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1 Introduction

The BFKL (Balitsky-Fadin-Kuraev-Lipatov) approach [1] was formulated in
the momentum space. In this space the kernel of the BFKL equation was
calculated in the next-to-leading order (NLO) long ago, at first for the forward
scattering (i.e. for ¢ = 0 and colour singlet in the ¢-channel) [2] and then for
any fixed (not growing with energy) squared momentum transfer ¢ and any
possible two-gluon colour state in the ¢-channel [3]. Unfortunately, the NLO
kernel is rather complicated. In particular, the colour singlet kernel for ¢ # 0
is found in the NLO in the form of an intricate two-dimensional integral.

In the most interesting for phenomenological applications case of colour-
less particle scattering, the leading-order (LO) BFKL kernel has a remarkable
property [4]: it can be taken in the Mdbius representation (i.e. in the space of
functions vanishing at coinciding transverse coordinates of Reggeons), where
it turns out to be invariant in regard to conformal transformations of these
coordinates. Moreover, in the coordinate space the Mdbius representation
(we will call it “M6bius form”) of the LO BFKL kernel coincides [5] with the
kernel of the colour dipole model [6].

In the NLO the conformal invariance is violated in QCD by the running
coupling. One could hope that the Moébius form of the colour singlet NLO
kernel is quasi-conformal, i.e. conformal invariance is violated only by terms
proportional to the g-function. However, the direct transformation of the
colour singlet kernel found in Ref. 3] from momentum to coordinate space
with the restriction of Mobius representation gives a kernel which is not quasi-
conformal [7, 8, 9]. But in the NLO kernel there is an ambiguity [5, 10],
analogous to the well known ambiguity of the NLO anomalous dimensions,
because it is possible to redistribute radiative corrections between the kernel
and the impact factors. The ambiguity, discussed in details in Ref. [11],
permits to make transformations

£ K — a8, 0] 1)

conserving the LO kernel K(B) (which is fixed in our case by the requirement
of conformal invariance of its Mdébius form) and changing the NLO part of
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the kernel. Note that this transformation must conserve the gauge invariance
properties of the kernel, so that the operator U must have in this respect the
same properties as KB,

The NLO kernel calculated in Ref. [3] is defined according to the prescrip-
tions given in Ref. [12]. We will call it the “standard kernel”. Recently it was
shown [13] that there exist an operator U such that the transformation (1)
applied to this standard kernel gives a kernel with quasi-conformal M&bius
form, which agrees with the form obtained in Ref. [14] in the colour dipole
approach. It turns out that this form is quite simple. It is unbelievably sim-
ple in comparison with the form of the standard kernel [3]. Evidently, the
question arose about the relation between these two forms.

This question is not trivial not only because the Md&bius form is defined
in the coordinate space, whereas the standard kernel was calculated in the
momentum space. Remind that the Mdbius representation is defined on a
special class of functions. Therefore at the first sight it seemed impossible
to reconstruct the complete operator from its Mdbius form. However, due
to the gauge invariance of the BFKL kernel, it is not so. It was shown [15]
for any gauge invariant two-particle operator that it is possible to restore the
complete operator from its Mobius form and the restoration is unique up to
terms which do not contribute to the operator matrix elements, because of
symmetry and gauge invariance of the wave functions.

Therefore, it is in principle possible to restore the complete BFKL ker-
nel from its quasi-conformal M&bius form. Since this form is quite simple,
one can hope for simplicity of the complete kernel in the momentum space
too. Evidently this kernel differs from the standard kernel found in Ref. [3],
but is connected with the last one by the transformation (1). However, the
direct restoration is not easy. It includes the Fourier transformation of the
Mobius form from coordinate to momentum space and, although this form
is very compact, the transformation is intricate since it contains complicated
integrals.

Instead, one can try to find the difference between the standard kernel
and the one restored from the quasi-conformal Mobius form. Our paper is
devoted to the solution of this problem. The difference under investigation
is given by the second term in the transformation (1). For the operator
U, both Mébius form and complete representation in the momentum space
are known now [15]. The same is true for KB, We are looking for the
difference in the momentum space. It can be found using for the calculation
of the commutator in the transformation (1) both U and K(®) in this space.
Alternatively, it is possible to calculate the commutator in the coordinate
Mobius space and then to restore its complete form in the momentum space
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using the method developed in Ref. [15]. We use both these ways, on one side
for cross-checking the obtained result, on the other for a demonstration of
the efficiency of the method of restoration of complete operators from their
Mébius forms, developed in Ref. [15].

The paper is organized as follows. In the next Section we calculate the
commutator in the transformation (1) directly in the momentum space. In
Section 3 this commutator is calculated firstly in the coordinate Mobius space
and then the obtained result is used for restoration of the complete form of the
commutator in the momentum space. The last Section contains our conclu-
sions. The integrals used in the calculations are presented in the Appendix.

2 Direct calculation of the difference
in momentum space

We adopt the notation used in Ref. [15] and put the space-time dimension D
equal to 4, so that states |¢) with definite two-dimensional transverse Reggeon
momentum ¢ and states |¥) with definite Reggeon impact parameter 7 are
normalized as follows:

'@F

({@q"y=0q-q"), () =0F-7"), <*|61>— - (2)

As it was shown in Ref. [13], the quasi-conformal kernel K9 can be obtained
from the kernel calculated in Ref. [3] by the transformation (1), namely,

KQC =K — a[KP), 0] . (3)

It is worthwhile to note here that the kernel K is defined in such a way that
in the LO its Mobius form is conformal invariant. Therefore one has (see
Ref. [15] for details)

-

o |
(@, BIKI|T 35) =0(G + & — 4] — qg’)qﬁqﬂ (@1, 459 , (4)
1

where §=q1 + ¢ = ¢/ + ¢35 and K(q1,q7; ) is the symmetric kernel
K(§17§1/;®:K(q’1/7§1;® ’ (5)

defined in Ref. [12] and calculated in Ref. [3]. Its real part K, satisfies the
gauge invariance conditions

KT(G, (jll;q_) = Kr(@ly&@ = Kr(q_; @f?@ = Kr((jla(j;q_) . (6)
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Our goal is to find in the momentum space an explicit form for the commu-

tator in Eq. (3). In this Section it is done using the known expressions in

this space for the LO kernel K(®) and the operator U.

The kernel K(B) can be presented as follows
> o1 (B) 21 o > L asNe S o7 7 Ty e 2N

(@, @I, ) = 0(q+ o) — 5 | R(G1, G2 k) — O(k) [ dLV(d, @31)|
) (7)

where & = q_’ll’ = —(722/ (here and below Eijl = @’1 — Ej/, 61’]‘ = 67 — dj,

dyj = a; —aj),

7, Gos 2 qik ok 01G2
R(Gi, goi k) = — — 20— 4222 o1& .
(1 2 ) k2 k2q—'2 kgq—»QQ q12q22 ( )
and N N
5 - R 2 (]l — af = a
V(g1 G2;1) = = — = (# qj) _ (# qf) o)
12 12(l—q)* 12(1—q)?

Note that the term 2/1 2 in V/(q1, G»; ) leads to the divergence of the integral
over dl in the second term of Eq. (7), which represents the virtual part of
the kernel. It is a well known infrared divergence which cancels with the
divergence coming from the term 2/k2 in the part with R(q1, ¢2; k) in Eq. (7)
(real part), when K(B) acts on some state. In the commutator [IC (B) U] there
are no problems with these divergences at all, because they cancel separately
in the virtual and real parts.
The gauge invariance properties for R look as follows:

R(q1,@2;q1) = R(q1, G2 —q2) = 0,

(723 R(Q1a§2;E))|(T1:0 =(3°¢% R(Ql,(fz;/;m(bzo =0. (10)

An explicit form of the operator U in the momentum space was found
in Ref. [15]. Omitting terms which do not contribute to the commutator in
Eq. (3), we have

asN, Lo
(G, @l Ul @) = 8(q1 + Gor ) ——5= 12 “Ru(q, @2; k)
o 11 (@242) 5(qu)5(d 11
- (fh s ) (q11)6(qa2') (11)
where fy is the first coefficient of the Gell-Mann—Low function,
11 2
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and

R 1 21222 1 21222 1 212212
Ru( 1,Q2;k) = —»_an <q—1» 32 > +721n (q—% gl > + —»_hl <q£2q—,22 >
qq k2q2 42 k2q? k2 4192

_.]; —/92 _»]; 792 JERGN -9
2 <q3—2) +2-2 1 (q32 > — o iy, (€—2> L (13)
k2q, k k2q, k 41492 k

Note that R, has the same gauge invariance properties as R:

R.(G1,G2:¢1) = Ru(G1,G2: —G2) =0,

(7207 Ru(q1, @25 F))|gi=0 = (3% Ru(@1, 2 k)l go=0 = 0 - (14)

Indeed, these properties are required to conserve the gauge invariance in the
transformation (1).

Another important property of R, is the absence of either infrared, or

ultraviolet non-integrable singularities, thus leading to convergence of the
integral

diidky  ~ - = . Lo 712 =212
/ 17r 2 5(k—k1—k2) Ru(§1—Fk1, Go+k1; K2) = —In (qqu > In (?;2 > . (15)

The calculation of this integral and of the integrals appearing below is de-
scribed in the Appendix. The result (15) follows from (A.1) and (A.4) with
a subsequent elementary integration over [.

Having Egs. (7) and (11), it is quite straightforward to write the commu-

tator {I@(B), U} in the form

- o ~(B) 7] 12 = Lo aiNZ [ B 0’a o oo P
<Q1aCI2|Oés |:’C(B);U:| |qllaQQ/> = 5(Q11’+Q22')éT; |:2]\(; 1n<—»}2—2.2) R(QlaQ27k)

+/; (V(§1/,§2';f) - V((Tl,(fz;l)) Ry (q1, @25 k) + F((Th@;/;)] ,  (16)

= R(G1, @3 k1) Ru(§1 — k1, @2 + k13 ko) — Ru(G1, Go; k1) R(Gy — K1, @ + K13 o)
(17)



The infrared divergent pieces in the virtual parts entering the integral over
dl in Eq. (16) cancel, and one can easily obtain (see (A.5))

12212

dl - 0\'%q
[ (va.ab-va hq?;z)):ln(;—qgg) . (1)

Unfortunately, the calculation of F (q"l,q"g;E) is not so easy, both because
of the presence of a great number of terms in ]—'((j'l,(j'g;lzl, Eg) and of the
complexity of the integration. One of the reasons of this complexity is the
singularity of R(qy,G2; k) at k2 = 0. Of course, this singularity disappears in
F(q1, ¢»; E), Eq. (17). To make this evident, let us write

-,

- 2 oL
R(qh,q23 k) = 2 + Ry (qh, 23 k),

I qQi [ @1q2
Re(G1, Gos k) = —2-0" 4 9 22 o 4182 19
(41, @23 k) 2 P 252 (19)
and divide F(q1, ¢2; k), Eq. (17), into three pieces
3
F(q, @ k) =Y Fi(G, @3 k), (20)
i=1
where
I L
Fi(q1, @2 k) = TRf( 1, @25 k1) R (G — k1, @2 + kas b — ka) (21)
oo dky - L= o o
Fy(q1, g2 k) = — — B G @3 k)R (G — k@ + Rk — ki), (22)
- dk1 2

Fs(qi, g2 k) = (Ru(q_i — ki, @+ kisk — k1) — Ru(q1, q23 k — kl)) :

(23)
Now all the three pieces have no infrared singularities, the first two of them
because of the absence of singularities in the integrands, and the last one
because of the evident cancellation between the two terms with R,, in Eq. (23)
at k1 = 0. The integration of the first piece can be performed with the help
of Egs. (15), (A.8), (A.9) and (A.10) and gives
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— — 12 — — —/ —/
q1 X q2 1 X g2 X q - "
+2[ ~2§22] I(Tlvq2 + 2[ (fll[}é 2] I‘Tl/!‘y + Q1< —G2 . (24)
1

Here

1 =2
dx P
. 1 2
/ 7+ 20)° “(w?q*?) %)

is the di-logarithmic function with high symmetry,

Iﬁﬂ: I—ﬁ,—(T: I{iﬂ: I”,—ﬁ—(f' (26)

)

The representation exhibiting these properties [16] is

! ! ! dl‘ldl‘gdl‘gé(l — L1 — T — .233)
Iq= =5 — —— . (27)
o Jo Jo (0214 q%x2 + (P + §)%xs) (2122 + 2123 + 223)
Other useful representations are
/1 dx a(l —x) + bz
Iyq = In
o a(l —x)+bxr—cx(l—x) cx(l —x)
= d d 2
/0 x/o N cx(l —xz)z+ (b(1 —z) +azx)(1 —2)’ (28)

where a = p2,b=q2% c= (§+ §)>
Note that F; must turn into zero at ¢ = 0 or ¢ = 0 due to the gauge
invariance of R,,. It is easy to see from Eq. (24) that this property is fulfilled.
Unfortunately, neither F, nor F3 possess such property. Moreover, the
separation (20) destroys the good behaviour of R(qi, @:; k) in the ultraviolet
region, so that the integrals (22) and (23) diverge at large k2 and we have
to introduce an ultraviolet cut-off A2 for them. The loss of gauge invari-

ance and ultraviolet convergence of the integrals makes them more complex.
Using (A.9)-(A.14) we obtain

. 1 22 Agia? =12 2222
Fy(q1,¢2;k) = =5 [ In <q_%>ln (%) +In (q_l.—>ln il 222 +
qi q q1 92 " 92 k2 k2q2’
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212212

1G> 2 2 _’12 _'22 _’1/2 d1 "9z
——— (I | = | —-In|{==|In({= ) —In|= In —
e (0 () - (3w (3) - (5 ) m (5F)
.2 Ez =12 7k =2 =2 5/2
= | In [ ) ) 422 <2—2>1 (‘{1,32;2>
q1 1 q12 2 2 q1 793
(@ x K [@xk (¢ x 3] 7
+4 Ty T o3ty —— [@1 x k]IE,qq'
qrk 5k 43743
o 1@ x K| n @ x k] | [@1 x @]
6'12]_6'2 (722];,'2 @26’22
(29)

Iqq',q;’> +q@ o = -

X <[(jl X (TQ]I(TlJTz - [(jl/ X 62/]

A4—'2
g ) —21In (q_,
k2

>3
qy

The result for F3(qi,; k) can be obtained using Eqs. (A.8), (A.13)—(A.16)
212 712 lipd

()-8

41 492

and reads
- 1 q?
F3(q, 25 k) = =5 (hl (_,—) In (T
( ) qr @ 01 g
A2 @2 /2 6»/2 72 5’2
x | In? (T) —21n? <%) -1 ( L >1 ( 2 )+21n - 1n<i—)
< 72 2 72 72 72 iz
71 12 212 92 212
EVIILINY ln( 1 ) — (qi—2>
@’k \ 4 h k2 4
+2Ll att] A X Kz .o =[G % @z | + @ < —G (30)
(712(722 q1 F1,q) 41 X 92 4g/ .4, q1 q2 .
From the Eq. (20) and the definitions (21)—(23) it follows
. 92 72 21222 271 =2 k2
F(Gi. 33 k) = =5 In (?—}Q)m <M> e (2_1,2>1n i
49 q1 q2k2 T qy q
- -2 =2 2/2 =72 =12 9 12
ik (m (q_)1 (&) 2 ({2 ) In (q_)) RN (q_)
q2k? 5 4 "4 T k2 k2 a0
[ x @) | < B\ . o - . .
—2 < PRF +2 2F? (@ x @g.q — (@ x @z .q;) + @ < —@
(31)
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The definition (17) and the properties (10) and (14) of R and R,,, respectively,
secure the gauge invariance of F’:
F(q’17§27§1) = F(jlaq’Q; _52) = 0)

(@23 F(q, @2 0)lai=o = (@23 F(q1, @25 1))l a0 = 0 (32)
The fulfilment of these properties can be easily seen from Eq. (31).
Finally, Eq. (16) together with Eqs. (13), (18) and (31) gives

<§ (T [ ]|§1/,§21> =
a2 N2 12212
N q1 "9z
= 0(q11r + Gozr) oMo [ R(q1, q2; k) In ( 5 >
8 q12q22
(jll2 | (1*12 (1'2/2 —*2 —*1 —»/2 (1*22 (1'1/2 | (1*12 (1'2/2
+ o 255 o7 ETD R el R
a2k 45 qq q2k2 492 q°k

[q_i X @2] [qﬂ X k] 2 X E —/ —/
- < 2G5 " @’1212;'2 + q_'22E2 ([Q1 * Gllg.q — [0 % q2]1‘71/"72/) )
(33)

3 Use of Mobius space

Since the result (33) was derived by means of lengthy and intricate calcu-
lations, we want to obtain it in a quite independent way, starting from the
Mébius forms of the kernel K(®) and of the operator U, calculating their
commutator and restoring the complete commutator (33) in the momentum
space from its Mobius form. Simultaneously, the efficiency of the method of
restoration developed in Ref. [15] will be demonstrated. Here this alternative
derivation is illustrated.

As it is known [5], the Mobius form of the kernel K(¥) coincides with the
kernel of the colour dipole model [6] and can be written as

asN, o oo
s ;/drog(ﬁﬂ”%ro)

RN B) o5/
(P KD |77y =

X 5(7711/)5(7_"2/0) =+ 5(7_"1/0)(5(7722/) — 5(7_"11/)5(7'22/)‘| R (34)
where Lo
Lo N oo 12
g(71,7,70) = (72, 71,70) = =555 - (35)
10720
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The Mébius form of the operator U was found in Ref. [15]. Omitting the
term with K(”), which does not contribute to the commutator in (3), one has

B e asN, o oL o oL
(P asUn|{Ty) = 4;; [5(7”11/)‘/1 (71,72, 7 ) + (o2 ) Vi (72, 71, 7))
1 asBo 1 1 1 1
v )| 220 s ( - )4—5(7"22')( . ) |
m 872 7’222’ 7"12 7"121' 7"221'
(36)
where ) ) 5
T 7 1 =y
Vi(71, 7, 7)) = =525 In (%) +=3In (32 ) : (37)
7’122’ 7’222’ 7’222’ 7"222' 7"122'

‘@)(FlaFQaFll7F2/) = ‘/3(7?277?177?2/’771,) ==

1 27?11/7"221 Fll’F12’ FQl’FQQ’
7'1%2/

U N TR I T

(38)
The treatment of the term with Sy in U can be performed quite easily in the
momentum space (see Eq. (16)), so that in the following we will omit this
term, denoting the remaining part of U as U*. With the notation (34)—(38)
the Mébius form for the commutator [K(%), U] can be presented as

<’F.—. K:(B) rs Ny _azNCQ — - - =/ l - o o) =)

17| | LU |77y = o3 5(r11:)J(r1,r2,r2)—|—WF(rl,rg,rl,TQ)
1 [ )

—|—;I(r1,r2,r1,r2) +1+2, (39)

where 1 <+ 2 means the substitution 7 <> 7%, 7 <> 7y. The first two terms
in the square brackets in Eq. (39) come from the term with V; (7,7, 7) in
Eq. (36) and are written as

Lo dro . . . Lo Lo o
J(T’l,?"Q,T’Q/) = /7 [9(7’1,7'277"0)‘/1 (711’710’712/) - ‘/1(7"1,7"2,7'0)9(711,7’0,712,)
—(9(71,72,70) — g(71, 75, 70)) Vi (F1, 72, 75 )] (40)

and
F(Flv 7?27 7?1/7 7?2/) = 9(7?2, 7?1) Fll)Vl (’Fllv 7?27 7?2/) -V (’Fla FQv FQ/)Q(TQ ’ Tlv 7?1/) . (41)

The last term in the square brackets in Eq. (39) related with V3 is presented
in the form

12



dr 1 07 1 107"
Y 0 10720 - 10720
I('f’l,'f’Q,T'l,'f’Q): — =9 = ‘/3(7'1,7’(),7"1,7’2)-’- S5 T 5o o
T P2 OFRAFE Toh T

10 10" 20 20 10" 20

oL o oL o 1 T
X (‘/E’)(rlyr()a 7’1/,7"21) - ‘/3(7"177"2, 7’1/,7"21)> <‘/3 (7’1, T2, 7'1 R 7‘0) _,021,
02’ Tyrg
Lo TUOT20 ., o o Ly o
—V3(7“177”2a7"1la7”2/)> - ﬁ\@(rl,m,r{wg’)] . (42)
170720

Note that each of the J, F), I functions independently turns into zero at 715 =
0. In contrast to the function F, which is given explicitly by Eq. (41), the
functions J and I are expressed in terms of the integrals (40) and (42),
respectively. The integrals are not very intricate, although their calculation
is complicated by the ultraviolet divergences existing in separate terms. The
integrands in (40) and (42) are written in such a way so as to make the
cancellation evident. The results of the integration (which can be performed
by the method described in the Appendix) are very simple:

L 2(71 Fay 1 3 i 3
J(F, 7, 7)) = Ay o) (22 ) (22) - - m? (22
e 7T 72 72 72 7, 72
127722/ 12/ 12 12 22’ 12

(43)

and

o 9 =9 o o —4 =92
(7,70, 7 7)) = L [ (Fro) I (T2 (T11/7127) 1 Tz
L,72,71,72) = 535 =5 - =9 59 =5 =9 -9 o4

2
Tiigr \ T11/T29/ SCIADY SSADY 11/ Mo
— - -9 N )
(T22:721/) 1 12 (T12/751/) 1 11/ 799 44
t = |l |t | 5= : (44)
ToarToqs T/ 715 Toqs 9T 7y
Note that the property of turning into zero at 72 = 0 is conserved

after integration. Thus, the Mobius form of the commutator given by
Egs. (39), (41), (43) and (44) is rather simple and does not contain special
functions. Having this form one can find the complete commutator in the

momentum space (G, 2 |as [I@B), ﬁ} |7y, @) according to the prescriptions
of Ref. [15]. We write it in the form

2 2 72
(@l [KP,0]16.8) = 0@ + @) 2 | 20w (D) R(gi. ao:)
I - ) 1> 8 3 4Nc q—»1/2 ’ 9

F (s @i F) + (s @i F) + 1, @3 F) + @ H—qa] L @)
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Here R(q1, a; k) is given by Eq. (8) and

Lo 4 driv diby e ion e T,
; k) = =< 5 9 drirre Z(qlrlll+q2r22'+krll2')F(7"1, T2, 7"1I, 7’2/) >
™ ™

1 72 72 1 =2 =2 "l_c'
=|zzln (212) In <%) +—=-1In < 2}2) In <%) - ((h_‘)
oG @) 2k2 \dQ RV
671/2) <§2> (CTQQQ_’{Q>) S . (132)
s> )+n| =5 |JIn| =5 | | +0 < —@ | + ==
< k2 @ 7’3 235

) 712 2 7l2 7 71 X >
x | In (({,—2> In q—1»2——»2 +1In (q_,L) In (?»_/2) - 2%[@ x k]I o
1 4" g2 k2 0 ar 9z o

[ x K] | (@ xk] | @ x@l\ - - o
- ( JQEQ + —»2];2 * q_'12(j'22 ([ql X qQ]I(Th(E - [qll X qQ/]I51/152/) ’
1 2
(46)
- 1 df’ll/ dFQQI = —i((ﬁ'f‘ 1 +qar /—FEF/ /) = - = =)
J(G2, @25 k) = P < or 9n dryge” 22 V2§ (7 ) S (71, 7, Ty ) >

L @R, (), (B2 L (5
# g () () e (f) o
s gs k 42 k k a2

dits diyy (Gt
- — Y
/ 271— 27T d?"l'g'e Z(ql’l"ll/ +q27r5or +kr1’2’)F(7~17 7o, 7,,1 , 7'2) >

1 =12 =12 1 =12 =12 =12 ];:2
== ln(q_l,2 ) 1n(q_2,—2)—|—T2 (1n<q_1,—2> ln<q_2,—2> —21n<q_1,—2> In| =
2¢; q q 25 q q i a
- = ) ~/2/;2 /2 =2
B8 (L) Doty ) 4 (% ) (L2)
41743 qy 41" 9o k2 aq

R P (@1 X @) =) -,
+2T Q1X1€I*ﬂ,—2Tq X q. I“/"‘/ . 48
q12q22 [ ] k,q, q12q22 [ 1 2] qq:4d5 ( )
In these equalities the symbols < ..... > mean adding to the direct Fourier

transform terms that depend only on ¢ and ¢ (and do not depend on E)
and terms that are antisymmetric with respect to the substitution ¢ <> —gs.
These terms are fixed by the requirement of the gauge invariance and the
symmetry of the kernel, according to Ref. [15].

Equalities (46)—(48) can be derived using formulas given in the Appen-
dices of Ref. [8] and of the present paper. The substitution of these equalities
in Eq. (45) gives the same result as Eq. (33).
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4 Conclusion

The simplicity of the M6bius form of the quasi-conformal NLO BFKL kernel
suggested to use just this form for finding the kernel in the momentum space.
The way to do that was not evident, and even the possibility to do it seemed
doubtful, because the Mobius form is defined on a special class of functions in
the coordinate space. However, it was shown [15] that such possibility exists
due to the gauge invariance of the kernel and the way to obtain the kernel in
the momentum space from its Mébius form was elaborated. But technically
obtaining it turned out to be not easy.

In this paper we found in the momentum space the difference between
the standard BFKL kernel, defined according to the prescriptions given in
Ref. [12] and calculated in Ref. [3], and the quasi-conformal BFKL kernel.
This difference turned out to be rather simple. The most natural conclusion
is that the simplicity of the Mobius form of the quasi-conformal kernel is
caused mainly by using the impact parameter space. The other possibility
is that the quasi-conformal kernel can be written in simple form also in the
transverse momentum space. If this is true, the standard kernel of Ref. [3]
could result itself in a much simpler form. We plan to check this possibility
using both the representation of Ref. [3] and the representation in terms of
integrals in the transverse momentum space of Ref. [17].
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Appendix

The two-dimensional integrals of Section 2 were calculated choosing appropri-
ate integration vectors and performing firstly the integration over azimuthal
angles. It is convenient to make this integration using “helical” vector com-
ponents “4” instead of the Cartesian ones “z,”, a* = a, + iay. Denoting
the integration vector as l_; we have [+ = let® where ¢ is its azimuthal
angle and [ is its modulus. The integration over ¢ can be performed using
the representation 2(@ — 1J(b — 1) = (a™ — IT)(b~ —17) + (a= — [7)(bT —I7T)
and the expansion of the integrands in positive or negative powers of [+ at
various values of [. Thus one can easily obtain

/ ;l—¢1n(d'—l_3229(62—f2)ln&'2+9(62—f2)lnf2, (A1)
g 2m
Tdp 1 0@:-1?)
/—w% at —1f a* ’ (A.2)
™ d 1 0@@>—12 o
/ d¢ — = (@ q)+q( ). (A.3)
—n2m (aF = 1F)(OF —1F) T 12 ]2 - aFbF
In particular, one has from Eq. (A.3)
/ ((a‘ i) _0([’2_&'2);2 :
2r |2 (@—1)2 12
[ e ~H)E-1) _
2 (a—192(5 - 12
_ =2 72\ _ pp2_ 72 1 1
- (H(a 12— 02— )) (a+b—z2+ab+—f2 L (A4

The result (15) follows from Egs. (A.1) and (A.4) with the subsequent ele-
mentary integration over [. Since the integral consists of several terms, which
are not ultraviolet convergent when taken separately, it is convenient to cal-
culate them introducing an ultraviolet cut-off A. Using Eq. (A.4), one can
also easily obtain

that gives the result (18).
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Though we use the ultraviolet cut-off A (which is supposed tending to
infinity) for separate integrals, it is possible to shift the integration vectors
in them, since these integrals have only logarithmic divergence. Therefore,
with an appropriate choice of l_: in all integrals of Section 2 the integration
over ¢ can be performed using Eqgs. (A.2) and (A.3). But sometimes it is
more convenient to use Eq. (A.1) as, for example, in the integral

7 7’2
/ﬂe(/\?—z?) L i—z =
™ (@-1?2 \a

7 = _7)2 2
:/ﬂe(AQ_ﬁ)iln (@-10 :%hﬂ (A—> . (A.6)

T 12 a?

Using Eq. (A.3), we obtain:

1. ((@—0b)>? (@—0)2\ atb™ —a bt
+§ ln (T) hl < &,2 =+ 2 I[i’—g s (A?)

where I, 7 is defined in Eq. (25) (see also Eqs. (27) and (28)). In fact, all
integrals of Section 2 can be calculated using this one. In particular, the
integral (A.6) can be obtained from the integral (A.7) as the limit b — @ at
u? = a@?. The integrals (A.4) and (A.5) also can be found using the part of
the integral (A.7) proportional to In 2. We find also

a2 -0 () _a-b, (a, (@b
[semas <a2>‘<a_a>21 () ( E )

+2 = ]I[i _i (A.8)
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(E-B)x[axb] [@-ayxbxal),  [@-bxExa,
+< o c-ar )Iﬁ‘” R

-

The result (24) for Fy(q1, ¢o; k) was obtained using Eqgs. (15), (A.8) and (A.9)
with its particular cases, such as

bR o o 2o S p 9 =272
[l a0, (1) LoD ln(i_)m i
m@-Drre-02 o \et) o 2@-n? o \p

1a a2b? (@—0b)2\ [@x[d@xb]
—Eﬁln< /.L4 >ln< 5,2 - 72 It_g. (A].O)

To obtain F5 (g, Go; E), Eq. (29), we used

ﬂg(AQ _[’2) 2(
m




—In <(C ;2 3
+2([@ x bl[@ x &)1z, -+ 2([@ x b[e x b)) I; .
2(ax Bl@— &) x - ly_peg) - (A12)
in particular,
/d_f 1 2(f(5—f)1n 2N
T(@—1pe-n2 \d’)
. a2 a—b)? .
- 52(51_ = [(a(a— 5) In (T) In <( g;’) ) ~20ax WLy 54
(A.13)
A and

— n (5_6)2 n 6—2 i n ﬁ n b2

(S ) ()] & () (5)

() m(e) (P
(A.14)

The result (30) for F3(q,; k) can be obtained using Egs. (A.8), (A.13),

(A.14),
) S IHE <@> (A.15)

/d_f L. (b—1)2(@—b—1)>
l‘jz 5’2(&'_5)2

T 2(G—

and
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+1In <(d;;)2> In <(6 ;25)2 —ln ((a[fg)?) = (AQ(CZ“_ E)Q)

20



which is more general than the integral (A.10) and can appear in decompo-
sitions of the integrands for F; different from ours, and the integrals

7 - 27°2 72 20a 772
_ () afi Y A B A I, (A.18)
azb? q (@—b)? a2b? ’
7 7N 7 - 2 7 2 72
/ﬂi b=0) b)), (el :ﬁln(?—)m b~
T2\ (b-10)2 b2 12 b2 2 (@ — b)2
[b % [@ x b]]
+2 2 I s o (A.19)

which also can be useful.

References

[1] V.S. Fadin, E.A. Kuraev and L.N. Lipatov, Phys. Lett. B60 (1975) 50;
E.A. Kuraev, L.N. Lipatov and V.S. Fadin, Sov. Phys. JETP 44 (1976)
443, ibid. 45 (1977) 199;

LI. Balitsky and L.N. Lipatov, Sov. J. Nucl. Phys. 28 (1978) 822.

[2] V.S. Fadin and L.N. Lipatov, Phys. Lett. B429 (1998) 127,
M. Ciafaloni and G. Camici, Phys. Lett. B430 (1998) 349.

[3] V.S. Fadin and R. Fiore, Phys. Lett. B610 (2005) 61 [Erratum-ibid.
B621 (2005) 61]; Phys. Rev. D72 (2005) 014018.

[4] L.N. Lipatov, Sov. Phys. JETP 63 (1986) 904.
[5] V.S. Fadin, R. Fiore, and A. Papa, Nucl. Phys. B769 (2007) 108.

[6] N.N. Nikolaev and B.G. Zakharov, Z. Phys. C64 (1994) 631;
N.N. Nikolaev, B.G. Zakharov, and V.R. Zoller, JETP Lett. 59 (1994)
6;
A H. Mueller, Nucl. Phys. B415 (1994) 373;
A H. Mueller and B. Patel, Nucl. Phys. B425 (1994) 471.

[7] V.S. Fadin, R. Fiore, and A. Papa, Phys. Lett. B647 (2007) 179.

21



[8] V.S. Fadin, R. Fiore, A.V. Grabovsky, and A. Papa, Nucl. Phys. B784
(2007) 49.

[9] V.S. Fadin and R. Fiore, Phys. Lett. B661 (2008) 139.
[10] Y.V. Kovchegov and H. Weigert, Nucl. Phys. A 789 (2007) 260.
[11] V.S. Fadin, R. Fiore and A.V. Grabovsky, Nucl. Phys. B820 (2009) 334.
[12] V.S. Fadin and R. Fiore, Phys. Lett. B440 (1998) 359.
[13] V.S. Fadin, R. Fiore and A.V. Grabovsky, Nucl. Phys. B831 (2010) 248.
[14] I. Balitsky and G.A. Chirilli, Nucl. Phys. B 822 (2009) 45.

[15] V.S. Fadin, R. Fiore, A.V. Grabovsky and A. Papa, Nucl. Phys. B856
(2012) 111.

[16] V.S. Fadin and A. Papa, Nucl. Phys. B640 (2002) 309.
[17] V. Fadin, PoS DIFF 2006 (2006) 025.

22



V.S. Fadin, R. Fiore, A. Papa

Difference between standard
and quasi-conformal BFKL kernels

B.C. ®adun, P. Quope, A. Ilana

PaznocTs Mexay cTangapTHBIM
u kBasu-koHdopMHBbIM sgapamu BPKJI

Budker INP 2012-19

OrsercrBenHsblit 3a Boiyck A.B. Bacuiben
Pabora nocrymnuma 27.06.2012 r.

Cnano B Habop 28.06.2012 r.
Ilomnucano B nnieyars 29.06.2012 r.
®Popmar Gymarn 60x90 1/16 O6bem 1.5 new.r., 1.2 yu.-uzm.J1.
Tupaxk 85 3k3. Becrurarno. 3akaz Ne 19

O6paborano Ha PC u ornegarano Ha
poranpunre «MAD um. ["U. Byakepas» CO PAH
Hosocubupck, 630090, np. axademuxa Jlaspenmuvesa, 11.



