - ) P\
30712 307121 Ti0"20 04724 04714 24714 14724

X (B100B320 — B200B310)

,,72 7—,'2 . .
5 s 4120} ¢ (3) (0 (710) + 6 (720)) (B1ooB320 — B200B310)
3072 30712
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—9 — —2 —9 —2 =2 =9
T2 dry T20 10 712 10720
“w2rg ) o\ Y e T e ) P\
10720 04724 04714 24714 14724

1
X <9Bl23 —3 [2 (B100Bs20 + B20oBi3o) — B3003120]>

R . 1
—2m( (3) (0 (T10) + 0 (720)) <9B123 ~3 [2 (B10oB320 + B200B130) — 33003120]>

11 P 1 1 7 73
tomlz2 ) 7z 72 ) — 722 lnl 52
702 To2  Tol To1702 H

3
X <2(B1()()BQ30 + BogoBi3o — 33003210) — 9B123> + (1 — 3) + (2 — 3). (4.10)

One can write it as

-2 59 2 =9 -9 — —9 —9 —9 -9 =9
Glzl [7"137”20 _ 7"327"10] T2 /d7"4 < 20 4 Tio T2 >ln <7"107°20>

=22 22 22 | 72— 2 922 1 5252 52 -2 =9 22
2 [T30TTy TaoTial TioTap 2m \ToaTor  ToaT1ii  ToaT1i T{4T94
7 dr T T T AT
12 4 20 10 12 10"20
X (B1ooB320 — B200B310) — =5 55 /2 <H2 Dt s — =5 H2> ln<ﬁ2 = )
710720 T \To4T24  ToaT14  To4T14 714794
1
X (93123 —3 [2 (B100B320 + B200B130) — B30oB120]
L[ () (L 1 e, (T
e "\r2)\Fz TRz TR\
02 02 01 01702 K
3
X <2(31003230 + BaooB13o — B3ooB210) —9B123 | + (1 ¢+ 3) + (2 > 3). (4.11)

Next, we symmetrize the previous expression w.r.t. 0 <+ 4 exchange and combine it with
(3.20), (4.7), and (4.8) to obtain the NLO kernel for the composite 3QWL operator Bfggf

2 2

con Qg — Qg -
<KNLO @ Blggf> = _871'3 /dTOG/ - 87_(_4/d7"0d7"4G

042

o [dmdry ({Laz (voUtee) - (nititen) - Uy

YL [(U0U4TU2) : (UlUOTU4> Us + tr <U0U4T> <U1U0T UQ) Us- U,

3 1
—1[31443234 + B24aB134 — B344Bias] + 23123]

+ (all 5 permutations 1 <> 2 <> 3)} + (0 + 4)> . (4.12)
Using (A.9) to get rid of the terms like
(U0U4TU1U0TU2) Us-Up + (UQUOT LUt Uo) Us- Uy (4.13)

it can be transformed to

(Knpo ® BSy = —;‘7:24 / A diy ({Lg (U0U4TU2) - (U1U0T U4) Us
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+LS, [(UOU4T U2) : (U1U0T U4> Us + tr (U0U4T) (UlUOT UQ) U - Uy
—2[31443234 + Boys B34 — B34y Biog] + 23123]
+MS [(UOU4T U3) - (U2U0T U1> Us + (UlUOTUg> - (U3U4T Uo) -U4}

+213Boos Bora + (all 5 permutations 1 <2 ¢ 3) } + (0 4 4))

_0473 dr 1 1 ﬁ 1 — 1 — F122 1 ﬁ
3 | aro n\ =39 59 T =2 9 -0 M| =
8m 6 T2 To2  Tol To1"0 K

2
2
3
X <2(BIOOB230 + BagoBi3o — B3ooB210) —9B123 | + (1 < 3)+ (24 3) ). (4.14)
Here
S 9 S 95 9 S 9 S 95 9
T12 T02°T14 712 T01°T24
Lh =L+ =555 (=525 |+ =555 =573 | (4.15)
47017704724 T04°T12 4r02"T04"T14 T04°T12
S 9 S 95 9 S 9 S 95 9
~ ~ 12 T02°T14 712 T01°T24
Lh=Llo+ =55z 95 ) "5z |5525 ), (416
4r01°T04"T24 T04°T12 4r02"T04"T14 T04°T12
S 9 S 95 25 4 S 9 S 4> A= A= 2
1C — 12 (7“01 T02°734 > 12 1 (7"03 704" 712" 74 >
12~ 775 95 55 S 1o 5o S 5 5o S 95 65 9o
1672270427142 70347142742 1671270427242 70127020714%734%
S 9 o 4> 25 6= 2 S 9 S 95 9o 4
23 ] <7"01 70377247734 ) 23 <7"02 703" T14 )
1670227047342 702270447144 T34 1673270427242 701472427342
. S 4> 2o 2 S 9 S 4> 2o 2
713 | (T02 F14%T34 > ™3 | (7’02 T14°T34 )
1670327047142 701270327244 1670127047342 T0127032724%
S 25 9 S 95 95 4 S 25 9 5 95 95 9
T03°T12 1 < 70177037724 > 7237712 1 <7”02 7127734 )
870127022 70427342 70227042 71227342 8701270227242 7342 701272327242
S 95 9 5 95 2o 2o 9
T14°T23 T01°T04°T23°T24
S 95 95 0o 21 > 4= 2= 9 (417)
8701704724734 T02%T14°T34
S 9 . ) S5 25 2
P [( 703 702 >ln (7’02 7‘14)
12= <555 555~ S 5o ——p
870127022 | \ 70427342 70427242 70427122
) S 95 9 . S 9o 9
To1 7027734 T13 T03°T12
+—= 2_,21n<_, 5o 2>+_,2_,21n<_, 55 2)]—(1(—)3), (4.18)
T04°T14 T03°T24 T14°T34 T02°T13

and L1 and Ljy are the elements of the nonconformal kernel defined in (3.9) and (3.10).
Checking that L%, E%, MI%, and Z15 have integrable singularities at 74 = 7y and that
L%, EICQ, and Z2 have integrable singularities at 74 = 7 23 is straightforward. To prove
that all the terms with M have safe behavior at 7y = 71,2,3 one has to use SU(3) identity
(A.14).

Now one can see that the NLO kernel for the evolution equation for the composite
3QWL operator fgg’f (4.2) is quasi-conformal if one expresses the LO kernel in terms of
composite operator (4.5).
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The term with Z can be integrated w.r.t. 74. The integral is calculated in the appendix

N ~ 9 - 95 9 = 92 S 95 9
dry 732 9 [ T32°T10 712 o ( T12°T30
7212 = = 55 3 ln > 55 9 — — an = 55> 9 . (419)
™ 8r03°T02 T13°T20 87017702 T13%T20

Finally, the kernel reads

2

(Knpo ® By = —:754 / iy dFy ({Lg (UOUJ UQ) - (UlUOTU4) Us

+IS, [(U0U4T UQ) ' (UlUOT U4> Us +tr (U0U4T ) <U1U0TU2> Us- Uy
3 1
—1[31443234 + BouysBi3s — B34aBioa] + 23123]
M [(UOU4T Ug) : (UQUOTUl) Uy + (UlUOTU2) - (U3U4TU0) -U4}
+ (all 5 permutations 1 <» 2 < 3)} + (0 <> 4))
2 11 -2 1 1 — 2 =2
oo (5 [ (2) (s 7) e (52)
8w 6 T02 To2  Tol T01702 K
3
X (2(31003230 + BaooB13o — B3ooB210) — 93123> +(1+3)+2« 3))
2 - L o9 9 - L o9 9
o . 739 o (327710 ™2 9 [ T12°730
——[d Boos B 1 — 1
327T3/ "0 < 0032012 [770327?022 " <F13277202> 70127022 " (7713277202”

+ (all 5 permutations 1 <+ 2 < 3)) . (4.20)

In the quark-diquark limit 7 — 7 one has
(MG (v ts) - ('t - Un + (a2 ) - (TsUs ) - U]
+ (all 5 permutations 1 <2 ¢ 3) b + (0 4)
5 2I¢ [tr (UOT U4) (tr (U2T UOUJUl) +ir (UzT U ULt Uo))
+otr (UOT U1) tr (U2T U4) tr (U4T Uo) (0 4)} : (4.21)
{5, (UoUs0s) - (1106104 ) - Us + (all 5 permutations 1 5 2 ¢ 3) | + (0 4 4)
2L, [tr (U4T U0> (tr (UDT UL Ut U4) +tr (UOT UsUst U1)> (0 4)} . (422)

L {(U0U4TU2) : (UIUOTU4) Us +tr <U0U4T> <U1U0TU2> Uz - Uy + %Bua

3
—1[31443234 + Bo4yB134 — B34aBia4] + (all 5 permutations 1 > 2 «» 3)} + (0 < 4)

415, [tr (UQT Ul) ~ 3tr (UOT U1> tr (U2T Uo) +tr (UOT Ul) tr (U2T U4) tr (U4T Uo>
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—tr (UOT UL ULt UOUQTU4> 10 4)} . (4.23)
Therefore,

2

(Knro ® B§§§f> = —;;l/dfodﬁ ({ (ilcz + L%) tr (UOTU1> tr <U2TU4) tr (U4TU0)

+L%{w(UJUO——mm(MﬂUOtrQhUh)—tr@hﬁhUﬂU&bV&ﬂ}—%@eﬁ4D
_% dFE In ﬁ i_i — F122 In 1122
23 | 706 2 ) \ig 7R ) s \ A2
02 02 01 01702 H

x(W(UJUOterV%>—3W(UJUO). (4.24)

This is twice the gluon part of the BK kernel (see (67) in [6]).

5 Linearization
In the 3-gluon approximation
3
BoosBoi2 = 6Boos + 6Bo12 — 36. (5.1)
We use the following identity to linearize the color structures in (4.20).
(UoULUs) - (UULUL) - Us + (145 2,0 ¢ 4) =
= (UoU] — E)(Uy = Uy) - (Uy — Up)USUy - Us + UsUl(Uy — Up) - (Us — Uy)(UJUy — E) - Us
+Uy - (WU Uy + UsUIUY) - Uz + (UpUL Uy + UpUUG) - Uy - Us
+(Uy — Uy) - (Uy = Up)(UUs — E) - Us + (UsU} — EY(U, — Up) - (Ua — Uy) - Us
+2(U2—U4) . (Ul —Uo) -Us —2Uy - Uy - Us. (5.2)
Here E is the identity matrix. In the 3-gluon approximation it reads
(UoUlUs) - (D UUL) - Us + (1 5 2,0 ¢ 4)
3
2 (U —Uy)(Uy—Uy) - (Uy —Up) - E+ (U — Up) - (U — Ug)(Upg —Uy) - E
+Uo - (D UJUs + UsUUy) - Us + (UpULUs + UsUUp) - Uy - Us
+(Uz = Uy) - (U = Up)(Us — Up) - E+ (Us — Up)(Ur — Up) - (Uz — Us) - E
+2(U2*U4) '(Ul *Uo) Uz —2Uy - Uy - Us. (5.3)
Using identity (A.3) and the fact that in the 3-gluon approximation

((Uo — Us)(Uz — Us) + (Uz — Us)(Up — Us)) - (U1 = Up) - E

% Uy —Uy) - (Uy—Us) - (U — Upy), (5.4)
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we get
(UOUIUQ) (UIUL) - Us + (1 2,0 < 4)

% B+ - (31003340 + BaooB13o — B3ooB140)
—Boas + 5(30443234 + B244a Boza — B34 Bo24)
+2(U2 — U4) . (U1 — Uo) -Us —2Uy - Uy - Us
= Bi23 — 3Bi34 + (31003340 + BaooB13o — B3ooBio) + (1 <+ 2,0 > 4)

3
¢ Bi23 + 3(Bioo 4 Bsao + Baoo + Biso — Baoo — Biao — Biza — 6) + (1 <> 2,0 <> 4). (5.5)
As a result the coefficient of E% in (4.20) reads

((U0U4TU2) : (UonTU4> Us 4+ (1435 2,0 ¢ 4)) — (0 < 4)

3
£ (3Bgo1 + 6Bi30 — (1 > 2)) — (0 > 4). (5.6)
Using integrals (114) and (125) from [6],

2
R ™ — —
[ ki =¢(3) 6 (7o) — 5 (). (57)
and S 9 L 9. 9 S 9 S 9o 2
S 712 702714 712 701724
/dr4[~ 2 QID( 2= 2>_ - 9= 242111(4 2= 2”
47012704724 T04%712 4T T04"T14 T04°T12
= 12¢ (3) (6 (F10) — 6 (20)) , (5.8)
one has 3
[ LS, = 572 (36 (o) = 6 (7)) (59)
and )
6% ool ~
ok / diodFy ({Lg (UgUﬂUg) . (U1U0T U4) Us
+ (all 5 permutations1 «» 2 < 3)} + (0« 4))
3g

= 87r4/d7”0 3Boo1 + 6B130 — (1 ¢ 2))37°C (3) (8 (F10) — & (720)) + (1 3) + (2 ¢ 3)

902
= —8TT;C (3) (36 + B131 + B133 + Bi21 + Boiz + Basa + Basz — 12B231)). (5.10)

The second structure reads
(!0 + L0 ) - U - U

= (U, — Up)Uo (Uy — Uy)) - Us - (Uy — Up) + (Uz — Up) Uy (U — Up)) - Us - (Uy — Up)
2(Us + Uy — Up) - Us - (Uy — Up) + (UonTUg + UQUOTUl) Uy - U, (5.11)
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Again, applying identity (A.3) and equality (5.4) one gets in the 3-gluon approximation

3
(UonTU2 + UQUOTU1> Us-Uy 2B —(U, = Uy) - (U — Up) - (Uy — Up)

1
+2(Uzs+ Uy —Up) - Us - (Ug — Up) — Biag + 3 (B10oB23o + B200B130 — BaooBi20) - (5.12)

Finally, the coefficient of L{, in (4.20) reads

[(UgUﬂUg) : (UlUOTU4) Us+tr (U0U4T) (UonT Ug) Us- U,

3 1
—1[31443234 + BousBi3s — B34aBioa] + 53123 + (1« 2)] + (0 <> 4)

3
= 9(Boas + Boos — 12). (5.13)
Therefore,

a?

_&;/ﬁ%mz({L%[Q@UJUQ.(Uﬂhhu)wh+¢erUﬂ)OhUJUQ-UsIM

3 1
—1[31443234 + B2y B34 — B34aBiaa] + 23123]

+ (all 5 permutations 1 <> 2 <> 3)} + (0 <> 4))

sg 9a% [
) —8—;1 drodiy (LS, + LS5 + L53)(Boaa + Boos — 12) . (5.14)

The third structure reads
(ULULUY) - Uy - (UULUs) + (U UL U) - Uy - (UsUUy)
= U, - Uy - (UsUJ Uy + UgUlUs) + (DU U + UsUSUL) - Uy - Uy
+(Uz = Uo) - Us - ((Uo — Un)U{(Us = Us) + (Us — Us)U} (Up — Us))
+(U1 = Uo)U§ (U = Up)) - Us - ((Us — Us)UJUp)
(U = Up)U§ (Ur — o)) - Us - (UoUJ (Us — Us))
+2(Uy —Uy) - Uy - (Us — Uy) — 2Uy - Uy - Up. (5.15)
Using (A.3) and (5.4),
(UuUSUL) - Uy - (UgULU3) + (UWULUs) - Uy - (UsULUp)

3 1 1
2 _Boiz+ 3 (B344Bo14+ BosaB134 — B144Boza) — Bi2a + 3 (B100B240 + B200B140 — Booa Boi2)

Uy — Up) - (Uy — 3U) - (Us — Uy) — 204 - Uy - U
3
= 3(Bo1o — Baar + Bozo — Baaz — Boao + 2Buso — Biao + Biao
+ Bsy41 + Bayo — 2Bsyg + Bsaa + Baas) — Bas1 — 36. (5.16)
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As a result

2
« N C
o [ drvdr ({M12 [(UOUJU?,) : (UQUOTUl) U, + <U1U0TU2> - (U3U4TU0) -U4}
+ (all 5 permutations 1 <> 2 <> 3)} + (0 < 4))
e 302 [ (3 3
= —o-71 [ drodry | 5 Fo(Boso — Boas) + § 5 F1a0B1ao + FiooBioo + FasoBaso
327 2 2
+ (0 < 4)} + (all 5 permutations 1 <> 2 «» 3)) . (5.17)
Here
S 9 S o9 S 25 9 4 S 9 S 25 2. 9
Foo T2 < 7R <7”01 T02°734 ) ER (7“01 7137724 >
0= =555 5= 55 55 - =55 5555
271427242 \ T022704° 14272427034 70127032 03271227142
277342 701270227342
$ T gy (DT TS ) (g 45 g, (5.18)
7032704 T03%704°712
. L 9o 9. 94 4
T12 7027047127734
Fro = =55 SR
T02°T04°T'14 70377147724
L 9o 9 L 25 2. 9 S 2 9 S 22 9. 9
_ To1”7a3 ) <ro1 24 T34 ) T3t ) (7"02 47723 >
T0227032704%7142 T042 71427232 T0227032714%7242 70327122742
- S 25 9 L 95 9 S 25 2. 4
723 7027734 T02°713 T01°T02°734
- 95 9o 21 > 95 9 + > 95 95 9o 2].11 > 95 95 95 9 . (519)
T03°704°T24 T04%723 T012703°T04°T24 T03704°T13%T24
L 9 L 8= 2o 2o 4o 2 S 2 9 L 9o 95 9o 9
oo 723 <7’01 T04°723°74" 134 ) T02°713 <7"01 704°713°704 )
100 = 7555 55 T - 55 55 55 5555
27“0327’0427“242 7“026?"0347“148 7“0127’0327’0427“242 7’0227’0327“144
S 2. 9 L 82 4= 2- 6 S 9 S 4o 2o 4
_ 734712 <7"01 702" 724734 ) B 2 | ( 701" 7027734 )
270327042 T14° 724> 7035704571267142 2702270427142 T0317042712%7142
S 25 9 S 25 2. 9 S 9 L 95 9
723712 7027147723 712 7027714
2702270327142 724> 703271227242 701270427242 70427122
S 2 9 S 2o 925 9 L 9. 9 L 25 2. 9
13712 701713724 701723 701724734
5= 57 3| = 5= 5= 3 oF 2 2% e —5os-5 ) (5.20)
T01°703°714°T24 703712714 T02°703°T04°T14 704714723
S 2. 9 L 25 922 24 2 S 9 T
e 7027713 | <7’01 T04°T13°724 > 793 ) <7“01 704" 723" T24 >
230 = 555 55 55 o — =55 55 5o
270127032704 T24> T0227032714% 2703%T04° 724> 702570327144 7342
S 9295 9 5 4> 8= 22 6 - 92 5 95 4- 2o 25 8
734712 | (7“01 702°714° 734 ) 12 N <7”01 T02" 7047127734 )
2703270427142 242 T035704671257242 2702270427142 703871447945
L 25 9 S 25 2. 9 - L 95 9
T3t <7"02 714723 ) _ T12 <7°02 T14 >
T022703% 7142724 703271227242 27012704274 70427122
S 2. 9 S 25 2. 9 S 2. 9 S 25 25 9
A NAT (?”01 1324 ) _ To1°Tas (7’01 T4 T34 ) (5.21)
2701270327142 242 T032712%7142 T0227032704%7142 T042714% 7232
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One can integrate Fiop and Fhgy w.r.t. 7y. The integrals are given in appendix C (C.23)
and (C.33). Putting things together we have for the linearized kernel

3 9045 oo
(Knpo ® BSgaly £ — i / drydiy (LS, + LS + LS3)(Boas + Boos — 12)
27(1?
T (3)(3 — 023 — 613 — d21)(B123 — 6)
9a2 oo
_647:4 /dT‘QdT4 (F[)(B()40 — B()44) + {F140 + (O > 4)} By + (all 5 perm.1 ¢ 2 < 3))

_ 902
6473

2 11 AVYETEE 5 i
() ) ()
167 3 T02 To2  Tol T01702 K
X (B1oo + Ba23o + B2oo + Bi13o — B3oo — B21o — B123 —6) + (1 < 3) + (2 3)). (5.22)

Here 0;; = 1, if 7j = 7; and &;; = 0 otherwise; Fy and Fi49 are defined in (5.18) and (5.19);
L, is defined in (4.15)

/df’o (FmoBmo + F2303230 +(1<3)+(1« 2))

10 _ 712 Iy (02714 712 Iy (017724
12_4~» 22 2= 2 n > 95 9 +4~} 22 2= 92 n > 95 9
T01°T04°T24 T04°T12 T02°T04°T14 T04°T12
S o4 S 9 2 95 92 o 25 9
1 T12 1 1 712 T02°T14° 4 T01°T24
tlz9s 9 79=93\" 5= 2 T =273 tT=32— A7 A
T01°T24° — T02°714 8 \T01°T24 02714 704 704
S 9 S 95 9
T12 ]_ 1 ro1°T24 1
+ - 9 (—; 2= 2 - 2= 2 ln - 9= 9 + - 4 (523)
8rp4* \ T02°T14 T01°T24 T14°T02 2704
and
S 9 S 9 S 9 S 95 9 S 9 S 95 9
~ 712 713 273 o [ T02°T13 723 o [ T03°T12
FlOOZ > 92 9 =5 95 9 S5 95 9o ln > 9> 9 + > o9 21n ~ 95 o
T01°7T02 T01°703 7027703 017723 2r02°T03 T02°713
S 9 = 9 S 9
= 712 713 723
+5123I<4 5= 51 S 5o 3 S 5o 2)—l—(2%>3), (5.24)
T01°T02° T01°703° T02°703

= 2 = 2 = 2= 2 2> 2 = 2 = 2= 2
Foun — 2112 a3 12 T03°T12 n 713 T2 2 T02°713
230 — - 2= 9 24 2= 2 n - 9= 9 ) - 2= 92 n )
017702 T02°7T03 027713 017703 7017702 017723
= 2 = 2 = 2
712 713 723

277032) + (24 3). (5.25)

— Syo3l (

70127022 70127032 702
The functions Syo3 and I are defined in appendix C (C.16) and (C.12). If we consider the
dipole limit 73 = 5 and take into account that in this limit

Fasolry=r, = Fizolis=r, = Fotoli=i, = Fio0lm=i = Fa00lr=r, = Fio0lr=r, = 0,  (5.26)

Fy + (all 5 permutations 1 < 2 5 3)|7,—r, = —16L%, (5.27)
(Fla0 + (0 4> 4)) + (2 ¢ 3)[r=r, = 0,
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(Faso + (0 43 4)) + (1 > 3)|m=r, = (F3a0 + (0 > 4)) + (2 &> D=, = 0, (5.28)
we have the linearized BK kernel [6], whose C-even part is the BFKL kernel [15]

2702

3
(Knpo ® Bigs!) = — 5 (Boas + Boos — 12) + 52 ¢ (3) (Bizz — 6)

—7 diodry L5 (Boas — Boao)

9a§11/ [ <r021> ( 11 ) 5 (f’?)]
— = | dip |In — — = < In (B1oo + Ba2o — Bi22 — 6) .
8 3 e/ \T3 T 701702 i

(5.29)
As in [10] to separate the C-even and C-odd contributions we introduce C-even (pomeron)

and C-odd (odderon) Green functions
By = Biag + Biaz — 12, (5.30)

and
Biy3 = Bi2s — Bias, (5.31)

where Bis3 is the 3-antiquark Wilson loop operator

Bis; = Ul - U - UL (5.32)
3¢ 9a2 2702
(Knpo@ By = — = drodia(L§y+ L3+ L33) B+ —— 12 (3)(3— 0823 — 613 — d21) Biys
9
6407; diodrs ({Fia0 + (0 <> 4)} By + (all 5 permutations 1 <5 2 ¢ 3))
902
o / ary (FiooBio + Paso Bl + (1 3) + (14 2))

902 11 P 1 1 % 73
6.5 ol |nl 2 ) 2 — 79 ) —mem ol 52
T 702 To2  Tol 01702 K
X (Bigy + Bysg + Bago + Bisg — Biyg — Biig — Biys) + (1 3) + (2 3)).  (5.33)

In the 3-gluon approximation [10]

3g
By = (Bfrs:a + By + Biy)- (5.34)
Therefore for model (4.1)
B B (Bl + B 4 B (5.35)
and 1
3
(Knio® Bisy™) 2 S (Knio ® (Bi™ + BAT™ + B3 )). (5.36)

This equality imposes the following constraints

{Fi40 + (0 <> 4)} + (all 5 permutations 1 <> 2 > 3), (5.37)
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0= / dy Fys0, (5.38)
E : :

5 5 230/ 1452 (5.39)
Constraint (5.37) follows from definition of Fi4o (5.19) directly. Constraint (5.38) holds

since thanks to conformal invariance

dr. 5o 1z 1
0:/71_4 ({Fia0+ (0 4)} + (2 <> 3)) + Fioo + = Fosolios + =

/dfoﬁz?,o = /dfoﬁz?)ob::& =0. (5.40)

Using (5.24) and (5.25) one can rewrite constraint (5.39) as

ar 732 g 2702 o 22 2
/ " ([Fuo+ (0 4+ (2 3) = % <1n2 (7“03 7“122) o2 (rm 713 ))

T 272%703 7012723 70127232

1 02 132 02’7132
el Enrwh i L ik (5.41)
2 \ T01°T02 T01°T03 T03°T12

The calculation of the integral and proof of this identity is given in appendix C.

3g 2702

(Knpo @ By = WC(?’)(?’ — 023 — 613 — 621) Bras

9 2
_64%4 /dFOdF4 (2FyBgyg + {Fia0 + (0 <+ 4)} By, + (all 5 permutations 1 <> 2 <> 3))
T

902
6473

902 11 2 1 1 72 72
o (5 () () - ()
167 3 702 To2  To1 T01702 H

x (Bigo + Bazo + Bago + Bizo — Bioo — Barg — Brag) + (1 ¢ 3) + (24 3)) . (5.42)

/d??o (FlOOBl_OO + FggoBQ_?)O +(1<3)+(1« 2))

6 Results

In this section we list the main results of the paper. In all the expressions M .S renormal-
ization scheme is used. Taking the LO equation from [10] (2.35) and using (3.30), we can
write the NLO evolution equation for 3QWL operator as

0B123 _ s (1)

/dfo [(31003320 + BaooBs10 — B3ooBa21o — 6B123)

on 82
=9 =9 -9 =9
O v I R P T O S S SR v B v
7272 47 3 72 7 72 722 (2
01702 02 02 01 01702 K
292 =29 =9 -9
as . Too. Tio 1| T3 732
—— o oo S 5529 — 5o -9 | (BrooBs20 — BaooBsio)
0 o1 To1 T10"30  T30"20

i 1
_F21F2 5 <QB123 — 5 [2(BiooBs20 + Baoo Biso) — B3ooB120]> } +(1+3)+ (2« 3)]
10720
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2
o9

8%4/d7?0d7?4 [{im <U0U4TU2> : <U1U0TU4> Uz

YL [(U0U4TU2) : (UlUOTU4> Us + tr <U0U4T> <U1U0T U2> Us- U,
*2[31443234 + Bo44Bi3s — B3aaBiaa] + ;3123]
+(Mis = Mo = Mag + My) | (UoUs'0s) - (o001 ) - U+ (106103 - (U100 - U

+(all 5 permutations1 <> 2 <> 3)} + (0 < 4)] . (6.1)

Here the functions L2, L2, Mi9, My are defined in (3.9-3.12), the M S renormalization
scale 2 is related to scale i through (3.23).
The evolution equation for the composite 3QWL operator Bfggf (4.2)

9 9
e} T ar
con S — 12 12
3123f = Bz + dry | =5 =5 In | 5=
872 7272 P22
41742 41742

1
X (—DBi23 + 6(31443324 + BoyaB314 — B34aBo14)) + (1 < 3) + (2 3)] (6.2)
follows from (4.20)

chonf o ’u2 B
81;3 = SSETQ ) /dTO [((31003320 + Bago Bs1o — Bsoo Ba1o) — 6B123)*"

=9 =9 =9 -9
3ag 11 1 1
X (_’21_2‘2 — asi |:hl <,r_“021) (_»2 — _)2> — _)21_)2 In <71122):|> + (1 <~ 3) + (2 <~ 3):|
ToiTo2 4™ 3 T02 To2  Tol T01702 K

2 . S 95 9 S 9 5 25 9
g S 32 9 (7327710 12 9 [ T127730

5 [ dro [ BoosBoiz |z (=525 | — == | =555
32w T03°T02 T'13°T20 T01°T02 T13°T20

+ (all 5 permutations 1 <> 2 < 3))

2

—;{il/dfodﬂ ({L% (UOUJUQ) : (UlUOTU4) Uy

+LS, [(UOU4T U2) : (U1U0T U4) Us + tr (U0U4T) (UlUOT UQ) U - Uy

3 1
—1[31443234 + B24aBi3s — B34aBios] + 23123]

+MS [(U0U4T Ug) : (UQUOTU1> Uy + (UlUOT UQ) : (U3U4TU0) -U4}
+ (all 5 permutations 1 <> 2 > 3)} + (0« 4)> . (6.3)

Here the composite operator ((BiooBsao + B20oB31o — B3ooB210) — 6B123)°°™ is defined in
(4.5) according to model (4.1), the functions L%, LS,, MS are defined in (4.15-4.17).
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conf

The equation for the composite 3QWL operator B’ (4.2) linearized in the 3-gluon
approximation is the result of (5.22) and (B.16)

OB 5, 30 (U2
5;3 x 4755 ) / dr [(3586” + Bsoe! + B! + Bse! — Bsoy” — Bst! — B — 6)

~9 =2 72 72
3o 11 1 1
x <f;132 S [ln <7l°§) (ﬁ2 - ﬂ> — =32y (“3)]) +(1e3)+(2 H?»ﬂ
T01702 dm 3 T02 To2  To1 To1702 K

902 L (= -
_647:3 /dTO (FlooBmo + Fo30B230 + (1 <+ 3) + (1 < 2))
2702 02 [ oo
+ 2 C(8)(3 =023 =013 — 021)(B123 — 6) — oy [ drodria(Lyp + Lz + L33)(Boaa + Boos — 12)
902 Lo .
T Gand drodry ({FoBoso + Fi40Bi1ao + (0 <> 4)} 4 (all 5 permutations 1 <> 2 <> 3)).

(6.4)
Here 6;; = 1, if 7; = 7; and d;; = 0 otherwise; the functions Fy and Fi40 are defined in
(5.18) and (5.19); Floo and Fhsg are defined in (5.24-5.25).
The linearized equations for C-even composite 3QWL Green function is the conse-
quence of (5.33) and (B.16)

OB 4y 902
on  64x3

/dfo (FrooBio + Faso By + (1 3) + (1 - 2))

3as (2
+ s (:u ) /dFO {(BI)([:)onf + B;—Q(E)onf + B;-O%onf + B;-lcoonf N B;—Ocoonf _ B;-l%cmf N B;—Q%onf)

472
~2 =2 ) =2
T 3ag 11 T 1 1 T T
X <q2132 -5 S? [111 <f’21> (q2 — ﬂ) — 525 n (}5)]) +(13)+ (2« 3)}
T01702 U T2 To2  Tol T01702 K
2702 92 [ . .,
=+ 471’28 C(3)(3 — (523 — (513 — (521)BE3 — Zmi/drodn;([/lcz + LlC3 + L%)BS;M
90?2

_ W/dFOdF4 ({F140 + (0 4)} Bﬂo + (all 5 permutations 1 <+ 2 < 3)) ) (6.5)

The linearized equations for C-odd composite 3QWL Green function is the consequence of
(5.42) and (B.16)

anconf 3g 3o (HQ) . —conf —conf —conf —conf
;32; = T 42 / dro [(Blo%on + Byyg '+ Bagy "+ Bajg

B - B - i)

=2 =9 =9 =9
3ag 11 1 1
X (_)21_2)2 — 0587 |:hl <7;021) (—*2_—'2> — _)7;1_)2 hl <71122):|> +(1 (-)3)-}—(2(-)3)
T01702 4m 3 702 To2  Tol T01702 H

902 L (= _ ~ _ s _
643 /dro (FlooBmo + Fa30Boz + (1 < 3) + (1 < 2)) T2 C(3)(3—d23—013—021) Biy3
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2
_ 905 /dﬁ)dﬁ; (2FoBgyo + {F1a0 + (0 <+ 4)} By + (all 5 permutations 1 <+ 2 <+ 3)) .

6474
(6.6)

From these expressions one can see that terms with L;;, Lg-, which comprise the BFKL
kernels contribute only to the evolution of C-even part of the Green function while terms

with Fy, f),-j, ~g- contribute only to the evolution of the C-odd one.

7 Conclusion

In this paper we constructed the NLO evolution equation for the 3-quark Wilson loop
operator si,jlhleijthi, Ug j,U:,?h,. The kernel of this equation has nonconformal terms not
related to renormalization. We found the composite 3QWL operator (4.2) obeying the
NLO evolution equation with quasi-conformal kernel. We linearized the quasi-conformal
equation in the 3-gluon approximation. Our result has correct dipole limit.

The 3QWL operator may have many phenomenological applications. First, it is a
natural SU(3) model for a baryon Green function in the Regge limit. Then, it is the
irreducible operator describing C-odd exchange. For example as shown in the appendix D,
the C-odd part of the quadrupole operator tr(U; U2T UsU, l ) in the 3-gluon approximation in
SU(3) can be decomposed into a sum of 3QWLs

3g ~_ _ _ _ _ _ _ _
2tr(U1U2TU3UI) - 2tT(U4U3J,rU2U1T) = B4+ B3y — Byg3 — Byyy + Biay + Basy — Bias — By

The evolution equation for the C-odd part of the 3QWL operator is the generalization
of the BKP equation for odderon exchange to the saturation regime. However, it is valid
for the colorless object, i.e. for the function Bi;k
7; = 7; = 7. The linear approximation of the equation for the C-odd part of the 3QWL

= B~ (7},7},7), which vanishes as

should be equivalent to the NLO BKP for odderon exchange acting in the space of such
functions. One may try to restore the full NLO BKP kernel from our result via the
technique similar to the one developed for the 2-point operators in [16].
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A SU(3) identities
Here we present the list of SU(3) identities used in the paper.
Ui - U - Uy = (GU)) - (U;U]) - (0U)) = (©]0y) - (U]Uy) - ©]Uy), (A1)
ey i (U] (1)) = 2(UD}, UL+ Up - Us = 2tr(U{Us). (A.2)

These identities follow from the definition of the group, namely from unitarity and the fact
that the determinant of U is 1.

1
<U2U1U1 + U1U1U2> Uy - U3z = —Biag + 5(31443324 + B24saB314 — B344B214).  (A.3)
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This identity can be checked using (A.1) with [ = 4 and then expanding the product of

Levi-Civita symbols as

si 5 s
1 1 (A

EijhEZ] h = (55/ (5;/ (5]h/ . (A4)
5t sl ob

0= [<U0U4TU3UOTU4) Uy - Us — Uy - Uy - Ugtr (UOTUg,) tr (UﬂUo)
i (UOU4T ) (UQUOTUg + U3UOTU2) UL - Uy

+ (UOUJUz) . (UgUoTU4) U+ (U0U4TU3) - (UQUQTU4> Ui+ (16 2)]+ (4 0). (A5)

This identity relates the color structures in Gyy3y, Gyesy and Gyze. By 1 <> 2 <+ 3
transformation one can obtain 2 more identities and totally eliminate 3 color structures

from G12<3>, G<1>23, and G1<2>3.

0=tr (UOTU2> (U0U4TU3 + U3U4TU0) U, - Uy

- (vot'ts) - (vatiton) - Ur = (U0 ) - (Ul T2 ) - U
~tr (Us01) (02U Us + UsUL 10, ) - U - U
+ (UsU U0 UL - Uy - U1 + (VU6 02U U3 ) - U - U
~ (0oUatvs) - (LU tr ) - Uy = (110102 ) - (UsUs U ) - U

+ (U1U0T U4) : <U3U4T UQ) Uy + (U2U4T U3) : (U4U0T U1) . (A.6)

This identity relates all color structures in Gz and two structures in Gyig3). It goes
into 5 different identities after 1 <+ 2 <> 3 transformation, which allows one to get rid of 6

structures.
0=tr (U()TU2> <U0U4TU1 + U1U4TU0) -Usz - Uy

+ (VU U0 Uy + DU 03U ) - Us - Uy

~tr (UoUt) (106 + Ul ) - U - U
- (it - (vatitoy) - U3 = (VU2 - (i) - U
~ (nwfty) - (UsUt0s) - U + (U402 - (Ust'0) - U

+ <U2U4T U1> : <U4U0T U3) Uy — (U2U4TU3) : (U4U0T U1> Up+ (45 0). (A7)

This identity relates 2 color structures in Gyjoy3 and a structure in Gyjg3). It also goes
into 5 different identities after 1 <> 2 <+ 3 transformation, which allows one to get rid of 6

structures.

0= [Up- Uy - Ustr (UoT U4) tr (U4T Ug)
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—tr (U4UOT) (U1U4TU3 n U3U4TU1) Up-Us + <U0U4TU1) : (UgUOTU4) Uy

+ (U1U4TUO) - (U4U0TU3) Us + (145 2)] — (4 4 0). (A.8)

This identity relates 2 color structures in Gy;3)2, 2 color structures in Gy 3y and a structure
in Gyy3)- It goes into 2 different identities after 1 <+ 2 <+ 3 transformation, which allows
one to get rid of 3 more structures.

0= 2r (U4UOT) (U2U4TU3 + UsUL T UQ) Uy-Uh

+ (U0U4TU1 A U0> : (UQU@TU3 + UsU! UQ) U,
+ (U0U4T Us — UsU,t Uo) : (UgUOT U — UonTU;g) Uy

+ <U0U4TU3 — U3U4TU0) . (UQUOTUl — UlU[)TUQ) Uy — (4 — 0). (A.g)

This identity relates 3 color structures in Gy3z) and a color structure in Gy ozy. It goes
into 2 different identities after 1 <> 2 +> 3 transformation, which allows one to get rid of 3

more structures.
All these identities (A.5-A.9) can be checked using (A.1) with [ = 1 and then expanding
the product of Levi-Civita symbols via (A.4).

0 = 2tr(UpTUs) (U1U4T U2) Up-Us— (U1U4T U2) : (UgUoT U4) Uy
- (U1U4T U2) : (U4U0T U3) Uy —2 (U1U4T UQ) Us - Uy

- (UlUJUgUOTUS) Uy - Uy — (UgUOTUlUJUQ) Up-Us+ (16 2). (A.10)

This identity can be proved directly using (A.3).
0 =2tr (0o'01) (U0 - Uy - Us = tr (U001 ) (ToU0: + ol T - Us - U
+ (Dotitty) - (200105 ) - U+ (CoUs0n ) - (Ut - U
+ (U0 - (UsT 102 ) - U+ (U3 ) - (Ut - U
— (Uit - (UsU U + U4U U3 ) - U
- (U1U4TU2U0TU4) Uy - Us — (U4U0TU1U4TU2) Uy Us + (1 4 2). (A.11)
0 =tr (Uo'02) (CoUs 01 + T1UATh ) - Us - Uy = 2 (Uh U0, + DU U4 ) - Us - U
+Uy - Us - Ugtr (Uo' U102 ) + Uo - Uy - Ustr (U 05U 07 )
— (0t vty ) - U - Us = (UsUst a0 01 ) - Uy - U

- (U1U4T UsUp' U4) Uy -Us — (U4U0T UsU,t U1> Uy -Us
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- (ntitn) - (atitvs) - U = (LU y) - (Ust':) - U

- (UOU4TU1) : (U2U0T U4) Us — (U1U4T Uo) : (U4U0T U2) Us. (A.12)
0=tr (Uit (el Us + U0 T2 - Uy - U

+ (Uotsttn) - (st ) - Uy + (iUt ) - (U201 T3) - U

+ (VU6 UL Uy ) - Us - Us = (Ui ST ) - Uy - Us = (145:2,0 5 4). (A13)

These identities (A.11-A.13) also can be checked using (A.1) with | = 3 and then expanding
the product of Levi-Civita symbols via (A.4).

0= (U2U4T U — UpUst Ug) - (U3U0T Uy — Uy U U3) U,

+ (U010, — U010 - (U406 = th Ut ) - U
+ (UlUgTUQ - UzUoTU1> : (U3U4TU0 - U0U4TU3) Up + (0 ¢ 4). (A.14)
It can be proved using (A.1) with I =4 and (A.4).
B Construction of conformal 4-point operator

Here we derive the evolution equation for the operator

1
((UQUIUl + U1U1U2> Uy - Us — 23123) = (—331234-5(31443324+3244B314—33443214)).
(B.1)
So one has to find the evolution of the operator <U1 U4T Ug) - Uy - Us first. It reads

) (UlUjUQ) Uy Us

ag 4 1 1 1 2
= UUTU)-U‘U ——229 /d* — -+ — + —
on ( e ! 3< 2723 0 F1%+F2%+F3% +7T4%

—

=5 | (Fofevs ) - Us - Us + (0itU[Ust?) - Uy - U / iy T10720)

—a—; [(tCU1UIU2> Uy - (tUs) + (UltCUle) Uy - (Ust®)

™

|/
}/dﬁ (720730)

_% [(UlUltCUz) Uy - (t°U3) + (UlUlUgtC) Uy - (Ust9)

=% [(Fowlee) - (v + (niev]te) - Uae)

-(rviens) - (veeeles) ) v [

_% [(UleItCUQ) - (t°Us) + <U1U1U2t6> ' <U4tc)}
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2222

- (UlUltctc%) Vs (UltCUIUﬂc) 'U4} 'US/dro(TEZZZ)

-5 [(UlUIUz) - (tUs) - (t°U3) + (UlUjUz) - (Ugt®) - (Ust®)

_, (r3pz
— (UlthCUg) Uy - (1°U3) — (UltCUIUQ) Us- (Ugtc)} / 0(;3;3)
30740

+O% [<U1U1t0U2> (tUy) - Us + (UﬂfCUIUQ) (Ut) - Ug] / i:%)

= +

N (rnules) - (o) v (retufeens) - vy - Uy
+—= [ diyUs?
oYo -2
To4 To4

(tCUlthj Ug) Uy - Uy (UlUltCUztd> Uy Us (UlUj U2> Uy - (tU3tY)
+ =2 + =2 + =2
To1 To2 To3
Qs _, (T03%02) t,e d ( d c
2s ULUlteu. (Ust) + (UL U Ut U
Tz ) 0 vt ((nulecva) - vs- at + (000 - Uy (¢03))
o (T01202) ;1cq dyrtse c T
dr ved ((vytduiteu. U UUY) - Uy - U
Tz | e ((vr ) Us Uy + (10U} U3t) - U - Us)
108 gy T0108) 17 (vl - U - (tU5) + (#0000, - U - (Usth)
7T To1"03

as [ (FoaZo1) drrtrr\  perry err e\ (rogdy
+7T2/dro el ((Ult U4U2) (t°Uy) - Us + (t U1U4U2> (Uat?) - Uy

- (nttulewy) Uy Us - (etn'u]ts) - Uy - Us)

Qg T04 2
+2 / dF 0(40;‘ 4022)U5d ((UlUjUgtd) (t°U) - Us + (UlU;ftCUg) (Ut - Us
™ 704702

- (UlthCUQtd) Uy Us — (UlththUz) Uy U3)

Qg T04 %
+2 / d7 O(ﬁj Oj)Ugd ((UlUjUQ) (t°U) - (Ust?) + (UlUjUQ) (Ut - (1°U3)
n T04703
. (UlthCUQ) Uy - (Ust4) — (UlthjUg) Uy (tCU3)>
dr
/ 0 U th4U2) (t°Uy) - Us + <U1U1t0U2> (Ut - U3> . (B.2)

Using (A.3) and (A.lOfA.12) after the convolution one gets

0 « .
% <(U2UZIU1—|-U1U1U2) -U4~U3—2B123) = 47:2/d7'0
72 ~2 ~2 42 ~2 ~2
(1‘1344242 +A1342q2 + A5y 42 +A144242 —i-z42442q2 + A12—52 2) (B.3)
T03704 T03"01 T03702 T01704 T02704 01702
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Here
Agy = —2 (LUt + TUJ02) - Uy - Us + (UsULU + UAULUR ) - Uy - U
+ (UsU[Uy + U005 ) - Uy - Uy + (G030 + D103 0 - (UsUT U + U300 ) - U
~ (titty) - (B tr ) - Uy = (U2 ) - (U103 ) - U
- (UOU4T Ul) : (U2U0T Ug) Uy — (U1U4T Uo) : (UgUoT U2) UL (B.4)
Ay = (U002 - (100103 ) - U+ (U3 h) - (Ust'en ) - U
+ (Ut Ui T2 - Uy - Uy + (DU 01U U3 ) - U - U
=2 (00005 + Us'h ) - U - Uz — (VU0 + UaU U3 ) - U - U
- (UlUﬂUz + U2U4TU1) Us - Uy + AU, - Us - Us,. (B.5)
A = tr (U0 (004100 + UoUs 03 ) -Us Ut (U3 T ) (010010 + U0 U ) U U
+ (0aUtty) - (Uil n ) - Us + (Lol ) - (Uit - U
20Uy Uy - Ustr (U101 ) = 201 - Uy - U — 4 (0104103 + DoU4 101 ) - U - U
+ (U4U0TUlU4T UQ) Uy Us + (U2U4T UonTU4> Uy - Us. (B.6)
Ay = =2 (0T + B0 T ) - Us - T — tr (U310 ) (1060 + ol ) - U - U
AU, - Uy - Uy + 204 - Uy - Utr (U101 ) + 203 - Uy - Ustr (U302 )
—Uy-Us-Us (tr (UOT U1U4TU2) +r (UOT UnUyt U1>> . (B.7)

Aoz = A3li om,  Aos = Aulr o, - (B.8)

Our model for the composite conformal operators reads

100
Oconf = O + —— - =2 22 . , (Bg)
20n »2"?2 — 327 ln(r_g”;g )
where a is an arbitrary constant. Thus
1 0Bi23
B3 = Bias + -2 72 7200 (B.10)
200 | iy iy (S )
7”12 ariy
= Bias + dro sIn| =525
T 703 To1702
1
x(—B123 + 6(31003320 + BaooBs10 — BsooB210)) + (1 < 3) + (2 < 3)] ; (B.11)
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1
(—3B123 + 5(31443324 + Ba4sB314 — B344Ba14))™f

1
= (—3Bi23 + 5(31443324 + B4 B314 — B344B214))

10 1
+ 58—77(—33123 + 5(31443324 + B244B314 — B344B214))

1
= (—3Bj23 + 5(31443324 + B4 B314 — B344B214))

-2 -2 -2 -2 =2 -2
Qs = T34 T'34@ "13 ri3@ 723 T30
+87T2 /dTO (A34_.2 >9 In <_»2 >9 +A13_;2_;2 In -9 59 +A23_.\2_»2 In >59 59

T03T04 T03T04 03701 T03701 T03T02 T03T02
=2 =2 =92 =9 =2 =2
T Taa '8 T4 a T T5a
14 14 24 24 12 12
+A14_.2_.2 In (-»2_,2> +A24_,2 =9 In (-»2 _,2> +A12_,2_,2 In (-»2-»2)) . (B13)
T01"04 T01704 T02%04 T02%04 T01702 T01702

In the 3-gluon approximation

1
(—3B123 + 5(31443324 + B4 B314 — B344B214))

3
= 3(—Bi23 + Buaa + Bsaa + Baus + Bsia — Bsas — Boia — 6). (B.14)

Therefore ]
(—3B123 + 5(31443324 + Bo44Bs14 — B34y Bo14))™

3
= 3(—Bi23 + Biaa + B324 + Baaa + B31a — B3as — By — 6)

30
+ -+ (—B123+Biaa+B3os+Boss+ B31a— B3yg— Bo14—6) | _» <2 -2 .\ (B.15)
20n i+ oy 10 Hfas )
=3(-Biy! + B + By + Bsl! + B3t - Bss — B3ty —6). (B.16)
C Integrals
Here we describe the calculation of integral (4.19). It reads
/dF4Z12 = J12 — (1 — 3). (Cl)
197 . o o 70277142
Ji2=gooo—g [ A || o5y — oo oe | In| oo
87“01 T02 T04"34 T04T24 T04°T12
> 2 S 25 2 > 2 > 22 2
701 7027734 13 703712
+—= ln(_, - )—i—_, - ln(d = >] C.2
70427142 70327242 71427342 7022713 (©2)

Since the integral is conformally invariant, one can set 7o = 0 and make the inversion, then
calculate the integral and then again make the inversion and restore 77.

. S 9 . . S0 9
0=0 T12 T3 T T T4
Ji2 — ey dry 5> 2 =92 9 In =5 9
871779 T4°T34 T4%T24 T4%T12
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52 2922 9 S 9 2~ 2
Lo g (T2 b R 7372 (C.3)
Zo- 2| 2555 2= 2 | 59525 :

T4°T14 r'3%T24 T14%734 r2°T13
2 = 9 - = 9 = 9
inversion T 1 1 T14 1 7342 713 (ED)
V_> ﬁ d,r4|:<_;2__.2>1n<—»2 +—»21n - 9 +—» 2= 2]-n - 9 .
3 T34 T24 T12 714 T24 T14°T34 713
(C.4)
Using the integrals from appendix A in [17] we have
2 F2
J12 — 7T ln %g . (C5)
8 T
12
After inversion and restoring of iy we get
S 9 S 95 92
12 127730
Ji2g= —T——os 21112(_, — 2). (C.6)
8r01°T02 T13°T20
Therefore
N — 92 - 25 92 ) - 25 92
dry 732 o [ T32°T10 12 o [ T12°7T30
Z12: > 9 2111 > 90— 9 T Q7 2= 21H > 90— 9 . (07)
T 8r3°T02 T'13°T20 8r01°T02 T'13°T20

Now we will integrate Figp (5.20) w.r.t. 74. Again we set 7o = 0, do inversion, and calculate
the integral in the d = 2 4+ 2¢ dimensional space using the integrals from appendix A in
[17] and

d2+267’14 7’342 7“%3 + 7“%3 — T‘%Q 1
= =~ +1In(r? O (e). C.8
/ T (1 — €) 11427242 r2, <€ +1n (7"12)> +0(e) (C.8)

We get
d 2 2 2,. 2 2,. 2
dry d®ryq (112 T14 T93°T12 T14°T23
—F100+ (24 3)— 5 In 5 |+ 5 In 55
T\ T24 T12 2114°T24 T12°T24
2,. 2 2. 2 2 2, 2 2 2. 4, 2
JSEE SO PRSNY (AT 2Tl WNET S (T Tl WP S 0 a Th
2, 20 2, 2 z ' 1 oronZ 8
T14°724 r12°714 T24 r14 r94 14
2 2. 2 2. 2 2. 6 2 4
23 724734 r34°T12 79247734 T12 T34
—i—2 5 In 53 "5 3 5 In 6. 2) 3 5 In 5 + (2 3)
T14 T14°T23 T14°T24 r12°714 T14 T12°T14

(C.9)
dj>2 3 (7‘132 - 7“122) B 7‘232 1n2 @ I 3 (’l‘l22 - 7"132) B 7“232 1112 @
4 2 1"232 4 2 7“232

3 3
+ <47’232 —rp® — 7’132> In? <Tiz > + 5123I (r12%,r13%, 1237) - (C.10)

Here
4 4 4 2. 2 2. 2 2. 2
S123 = 7r12” + 113" + 123" — 21131127 — 2123°r127 — 21137723 (C.11)

is the Cayley-Menger determinant proportional to the squared area of the triangle with
the corners at r = 7123, and

! dx a(l —x) + bx
Ha.b,e) = /0 a(l —z) +bx — cx(1 —x) n ( cx(l—x) ) (C.12)
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. /1 /1 /1 d$1d.7}2dx’3(5(1 — X1 — T2 — ZC3) (C 13)
—Jo Jo Jo (axy +bxo + cas3)(wize + T173 + To23) ’

1 1 )
N /0 dx/o dz cx(1—xz)z+ (b(1 —z) +azx)(1 —2) (C.14)

is symmetric w.r.t. interchange of its arguments function defined in [18]. Performing

inversion and restoring rg, we get

S 9 S 9 S 9 S 9o 2
dT4F 263 3753 712 713 12 ((TosT12
71004- ©3)= Ar il mlpo2  g2m2 )\ Fas e

T02°T03%  T01°T02°  T01°T03 T02°713

S 9 S 9 S 9 S 9o 2

n < 3ri”  3ri3t T >1n2 (Toz ™13 >
470127022 410127032 270227032 70127232
S 9 S 9 L 9 S 9o 2
n 3riz”  3rit T3 12 (7037712
4‘} 2= 9 4‘# 2= 9 24 9= 9 > 9= 9
T01°703 701702 T02°703 701723

2

- - 92 - 9
35, (2 T13 723
+§ 123 S 95 99 5 95 99 5 95 9
017702 T01°T03" T02°7T03

S 22 2 o 2o 9 5 22 2 o 25 9
To2"T13” To2°T13 _ T03"T12” T03°T12 -

+X (=555 2555 ) 6(M0) + X | 555,553 ) 9(730)
T03°T12° 7017723 T02°7T13% 7017723

S 25 9 o 95 9
T01°T23° T01°7T23 .
+Y (5 55 5°' 5 9% 3 5(7“10). (0.15)
T03°T12° T02°T13
Here
—_— i S o4 S 25 9 S 95 9 S 25 9
- ( 12 713 723 27137712 27937712 27137723 )
123= 532 —— = 1 5 i 5> 5 5 9o i 9 o 9o 9o
ro14702?  To1t7ost  To2tTost  TontT02%703%  T012702%703% 701270227034
(C.16)

and we added the delta-functional contributions, which may be lost via inversion. Thanks
to conformal invariance of the integral such contributions may depend only on conformally
invariant ratios. We can find the values of the unknown functions X and Y at i = 73,75 =
71,7 = 73. Using (5.9) we have

/ D oo + (2 5 3)myre = 16 / T EC _ ourc(3)6(710) — (7))
=2X (1,00) 6(720) + Y (0,0) 6 (710) - (C.17)
Therefore
X (1,00) = —127¢ (3), Y (0,0) = 24m((3). (C.18)
[ R0+ 20 Dlaor, =4 [ THEG = —6n¢(3)[5(70) — (0)]
= X (0,0) 8(70) + (Y (1,00) + X (00,1))d (710) - (C.19)

Here again we used (5.9). Therefore

X (0,0) =67 (3), Y (1,00)+ X (00,1) = —6m((3). (C.20)
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If 75 #£ 75,75 # 1,71 # 3 then the arguments of X and Y are fixed by the integration
w.r.t. 7

7?0227?132 7?0227?132 6(_, ) X (O 0) 5(_, ) 6 4(3) (5(—» ) (C 21)
‘( T == T = 07 T .
To327 122 7012732 20 ’ 20 207>

v 7701277232 1701277232 5 (F ) =Y (0 0) ) (F ) = 247TC(3)(5 (F ) (C 22)
To32m122 " 70227132 107 ’ 1= 10/~ :

As a result, one can write
S 9 S 9 S 9 S 95 2
dry 37123 712 T13 o [ T03°T12
7F100+2<_>3) 2 mama  moana )| o an s
T02°T03°  T01°T02°  T01°T03 702713
S 9 —_— S 9 S 9o 2
n < 3rip”  3r” T )lng (7"02 713 >
470127022 AT0127032 27227032 70127532
n < 3riz”  3ri2t T3 > In2 (T03 12 >
470127032 470127022 270227032 70127232

3 o2 132 732
+§5123[ oo 5 S 5o 9 S 5o

70127022 70127032 70227032
+6mC (3) (6(20) + 6(730)) + 247((3)0 (710)
— 367C (3) d236(720) — 367¢(3)(d13 + 12)d (710) + 727 (3)d130126 (710) - (C.23)

Here 0;; = 1, if 7; = 7; and d;; = 0 otherwise. The last term is added since the total
contribution at ¥, = 7 = 3 is 0.

Now we will integrate Fpsg (5.21) w.r.t. 74. Again we set 7y = 0, do inversion, and
calculate the integral in the d-dimensional space using the integrals from appendix A in
[17] and (C.8). We get

d 2, 2 2, 6 2 2, 8
dry d®ry [ 7347712 I T147734 ri2” g (1277
—F23o+ (24 3)— 5 In 55|t 5 In TR
T\ 2714°T24 T94°T12 2r14 T14%T24
2 2 2, 2 2, 2 2,. 2 2,. 2
_re” g (Tt rasTriety (Tiatres™) | Ti3Trie” g (71377
oo 2 2 2, 2 2. 2 o 2o 2 2. 2
T24 r12 T14°T24 r12°T24 7147724 T12°T14
2 2. 2 2 2. 2 2 4, 2
T93 79247734 r13 T13°T24 793 793724
- 2ln<r 5 2)—1-2 2111( 1 >—2 2ln< 1 2>>+(2<—>3) (C.24)
14 14723 T94 T14 T94 T14%734
2 2 2 2
d—2 [ 3 (7“12 — T3 ) 2 2 12 3 (7’13 —T12 ) 2 2 7“132
— f + 23 ln 'r'72 + f + T23 ln 7472
23 23

2 2 2
12+ 71135 3 o\, o (712 3 2 .2 . 2
+ (2 — 77 )ln ) T 551231' (r12°,713%, 723%) - (C.25)

Again, inverting and restoring ro we have

9 ( T03 T12
7F230+<2<_>3) > 9o 2+ S 9 2_ > 95 9 ln W
2701°7T02 2r01°T03”  4702°7T03 T02°713

S 9 S 9 ) S 95 9
3713 3112 793 9 [ T02°T13

e 1m0t 7 0= In 2=
47017703 4ro1°T02 70227032 70127232
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S 9 S 9 L 9 L 9. 9
312 3r13 793 o [ T03°T12
N mer2  mere Trarae )0 s
47017702 4717703 T02°T03 T01°T23

> 2 > 2 = 2
_3e (2 713 23
2 123 - 05 20 =5 9= 99 5 9= 9
To1°T02° T01°T03% T02°703

S 22 2 o 2o 9 2 =2 22 2
> (T02°7T13" T02°T13 T03 T12° T03°T12 N
+X ( ) i ) 5( ) + X < > > 5(T30)

70327122 T0127232 70227132 7012732

)

To1 ?”23 7017723 o

+ Y < 55 905 95 2) 1) (7‘10) . (026)
T03%T12% 7024713

- =

Again, we can find the values of X and Y putting 7 = 75,7 = 7,7 = 73 in this equation.
Indeed via (5.9) we have,

[ + @ 3l = -8 [ THLG = —1200)[0(7i0) — 0)
= 2X (1,00) 8(0) + Y (0,0) 8 (7o) - (C.27)
Therefore
X (1,00) = 67¢ (3), Y (0,0) = —12m¢(3). (C.28)

Using (5.9) again, we get

/ B s+ (2 3)|ry e, = 8 / B rC  1orc(3)[6(710) — (7))

— X (0,0)8(Fa0) + (X (00,1) + Y (1, oo)) 5 (710) . (C.29)
Therefore
X (0,0) = —127¢ (3), Y (1,00) + X (00,1) = 121((3). (C.30)
If 75 # 73,79 # 7,71 # 73 then the arguments of X and Y are fixed by the integration
w.r.t. 7
(02" Too’Tis” §(70) = X (0,0) 8(7a0) = —127¢ (3) 5(70) (C.31)
F032F1227 F012F232 20) — ) 20) — U 20), .
g (T T ) (0,00 (Fag) = —120C(3)3 (7o) (©32)
70327122 T0227132 o) = ’ o) = " o) ‘
Finally,

dry 92 7132 373> To32712°
7F230+ 2<—>3) > 9= 2+ > 9= 2_ > 9= 9 ln2 m
2191702 2101703 4rp2°T03 T02°T13
S 9 S 92 ) S 95 9
37113 3712 723 o [ T02°7T13
+4*2—»2*4—»2*27L 2= In® { ==——
T01°T03 T01°T02 70227032 T01°T23
S 9 . S 95 9
3112 3713 a3? o [ T03°T12
+4ﬁ2—*2_4—»2~2+~2—»2ln NN
T01°T02 T01°T03 T02°T03 T01°T23

> 2 = 2 > 2

35, (2 13 723
— S P123 S5 95 99 5 95 99 5 95 9
017702 7017703 7027703
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—12m¢ (3) (6(720) + 6(730) + 6 (710))
+ 367( (3) (5235(FQU) + 367TC(3)((513 + 512)5 (7710) — 727TC(3)5135125 (Flo) . (0.33)

Now we will integrate (5.19) and prove equality (5.41). Again we set 75 = 0, do inversion,
and calculate the integral in the d-dimensional space using the integrals from appendix A
in [17] and (C.8). We get

dr dd 2 2 4
/ " (Fo+ 0o 4} + (2 3) —>/ = <”22 In (“2 34 )

r14 1427244
2 2. 2 2 2 2 2,. 2
r12 T12%T24 ro3%r19 71427932 232712 T93°T24
+—In 1 -5 —5n 5.5 " 3.3 2.2
T4 T34 T14%T24 T12°T24 T24°T34 T12°T34
2 2. 2 2 4 2 2
_ T3 In 7247734 n 13 In T34 > i 23 In T34
142 r14%7232 242 1321942 242 1232

2 2 2 2 2 2 2 2 2
+T232 In <T242) + 13 7‘242 In (T‘14 T242> B 14 T232 In <T142>> + (2 o 3) (034)

T34 723 7’1427‘34 T132T34 T242T34 723

2 2 2 2 2

d—2 T13°+ 1127, 9 [(T12 1, 9 [ T12 9 (T13

— - | — 1 In“ | — . C.35
2 " <?"132> * ' \ ! 932 * 1232 ( )

Inverting and restoring 7y, we get

2

d 1 7102 = 2 - 2
/ T4 {Fls0+ (0 4)}+(2+3)=—= (ﬁrnﬁ PRE >ln2 <r03 1o >

ARG R T 70227132

S S (0 S WO~ R T02°713° (C.36)
0022 o272 202 a2 F2ma2 ) ‘
T02°T03 T01°723 702%703 T01°723

This integral has no delta functional contributions since it equals 0 at 7} = 7,71 = 73,73 =
5.

D Decomposition of C-odd quadrupole operator

Here we demonstrate that the C-odd part of the quadrupole operator tr(U; U2T UsU, D in the
3-gluon approximation in SU(3) can be decomposed into a sum of 3QWLs. Indeed

26r(UWUSUUY) = ((Ur = Ua)(Uf = U) (Us = U) ) - Uy - U
— B33 + Bas3z + Bi4a — Boaa + B3aa + Biaa — 6 (D.1)
= —(U1=U2)(Uza—U3)(Us —Uy) - E- E— B33+ Basz + B14a — Ba4a + B3as + B122—6. (D.2)
Therefore
2r (U1 UJU3UY) — 20 (UsUUUY) % —Bigg + By + Bryy — Bayy + Biyy + Big
—((Ur = U2)(Uz = U3)(Us = Uy) + (Us = Us)(Uz = U3)(Ur = U3)) - E- E
= — B3 + Bags + Biuy — Bouy + Bayy + By, — 2(U1 = U2) - (U2 = Us) - (Us — Ua)
= —Biys + Bys + Buaa — Baua + By + Bip
—(U1 = Uz) - (Ua = Us) - (Us = U) + (U] = U) - (U = UJ) - (U = U)
= Byyy + B3y — Byzz — Byyy + Biag + Bagg — Biag — By (D-3)
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