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1 Introduction

The Balitsky-Fadin-Kuraev-Lipatov (BFKL) framework for description of the
semihard processes in QCD was developed originally in the momentum rep-
resentation. In the leading order (LO) it was done in Refs. [1, 2]; the next to
leading (NLO) corrections to the kernel of the BFKL equation were obtained
in Refs. [3] - [7]. The field of applicability of the BFKL approach is quite
wide. It includes scattering processes with arbitrary colour exchanges.

For scattering of colourless particles an alternative framework to the de-
scription of the semihard processes is the colour dipole model [8]. In contrast
to the BFKL approach this model is formulated in the impact parameter
space. The equation describing in the LO evolution of scattering amplitudes
with energy in this model has a simple non-linear generalization, which is
called Balitsky-Kovchegov (BK) equation [9]. The NLO corrections to the
kernel of the BK equation in the coordinate space have been calculated re-
cently in Refs. [10] -[12].

These two approaches should give the same predictions in the common
area. This requirement is definitely fulfilled in the LO. Indeed, for scattering
of colourless particles the LO BFKL kernel can be taken in the M6bius rep-
resentation, which is invariant in regard to the conformal transformations of
the transverse coordinates [13]. In the impact parameter space the Mdbius
representation of the BFKL kernel coincides with the kernel of the colour
dipole model [14] (it was called therefore in [14] dipole form of the BFKL
kernel). Moreover, it was shown [15] that the LO BK equation appears as a
special case of the nonlinear evolution equation which sums the fun diagrams
for the BFKL Green’s functions in the M&bius representation.

In the NLO one could expect coincidence of the Mébius form of the BFKL
kernel and the kernel of the linearized BK equation. However, the situation
is not so simple. First of all, the NLO kernels are not unambiguously defined.
The ambiguity of the NLO kernels is analogous to the ambiguity on the NLO
anomalous dimensions. It is caused by the possibility to redistribute radiative
corrections between the kernels and the impact factors. This freedom in the
definition of the kernels allows one to reshape the Mébius form of the BFKL
kernel in order to prove its equivalence to the BK one [14].
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In QCD the NLO kernels consist of two parts: the quark and the gluon
ones. The quark part of the BK kernel was found in Ref. [10] and [11]. The
Mobius form of the quark part of the BFKL kernel was obtained in Refs. [14]
amd [16] from the quark contribution to the BFKL kernel calculated in the
momentum representation in Ref. [5]. It was proved [14, 16] that with
account of the freedom mentioned above this form is equivalent to the quark
part of the linearized BK kernel. The Mobius form of the gluon part was
obtained in Ref. [17] with use of the gluon correction to the BFKL kernel
calculated in Refs. [6] and [7] in the momentum representation. The gluon
correction to the BK kernel was found in Ref. [12]. It occured that for the
linearized BK equation this correction strongly differs from the Mobius form
obtained in Ref. [17].

In this paper we demonstrate that for the case of forward scattering the
most part of the difference can be eliminated by the transformation related to
the choice of the energy scale in the representation of scattering amplitudes.
We also show how the simplest generalizations of this transformation change
the nonforward kernel.

The second goal of our work is to exhibit the functional identity of the
forward BFKL kernels in the momentum and the M&bius representations and
to prove that in the N=4 SUSY Yang-Mills theory this identity remains valid
in the NLO. The extension of the BFKL framework to the supersymmetric
theories was started in [18], where the kernel for the forward scattering was
found for the N=4 SUSY in the momentum space with the dimension D = 4+
2¢ and in the eigenfunction space. This analysis has been recently expanded
in Ref. [19], where the nonforward Mobius NLO BFKL kernel was obtained
for the SUSY Yang-Mills theories with any N. We continue this line finding
the forward kernel in the momentum space for any N, writing it at D = 4,
with all singularities cancelled, and demonstrating the functional identity of
this kernel to the forward kernel in the M&bius representation for N=4.

Our paper is organized as follows. The next section introduces our no-
tation and gives a brief account of the main results of Ref. [17]. Section 3
goes through different transforms of the kernel which do not change observ-
ables. Section 4 shows that the difference between the Mobius form of the
BFKL kernel and the kernel of the linearized BK equation can be partially
eliminated by the suitable transform. Section 5 demonstrates the functional
identity of the forward BFKL kernels in the momentum and Mobius coor-
dinate representations. Section 6 discusses how the generalizations of the
transformation obtained in section 4 change the nonforward kernel. Section
7 summarizes the main points of our paper. Appendices describe the details
of the calculations.



2 General overview

Our notation is the same as in Refs. [14] and [17]. Thus the Reggeon trans-
verse momenta (and the conjugate coordinates) in initial and final ¢-channel

states are ¢ (/) and §; (7;), ¢ = 1,2. The state normalization is

— — — — = — — ) € q T
<q_1q/> :5((]_(]/) ) <7,.|,,1/> :(5(7"—7"/) ’ < |(j> ( )1+€' (1)
Here e = (D —4)/2; D — 2 is the transverse space dimension taken different
from 2 to regularize divergences. We will also write for brevity p;;; = p; — ]E'j' .

The s-channel discontinuities of scattering amplitudes for the processes
A+ B — A’ + B’ have the form

1

2959
a1797

K
—4i(2m)P726(ga — q)disc, A4 E = (A A (%) IB'B). (2

In this expression s( is an appropriate energy scale, K is the BFKL kernel,
qa =paa, 4B =ppp, and

5/ ’Cr(q_'lv 61/; q_)

<§17§2|]€|§117§2/> = 5(61"’_62_61/_(12) 522
q17°4q9
+6(ga2)0 (q117) (W (512) + W((TQQ)) ) (3)

with w(t) being the gluon Regge trajectory, and K, representing real particle
production in Reggeon collisions,

(q1,3|B'B) = 4p56(ds — ¢t — @)®p (01, §) (4)

(AAlG1, o) = 4p}6(3a — G — )P ara(@r, @) (5)

where p* = (po + p.)/V/2; the kernel K,.(q1,/; §) and the impact factors ®
are expressed through the Reggeon vertices according to Ref. [20].

The general form of the Mobius (dipole) kernel in the coordinate repre-
sentation reads [14, 17]:

N as(p?) N, d5 o2
(Pl a7 ) = / iES
271'2 13, 2%

X |6(7111)0 (72 p) + 6(717p) 6 (T22r) — 0(711/)6 (r22r) ]
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ag(p?)NZ

* 473

571 )5 (P / 47", 2: )

. L. . I, r . L L
+0(F11)g (71, To; Ty ) + 0(Ta2r ) g (T, 715 7)) + ;9(7“1,7“2;7”1',7“2/) . (6)

Here 75, = 7; — p, and the whole kernel is symmetric with respect to simul-
taneous 1 < 2 and 1’ « 2’ substitution.

The quark contribution to the functions g was calculated in Refs. [14, 16]
and after a suitable transform was shown to coincide with the BK result of
Ref. [11]. The gluon contribution to these functions was found in the BFKL
approach in Ref. [17] and in the dipole one in Ref. [12]. The latter two results
are different.

The BFKL framework gives for the gluon contribution

9° (P, 73 p) = —g(71, 73 )+ 21¢(3) (7)), (7)
- 11 73 72 11/ 1 1 o3
971,75 7) = =ty In (—) ’ ( -~ — ) . ( )
6 Ty T Lt 6 \ 73 T T4
1 72 2 22 2 22
+ In (_,122 ) In (ilf ) — 7_,7;12_,2 In <2122 ) In (ilf ) , (8)
275 Togr Tio 275 Ty Tor Tio
where 2
3 (67
Inr2 =20 —In= — — [ — —2¢(2
arz = 20—l - 2 (T a) )
and C = — (1) is the Euler constant; p is a renormalization scale in the

M S-scheme. At once we will emphasize that only the integral of ¢° (71, 7; p)
contributes to the kernel. Therefore one can write ¢° in various forms, e.g.
in our previous papers we used the equalities

2 ,,:'2 ,,:'2 ,,:*2
/d_'_,2 =) 12’) In _,22” = / dp In 2 In ﬁ = 47((3)
rlpT.?p 12 12 7"2p 12 T2p
(10)
and
7—:2 7 2 1 1 772
/dp ~2 7 S| L)+ - = || =5 ]| =0, (1)
1672 T12 Top  Tip T2p




to reshape it. But anyway g° (7, 72; p) does not coincide with g(7, 7%; p). For
the third function we have

g(F1, 73 7, 7y) =

1 7'121/ 7'22/ 27’12 7"12/2/ F122/ F221/ 2 I
In 1)+ =5~
=4 d 22 22 27:'2 7:'2 ,,:'2
117" 12/ 22/
ld
ld

27 79 T3 Tog
N 2
T
In (Lﬁg’) 4 P 1n( e 12'2’) o 9
+ T11'T22' (T‘ 12 " 12 ) + " 2o ( T 12 4 1 _ T 22 >
) — ) -9 -9 ) )
47 11 T 5o d T g 27 o7 51 27 Y9 2 T iy
~2 o Lo L2 2 -2
— r r T T — T
P (F) o (H) o m(3E) rhln ()
12 ’ 19/ 12 ’ ’
+ 2—'2 =2 —'211 + 4—'2 i'22 +2—'2 =2 + 4—'2 —'212—'221
T 10T 22T iy TR DY TR T 10T 22T i
ln (F?ZF ?’2/) ln F?ZF ?1/ )
F?z’ng’ ng’ F?’z’ / /
+ o R+ T 4 (12,1 - 2), (12)
2r i T 1y 27 9T Y1y
where
d =7 — T2 T (13)

The functions g(71,72; 7 ) and g(71, 72; 7, 75 ) vanish at 7 = 7. In Ref. [17]
the latter term was presented in a form where this property was obvious. For
integration, however, it is more convenient to use the expression (12) .

At the same time the gluon part of the kernel of the linearized BK equation
gives [12] :

9% (71,7, p) = —gpe(F1, 72, ) | (14)

-2 =2 - 2

" 11 75 v 11 1 1 1 (T2
gpc(T,72;7) = 6 P22 n{—= +F -5 oo || =5
ToarTio r Toar T T12r

1B
) -2 )
T T T
CTa oy, (322 ) In <_3; ) , (15)
ToorTior Taor Ty
where
3 (67
2
Inr,, . = —Inp®— I 3—2«2) . (16)
22 22 =2 22 22
7ol 7Y = n (22 T Ty + 7“12’7“21’ ATY5T 7y
gBC(rhT.?arlarQ)_ n )
Ty T 2d 77y
24 22 -4 22
1 T2 T2 1 12 12 1 17
iz \d rey ) Tweeg \a trg,)| TR 00
11722 2 1221 1 v



3 Ambiguity in the definition of the kernel

To begin with, we are going to discuss the transformations of the kernel which
do not affect observables.

First of all, disc, A4 in Eq. (2) remains intact if one changes both the
kernel and the impact factors via an arbitrary nonsingular operator O:
1 D/ A—1 1 D/
B'B)y - O7 —=—|B'B). (18)

%959 | %959
AP ay 9z

K—OKO, (AAl— (AA0O,

If the LO kernel is fixed by the requirement that its Mobius form coincides
with the kernel of the dipole model, one can shift the NLO contribution using
O =1-0, with O ~ a4, and get

K: - K: - [IC(B),OA], (19)

where the superscript (B) means the LO kernel. Note that the Mobius form
calculated in Refs. [14, 17] and presented in the previous section corresponds
to the kernel obtained by the transformation

E Ky B R In (5282
K — K+ 22 60lK®) I (422)] (20)

where 3y is the first coefficient of the beta-function, from the kernel defined
in (3). This transformation simplifies the Mobius form and allows to alter
the quark part of this form so that it agrees with the result of Ref. [11].

Secondly, there is a freedom in the energy scale sg. At first sight, it can
lead to an additional ambiguity of the NLO kernel. However, it is not so.
Indeed, it was shown [21] that any change of the energy scale can be com-
pensated by corresponding redefinition of the impact factors. An experienced
reader can wonder remembering that in Ref. [3] the scale transformation was
associated with the change of the kernel. The matter is that in Ref. [3] one
of the impact factors was fixed. Actually, instead of transformation of both
impact factors one can compensate any change of the scale by transforma-
tion of one of the impact factors and the kernel. Evidently, in this case the
transformation of the kernel has the form (19) with some specific form of the
operator O. Let us discuss this question more in detail.

We begin with the case when sy depends only on properties of scattering
particles. Just this case was supposed at the definition of the kernel and the
impact factors in Ref. [20]. Note that sy can be taken as a free parameter.
This freedom can be used for optimization of perturbative results [22]. A
natural choice is s = QaQp, where Q4 and Qp are typical virtualities
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for the impact factors ® 44 and ®p g correspondingly. Let us consider the
transition from such scale to the scale depending on the Reggeon momenta
qai and ¢p;, ©=1,2 in the impact factors ® 44 and ®p/ g respectively:

so — fafp, fa=fa(@ai), fs = fB(qBi) (21)

Remind that with the NLO accuracy for any s-independent value ¢ one has
K =14+KB me. (22)

Therefore one can write

K K
o o S o o o o ~ S I o
(qa1, qaz] (8—) |gB1, §B2) = (Ga1, Ga2|Fa (—) Fp|@B1,qB2), (23)
0

fals
where
Fa= <1+1n <f“‘> IC<B>> , Fp= <1+IC(B)1n <fA>> :
50
a+B=1, fa=fal@). fo=fs(G) (24)

It means that the discontinuity (2) remains unchanged if the change of the
scale (23) is accompanied by the change of the impact factors

1 -, . 1 5
e |B’'B) — Fg——=—|B'B). (25)
4174 41792

(A'A| — (A'A|Fy,

It is possible to leave one of the impact factors (let us take for definiteness
(A’ A]) invariable changing the kernel. Indeed,

K K’
S A1 S S B =1
FA<fAfB> P _(MB> R = BaRET (26)

Therefore instead of the change (25) one can take

where, with the NLO accuracy,

K'=K — [KB),In faKP)| . (28)
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We see that the change of the energy scale can be associated with the trans-
formation of the kernel (19) with the specific O.

At last, the Mobius kernel (6) is defined with an accuracy to any function
independent of 7} or of 5 such that after their addition the kernel remains
zero at 7 = 7 [14, 17]. Therefore, one can add to the kernel only the func-
tions which are antisymmetric with respect to the substitution 7/ < 7 .
These functions do not change the symmetric part of the kernel. But this
part alone plays a role in the observables. As a result, the third term in
expression (12) in the BFKL kernel,

, Tl  Th
%(—_T)Jr(l‘*?,l“—’?/) (29)
d T g

and the term

In <F122,F221,> { 1 (@ B 73 ) L 1 (@ . 73 )] (30)
=2 =2 =2 52 =2 =2 =2 =2
Moy ) LA 1T \ d Ty ATy \ d o Ty
in the BK kernel (17) give the same contribution to the amplitudes.

The ambiguities of the NLO kernels give a hope that the results of Refs.
[17] and [12] can be matched.

4 The kernel for forward scattering
in gluodynamics

For a start let us find the gluon contribution to the forward Moébius BFKL
kernel and compare it to the BK result obtained in [12]. We define the matrix
element of the forward kernel in the momentum representation as

@k = (@R -a)d (31)
Next, using the state normalization (1) and the denotation 7| = 7+7,, 7 =
7' + 7, we get at physical value D =4

@KIG") = [ 5= 5—e ™ T T R (32)

<f|i€|ﬁ'>:/dﬁ2’<ﬁ6|i€|f'+f2’,@!>:/<ﬁ@|i€|ﬁ1’g>5(a,2/ — FdF/dFy .
(33)



The last equality follows from the space uniformity.

Thus, the Mo6bius form of the BFKL kernel for the forward scattering can
be obtained from Eq. (33) with use of the results of Refs. [14], [16] and [17]
for (77| Kas|7/7). In the case of pure gluodynamics it gives

ieply — QLT INe [ # ] (et - st )

272 F—p)2p>2
asNe (67 1152 — (7= p)? (7 — p)>
1 — —20(2)+ = 1
x |: + 471— < 9 C( )+ 3 ’I_” n 52
OCSJVC = - (F—ﬁ')Q 52
+ i 35(r—7«/)ln< =2 In =2
agNZ 7 . L , [ 72
T e (fl(rﬂ”') + R0 - G <F_')> (34)
Here e o) .
de” 2 a,(p?) 11 de~
Oés( 72 )20[3(# )<1_T?N(1n <W)> ) (35)

g
¢l
22 =232 =222 -
+H(@ 4+ y°)* — 327y }/dt52+t2§:’2
0
3@y —2222 (#2111 2 2
i (=) =+ =) . 37
+ 167 27 2 n272 72 z2 +f2+372 (37)

The details of the derivation are given in the appendix A.
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The result of Ref. [12] for the forward case is:

(P pclr) =
:%&%)Nc/( ap> (207 - 7") = 67— 1)) [

(5

272 7—p)2p?
Y G N G F=0?\, (5°
+? FQ In p_,2 —2In FQ ’F_
a2N2 2
g e (AT £ (7)) (38)
It was derived using the relation (33). Note that in the derivation the term
aZN2 72

e (W) = fu( =)

was omitted. As we discussed at the end of the previous section, it can be
done since this term vanishes at 7/ «— —7/ (l.e. 7/ < 7).
Thus, for the difference of the forward kernels one has

Lo e e a2N? 72 72 727"
(Mkw = Kpelr’) = =5 [w_mw 1(—> 1(ﬁ>

- sNe 11 L -
+O(F — /)27@(3)] + e (- m2) (RGP (39)
where
- - asN. dp'? L. L -
R = 5t [ s (07— ) —ar =) . ()

The term proportional to 11/3 is related to renormalization (remind that in
pure gluodynamics Sy = 11N./3). In our opinion, this term arose because
the renormalization scheme used in Ref. [12] is not equivalent to conventional
M S-scheme.

It occurs that the term with logarithms can be eliminated by the trans-
formation

K—K+= [/C<B> In(§2) /c<B>} (41)

applied to the forward BFKL kernel. Indeed, the direct calculation given in
the appendix B shows that

7 KD, m@H P ) = S T (Y m (L
» g o T o (o \ 7 F_7)i)




Here the subscript M means the Mobius representation (i.e. vanishing of
the matrix element at ¥ = 0). Comparing with Eq. (28) we see that the
transformation (41) corresponds to the change of the energy scale at fixed
value of one of the impact factors. Actually, the transformation (41) is of the
same type as in Ref. [3]:

1 =2
K@T) = K@7)+ 5 [ 47 KDGH w k@) ()

One can come to the transformation (41) from another side. The difference
Kar — Kpe has the same eigenfunctions

(7', ) ~ e (72)7 (44)

where ¢ is the azimuthal angle, as the LO dipole kernel. The eigenvalues of
the LO dipole kernel coincide with the eigenvalues of the LO BFKL kernel
obtained in [2]

asN,

“X(n,7) s x(n,y) = 26(1) = bly+ 5) =¥ —y+3) . (45)

wp(n,v) = 5

It becomes evident if we write the FBKL kernel for the forward scattering as

(@K l") =

as N, 24"
S -y - - —8(q— 7' /ﬁ 46
272 [(q—q’)Qq2 (=) (5—1)2121 (46)

and compare it with the dipole kernel

A 1T _ach 2772 Y _.// dﬁ’FQ _ 4
(FKalr") = 5 [(F—F’PF’Z =) | ez - 4D

It is worthwhile to note here that the kernel (46) differs from usually used
symmetric Akernel; the former is obtained from the latter by the transforma-
tion K — q _QI@q" 2. For the non-forward case corresponding transformation
is K — (72q2) 2K (G23H)Y2. Let us stress that just the transformed ker-
nel can be written in the M&bius form <7"1r2|lC |F1' 7 ), which is invariant
in regard to the conformal transformations of the transverse coordinates [13]
and coincides with the kernel of the colour dipole model (77 |Kq|7/7y) [14].
Moreover, because of this coincidence, in the forward case one can see from
(46) and (47) the functional identity of the LO BFKL kernel in the momentum
and Mobius coordinate representations: ¢ 2<Q]I€(B ) |q_” )/q"? is represented by

the same function as 72 (7 |l€§\§)|r_">/f'2

13




The eigenvalues wp(n, ) are associated usually with the eigenfunctions
eineq’ (6'2)772 in the momentum space, i.e. e™®r (77"2)1MY in the coordi-
nate space, so that the eigenvalues for (44) should be wp(n,1 — ). On the
other hand, from the functional identity of (46) and (47) it is clear that the
eigenvalues must be the same as for e’ (5’2)772, ie. wp(n,v). Both
requirements are fulfilled because wg(n,v) = wg(n,1 — 7).

Using the integral (the calculation is discussed in the Appendix C)

2\ Y . o S22
/ dr 171(@57 _4)?) C_/ s 7:' — 1n i— 1n _7: r_'/ =
2m 72 (F— 71272 712 (F—7")4
=2x"(n,7) x (n,7) , (48)

where X’ means derivative over 7, we obtain from (39)

M (n7’y) — WBC ('I’L,’Y) =

_al(p?)N?

L2 1 ) x (1,9) + 5 (€~ ) x(n,) +¢@)| . (49)

where wys (n,v) — wpe (n,7) is the eigenvalue of the difference Ku — Kge
corresponding the the eigenfunction e’ (F ! 2)7. The first term in (49) can
be written as

1 1 0
§wlB (n77) wB (TL,’)/) = _§[va % WB]. (50)

In the space of the eigenfunctions %= (7 ’2)7 we have K(B) = wg (n,~)
and In(q2) = —8/d~, so that we obtain for the forward scattering
. . 1 Aox S 11 o,
Ru—Kpe= SR (R0 L OUONe 0y ) OUONE ()
2 3 2« 272

(51)
Evidently, the first term in (51) is eliminated by the transformation (41). The
second one, as it was already pointed out, in our opinion is related to the
difference of the renormalization scheme used in Ref. [12] with conventional
M S-scheme and can be eliminated by change of the scheme. ! Unfortunately,

we can not find the transformation suitable to eliminate the third term. We
have to add that in the BFKL approach the term with ¢(3) passed through a

1We have to note that in fact this term is present in the difference between the eigen-
values of the NLO BFKL kernel and the linearized forward kernel of Ref. [12]. In the
calculation of this difference presented in Ref. [12] this term is erroneously omitted at the
transition from Eq. (120) to Eq. (122).
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great number of verifications. In particular, this term is necessary for fulfill-
ment of the bootstrap relations. Besides, it is confirmed by the calculation
of the three-loop anomalous dimensions in Refs. [23, 24].

For completeness we present here the characteristic function wps(n,vy) of
the kernel (34), defined by the relation

/ A (PR |r e (772)Y = war(n, y)e™? (72)" . (52)
Actually because of running coupling the functions e?™®=’ (7" ’Q)AY are not

eigenfunctions of Ky, anymore, and wys(n,v) contains In#2. In (52) it can
be replaced by 9/07. As the result we have

) = 2R o) 4 SN ¢ (3) 20 19) — 28 01 -)

+E(09) =3 ) + (- 26@) ) 53)

+% <X(n77) <% . (41—220) - 722_77%2) N XQ(;W) B X'(;w)ﬂ 7
where

w(n0) = [ o { G- g () -tk @ - T (-0 (5)

_<¢(n+1)+O+1n(1+t)+§:](f l>1nt—§: pE [ (—1)’6}}

and
F(n,v) =

72 cos (m7y) (’y (1 —=7) (bn2+0n,—2)

sin? () (1 — 27) 2(3—27)(1427)
3y(1—)+2

ey o) >

The calculation of the integral (52) is discussed in the Appendix C.

As it should be, the function wys(n,vy) differs from the corresponding
function w(n,1—+) found in Ref. [18] for the BFKL kernel in the momentum
representation only by the terms related with renormalization (i.e. propor-
tional Gy/N. = 11/3 for pure gluodynamics). Indeed, if the coupling was
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not running, was(n,7y) and wys(n,1 — ) would be genuine eigenvalues cor-
responding to the same eigenstate and should coincide. Since wps(n,~y) was
found using the results of Refs. [14, 16] and [17] and the calculation of w(n, )
in Ref. [18] is based on the results of Ref. [3], the relationship of ws(n,v) and
w(n,~y) is the cross-check of all these results. The coincidence of the functions
at B9 = 0 gives a forcible argument in favour of their correctness. Moreover,
the terms proportional to 8y/N. = 11/3 in was(n, ) can be derived from the
corresponding term in w(n,~y). Let the state |n,~) be defined by the equality
(Fln,v) = eines (FQ)PY; then, using

P(n+1+a)
/d¢ezn¢+zacos¢ _ ewwr/22ﬂ,J /dmx (bl‘) — gap—a= IP(TH—;_O{) ,
(56)
where J,, is the n-th Bessel function, we have
) IR 2’)’+11“(ﬂ+1_|_ )
neg (7 1=y inn/2 2 2 v
(@n,y) = ™97 (¢ e D (57)
@) 0 )
The 3-dependent terms in w(n, 1 — ) are written as o2N,(ByR/(47?), where
2 2 /
q X(n,y) | xX'(n,7)
= —1 —_— - .
R= - (T3 ) atny - 250 X0 (58)

Since

. (i—) x(m, ) (d@in, )

N L

0 2
4

and the Mobius form corresponds to the kernel obtained by the transforma-
tion (20), which means

a%

w(n,1—9) = w(n,1—7) = —56ox'(n,7) , (60)
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we come to the conclusion that in (52) the 8-dependent terms in war(n,7y)
can be written in the form

2N, 0 4e—2C 2y X*(n,y)  xX'(n,7)
) ﬂO [X(n7W) <% —1In ( ,UQ > - 72 n2> + 2 - 2 ’
(61)

which is exactly the same as in Eq. (53).

5 SUSY Yang-Mills forward kernel

The extension of the NLO BFKL kernel to supersymmetric theories was per-
formed in Ref. [18] for the forward case in the momentum representation and
in Ref. [19] for the nonforward case in the M&bius coordinate representa-
tion. Supersymmetric Yang-Mills theories contain gluons and ny; Majorana
fermions in the adjoint representation of the color group. For N-extended
SUSY we have ny; = N. For N > 1 besides fermions there are ng scalar
particles; ng = 2 at N = 2 and ng = 6 at N = 4. Following Ref. [19] for the
Mobius kernel in the SUSY theories we write

gsusy = 9Gluon T 9Fermion + 9Scalar- (62)
9Susy (F1, 723 ) = —gsusy (71, 72; p) +27¢ (3) 6 (7) (63)
=9 -2 2
I 5 67 Snar +2ns  Bo Tl
; = ——(2) - ——= 4+ —1
gsusy (M, T2i72) = 735n [18 ¢2) o Tan, "\Ze©
SO R (7
2N, 73 72

1 9 9 =3 72 .
——ln(_,122)1n<_,122)—|— TL22 In (7:122 )1n<i122>} , (64)
2 Toor Ty 275 Taor Ty

N Y
gsusy (71,7277, Ty ) =

]. 7?121/ 7?222/ - 27?122 F12/2/ F122/ F221/ n
=7 In| =5—=5 —1)(1—ny+—

277y d T11/T2 é
=2 =4 =2 22 =22
Gt (O VORE v S S (S NS U N S RS A1
175, d 4, 7, \d 72 272
172/ 11/ 22/ 1727 117722/
> 22 o2 22 22
" 19 12 T 390 = " 12" /9
In (F2 ) ln(F2 =5 ) 72 1 72 7 9 1n (FQ =7 )
+ 172/ + 11/ 22/ 12 4+ - — 22/ + 127 21/
472,72 272,72, \272, 2 72 4727 2,72
1170 22/ 1270 21/ 172/ 172/ 1170 2277 172/



-2 22 =22 -2 =22 = 2
T T T s i — s
In ( =2~ In ( 2252 In | =124 72 In (=3
72 v r v Ia 12 7
+ 12 + 12/ 22/ + 22/ 172/ + 172/
=2 -2 22 -2 =2 —2 22 22 —2
27 1y T Yo 27 11 T Loy 27 19T Y1y 27 10T o0 T 300
2 o2
— 9 T 1T 1o
rzllln(F% F122) / 2 2 =2
T L2 a2 o
+ 3 3 (1 > 2 1" 2 ) d = 7"12/7"21/ 7"11/7"22/ (65)

27 317 507 Loy
One should insert these functions g into the definition of the M&bius kernel
in the coordinate representation (6). Using the results of the previous section
we can write the forward M&bius kernel in the SUSY case. It reads

iy = I [ ZE {(25t- ) - - )

22 7~ p)2p?
67 ].OTLM 4n ﬂop (F—m2 (F—m2
[ (e B AP ()

9
asNe S /72 (F_ﬁ)Q
+ i (F—r")ln (F—)ln <7F2

+“3N3ﬁ(f1(ﬁf)+f”sy( >—ﬁln2<i))’ o

ﬁi

473 712 7
where
In |1/
f2SUSY(rF',’F) (1 nM—|— )fQ('FF) (2ns—3n1\/1)/dtm, (67)
0
the functions f; and fy are defined in Egs. (36), (37),
46_20 ) as(MQ) 46—20
as( = ) ~ ag (1) <1 - Tﬂoln < 72, )> ,
11 2n ns
ﬂo:<§—TM—?)NC, (68)

 being the renormalization scale in the M S-scheme.

As it is known, at N = 4 the coupling «a, does not run, so that Gy = 0.
Moreover, it is seen from (67) that f5U5Y = 0 in this case. Next, let us
express our result in the renormalization scheme which preserves the super-
symmetry. This scheme is known as the dimensional reduction and it differs
from the M S-scheme in the finite charge renormalization (see [19]) for details)

asN,
05 — Qg ( 19 ) . (69)
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Finally, in the N = 4 case, having 8y = 0, ng = 6, ny; = 4, the kernel
simplifies to

L N=a; o @sNe dpi? I _aglNe

RN = 550 | s (2007 = 8= 1= S520@)
02 N2 T 1 72

282 [omcatr—) + L () - == (55))] - 0

Now let us consider the forward BFKL kernel in the momentum space. The
explicit form of the kernel can be found for QCD in Ref. [3] and for in N=4
Yang-Mills theory in Ref. [18]. In both cases the kernel is written in the
space-time dimension D = 4+ 2¢ to regularize infrared divergencies. Here we
solve two problems. First, we found the explicit form of the kernel for SUSY
Yang-Mills with any N. Second, we perform explicitly the cancellation of the
infrared divergencies and write the kernel at physical space-time dimension
D = 4. Tt permits us to demonstrate that the functional identity of the for-
ward BFKL kernels in the momentum and Mobius coordinate representations
exhibited in the previous section in the LO is preserved in the NLO in the
N=4 SUSY case.

To solve the first problem we have to change the quark contribution in the
kernel Ref. [3] for the gluino one and to add the scalar particle contribution.
It is known (see Refs. [18, 19]) that the gluino contribution to the "real"
kernel can be obtained from the quark one by the change of the coefficients
ny — nyr N, for the "non-Abelian" (leading at large N.) part (including the
trajectory) and ny — —np N2 for the "Abelian" (suppressed at large N.)
part, so that this contribution is found quite easy. To obtain the scalar con-
tribution is a more subtle task. According to Ref. [19], the scalar contribution
also can be divided into "non-Abelian" and "Abelian" parts. Both in the in-
tegral representation of the trajectory and in the "non-Abelian" part of the
"real" kernel the scalar contribution can be obtained from the correspond-
ing quark contribution by the substitution ny — ng/V. and the change of the
fermion polarization operator for the scalar one which differs from the former
by the factor 1/(4(14€)). We are interested in the kernel expanded in powers
of e. It is clear that since the factor mentioned above depends on € this kernel
can be obtained by the substitutions, which are different for different terms
in the expansion of the polarization operator. It is not difficult to see that
the substitutions must be

gn_f ns 10nf_)_4n_s @ﬂ_)%ns

- ) ) M
3 N, 6 9 N, 9 27 N, 27

(71)
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The n-th equality here corresponds to the n-th term in the expansion.
Therefore from Eq. (6) of Ref. [3] we obtain for the trajectory (in the
M S scheme)

- o (2 q? 4| Bo (1 7’

67 10 4 1 72
+ (5 = 20(2) — g - %) (Z +2In (%))

404 56 26
where
g2 2N.I(1 —¢) 1 2 n
e FIER 7S R N e ) _(u_z - ns\
9= ult TN 2| I T N T

(73)

The "Abelian" part of the scalar contribution to the non-forward kernel

is given by Eq. (28) of Ref. [19]. For the forward case, using Feynman

parametrization and performing integration over k1, we obtain at D = 4 (for
details see Ref. [25])

2

P a’N2ng 1 . oL
(@Kq") = 13 TW{ (3(q7")* —2q°7"?)

—/2 -2 7
2 q q 72 1 7/2)? di L+t
+[( ) <2_3—'2_3§/2>+2(q T4a )}/Q'Q—FtQ(j"anl—t
0
oﬂNQngq_"Q , 7 dt 1+t
_ s”'c 'S T 4 1 74
Ar3 2 2 (€ 07) + /§2+t267’2 n‘l—t‘ (™

0

where f5 is defined in (37). Taking into account that (K|¢’) differs from
the symmetric kernel

K(7,7") = K(7.q") +28(7— 7")w (-7?) (75)
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presented in Ref. [3] by the factor ¢/2/§2, we obtain for the "real" part

o 4% % 1 Ag, p
Kr(qul) = EH = T 1 6“
altel (1 —e) g2 mltel(1 —e)

1 [ B AL F2\/67 o« 10 dng
- R e —S |\l e
X{w[Nce( <u2>( R A U7 A B

404 11 56 26 5 72 S

+6< > 4 2 ¢(2) + 14¢(3) + 2771M+ 27ns> In 5/2)] + f1(@, @)
+15U5 (@, q*{)}, (76)

where k = §— q’, f1 is defined in (37) and f§USY in (67).

Egs. (72) and (76) solve the first problem raised in the beginning of
this section. But they contain the infrared divergencies which complicate
their use. One can cancel the divergencies and write the kernel at physical
space-time dimension D = 4 following Refs. [14, 17| and using the integral
representation for the trajectory

_’2) o gIQI q"2 / d2+2ek ,U_QE
(-6 ) g2k - )2

(1 + 2 fo (R R — q)) (o)

The quark contribution to f,, is defined by Egs. (76), (77) of Ref. [14].
The gluino and scalar contributions can be obtained from the quark one by
the substitutions discussed above. The gluon contribution is given, with the
required accuracy, by Eq. (23) of Ref. [17]. As the result, we obtain with
this accuracy

- o 67 10 4n
folki, ko) = bo + [ bo 5

2 190(2) + — et
Vet Ne 9 @+ grut—g

404 11 56 26
t€ <2—7 - ?CQ) —6¢(3) — YA 2—7ns)]

72\ 2\ € 72\ € 72 72
X ]i; - k_12 - k—é Cm (R (B2} )
o ! 7 k2 .2
Just like Refs. [14] and [17], in the limit ¢ — 0 we introduce the cut-off

A — 0 keeping eln A — 0. Then in the regions k2 < A2 we have
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2o\ €
foEF =2 (k—> {&—g+2c(2)+9w+4n—5

N_e 12 Ne 9 9 9
404 11 56 26
+e (G - 50— 603) - S - ns )| (79)

and in the region (kK — §)2 < A2 the same expression with the substitution
k? — (k—q)?. Comparing (79) with (76) we see that when the kernel K (¢, ")
(75) acts on any nonsingular at ¢ = ¢’ function the contribution of the region

k2 < A\2in the the "real" part cancels almost completely the contributions
of the regions k2 < A2 and (k — )2 < A2 in the doubled trajectory w(—q2).
The only piece which remains uncancelled is

(3)-

—4 2427, , —2¢ 72\ ¢
m d k p k_ L)
el Ay ea (/ﬂ =
(80)

Outside the regions k2 < A2 and (k — ) < A? one can put € = 0. Thus we
come to the representation of the symmetric kernel

l\.')’\
M\'/

dl q? 7—1)%1°
+0(7—q") <£\°[(/(q#_ %ﬁz ln<(q 7 >+6WC(3)>] , (81

which solves the second problem: presentation of the kernel in the physi-
cal space-time dimension D = 4 with explicit cancellation of the infrared
divergencies.
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To compare the BFKL kernel in the Mébius representation (66) and in
the momentum representation, we have to take into account that (66) corre-
sponds to the kernel obtained from the symmetric one by the transformation
(20) with ¢2 = ¢ = ¢ and that (§K|¢") = ¢'2K(7,¢")7 2, so that

A _}12 —
ki) = LR | dl”ﬁ 31— 87|

o So [ _dlg? (¢ D
+6(G—q’ / ———In — + 67((3 . 82
a0 (5w [ e | © (52)
Comparing this expression with Eq. (66) one can see that at § = 0 they are

functionally identical up to the normalization factors:

—'/2 2

_y

(83)

5 (PR |7 ) go=0 = =5 (@K1 | 5o=0

’Ql
l\')

q—7, q' -7’

Note that with these normalization factors the kernels are symmetric with
respect to 7« 7/ or ¢« ¢’ substitution.

Actually the identity relation can be expected, because at 5 = 0 the
kernels 7 ~2K ;72 and q:' 2]€q:' ~2 have the same eigenvalues corresponding to
the eigenfunctions connected by the replacement 7 < ¢.

6 Comparison of the kernels: nonforward case

Here we present the results of the simplest generalizations for the nonforward
case the transformation used in section 4 for the elimination of the discrep-
ancy between the results of Refs. [17] and [12] for the forward scattering. We

start from the commutator {I@(B), lé(B) (Q%(j%)} The calculation of this

commutator is described in the appendix B. The result is
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272 2 oL > (B) A(B)l 2 A2 Y
(M, 7] |[KY K Zln(%%) 77,75 ) =
M

1 73 (Fa1r T1r2r) 72
_ - 12 — — 21 1’2 21/
=5 | WPao—amy ((0(Mr) = 0(71p)) ——5—In{ =3
7”1/2/7"1[)7‘2/) Toor T17o
L =2
N ’I“1/2/ 7"1/ rll
+5(’r’11/) ( =5 p) In - P
2p Tyror
=22 =22 =2 =22
T TS T11/Toor
W(2854) m(BEE)
~2 Y 12T 7y
+712 =5 =3 =32 T =) Y
AT\ 7/ Ton Ty AT/ T Tyrgr Too
1 P
" F122/F221/ F122’ / ’
+ 4—,2 =92 =92 -1 +(1(_>2,1 <_>2) (84)
117172 Toor

The subscript M means that the operator acts in the Mobius representation,
i.e. the matrix element (84) vanishes as " — 7. One can see that the above
expression has ultraviolet singularities which cancel in the convolution with
Mébius impact factors. But the structure of these singularities is different
from the structure of singularities in the kernel (7), (8). Therefore it is obvious
that this commutator cannot make ¢g° and g(7, 7%, 7y ) coincident with the
corresponding ¢4 and g% (71,72, 7). As for g(71,72; 7,75 ), we have

+ (12,1« 2) (85)

and again we see that this commutator does not help to eliminate the dis-
crepancy.
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Then one can search for a commutator equal to KB KB i In (Q%(j%)}
in the forward case but different from it in general. An example of this
kind is {I@(B), i In (q?qg) I@B} v Indeed, this commutator coincides with the
previous one in the forward case since acting on the eigenfunctions (¢ln,vy)
enda (@2)7_2 they yield the same result:

=

@ (£ K1 ()] In) = [ @1@R® [, 10 ()] 15, )
= x(n,7)x" (n,7) (@n,)
= (@ [KP I (@) KP| 7). (86)

Here we have used the equality (72)”In (72) = (g ?)”/(d7) to perform the

integration. The coordinate representation of {I@(B), iln ((j%qg) IC(B)} is
M

also given in the appendix B and it also fails to resolve the difference between

the BFKL and BK kernels. Thus, the simplest generalizations are unable to
eliminate the discrepancy in the nonforward case.

7 Summary

In this paper we studied properties of the next-to-leading BFKL kernel in
gluodynamics and SUSY Yang-Mills theories. In particular our study is con-
nected with the discrepancy between the gluon contribution to the BFKL
kernel in the M&bius representation found in Ref. [17] and the kernel of the
linearized BK equation calculated in Ref. [12].

We analyzed the ambiguity of the next-to-leading kernel, in particular
connected with the energy scale. Broadly speaking, the ambiguity is related
to rearrangement of the radiative corrections between the kernel and the im-
pact factors, and the one connected with the energy scale is not an exception.
It is shown that the change of the energy scale can be associated with the
specific form of the general transformation of the NLO kernel discussed in
Refs. [14] and [17].

The ambiguity can be used to remove the discrepancy between the results
of Refs. [17] and [12]. It was explicitly demonstrated in the case of forward
scattering. We found the M&bius kernel for this case and showed that the
major part of the difference between this kernel and the corresponding kernel
of Ref. [12] can be eliminated by the suitable transformormation, which can
be associated with the change of the energy scale, so that the difference is
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reduced to two terms. One of them is proportional to the first coefficient of
the g-function. In our opinion, this term is connected with the difference of
the renormalization scheme used in Ref. [12] from conventional M S-scheme.
This term can be eliminated by the change of the renormalization scheme.
Unfortunately, we can not eliminate the third term, proportional {(3). In the
BFKL approach this term passed through a great number of verifications. It
is also confirmed by the calculation of the three-loop anomalous dimensions
in Refs. [23] and [24].

We calculated the characteristic function wys(n,~) describing action of
the forward Mobius kernel on the eigenfunctions of the leading order kernel
and compared it with the corresponding function of the BFKL kernel in the
momentum representation found in Ref. [18]. The forward Mobius kernel
was found using the results of Refs. [14, 16, 17] whereas the calculation of
Ref. [18] is based on the results of Ref. [3]. Therefore the comparison serves
as the cross-check of the results of these papers. The coincidence of the
characteristic functions gives a strong argument in favour of rightness of the
used results.

We studied also the forward BFKL kernel in supersymmetric Yang-Mills
theories for any N-extended SUSY both in the momentum and in the M&bius
coordinate representations and demonstrated the functional identity (up to
the normalization factors) of the form of the kernel in these representations for
N = 4. We calculated the kernel in the Mobius representation in the impact
parameter space using the results of Refs. [14, 16, 17, 19] and found the kernel
for any N in the momentum space using the results of Refs. [3, 18]. Performing
explicit cancellation of the infrared divergencies and writing the kernel at
physical space-time dimension D = 4 we demonstrated the functional identity
mentioned above, that confirms correctness of used results.

At last, we checked how the simplest generalizations of the transformation,
used for the elimination of the discrepancy between the results of Refs. [17]
and [12] for the forward scattering, work in the general (nonforward) case.
Unfortunately, these generalizations are not effective. Of course, it does not
mean that the transformation eliminating the discrepancy (apart from the
difference in the renormalization scheme and in the ((3) term) does not exist.
Moreover, we hope that it exists; but in this case the generalization from the
forward case is more refined than we used.
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Appendix A

In the representation (33) for (7K|7’) only the term with (7, 7o; 7/, 75) in

(71, 72| |7 7) requires integration. Let us introduce

1
L(Z,2) = — / g(71, s 7, 7)) 0 (Fryr — Z)d 2rd *ry (87)
s
where 712 = ¥ and g(71, 72; 72, 752) is defined in Eq. (12). Denoting
RN 22 dgl ;f4 :E'Q
1@=5 [P st o
Z 2 |[(F—Z—21) 222 —(Z—21) 2(Z+ %) Z
s o S\ 252
In (5 )
( 1) 2(Z4+21) (88)

and
277272 2222 (F=%1) 2(z+2) 2
(_, _)_ 2 d251 ((x—Z—Z1) Zl —21' V4 )hl( (5712_;721) 2;,12) 1
f2 Jj,Z_fQZQ 2m (f__’l 2(5‘_’_—’1)2_(5_5_ —;1)2212 - 5
(89)
we have
L BT BT
L( ’Z):—._Qfl(z,x)‘f'ﬁfg(w,z)
2 (F—2-%1) °7°
+i/dzl ln(z_z) +ln( 3‘0‘251‘2 1) ﬁ_fQ_l
2 2F—z-2) 272  (@-2)2@F+m)2\Z2 272 2
ln((ijzéinw)w 1n(¥2(§2;—f)2) In (;};)
+ + L +
222@-7-2) % | 2M@-a)?  @-2)@-F-7)?
o o o2 s
n(EA0) () G
TE-R)E-I-m R PE-E- )
2222
In ((f_T*l? 2212) . . .
+22(a_:'—2'— _,1)2+(zl—>x—z—zl) (90)

The function f; can be obtained from the integral Jy3 in [26]. It reads:

f(E2) 22/d21 i L
T,2)= 55 [ — —y
L i) o |G—Z-m) 232 —(F-2)2(F+7)2 72



In (F-2-21) %7° Yo o . . L a4
G221 2 (£2-27%) 7 7 (#— %
727 _ 7 _ 72 2 7 |In{ =z ) 1
2T — 7 — 71) (T —2)% (T +2) z (T2 +7272)
Z? ) 2
+2L12 (_ﬁ) - 2L12 <—2—2>:|
22 _ z2) 2 Lo 252
PR /_/ du 2ln<u_’z ) 1)
(Z—2)"(Z+72) ; (% — Zu) T
To find fy we use the representation
1
In (%) _/ du (92)
ab—cd ) (1 —u)e+ua)((1—u)b+ud)’
0

which permits us to integrate over z; using Feynman parametrization and

dimensional regularization and to get fa in the form

ooy 2
3
fol @, 2) = 4 <% n 2) Jo =2z —2J: = S0 (93)
Here
F_7) 2(742) 2
[ i (£ 00
! /71'1+€F(1—6) (ZF—2)2(F+2)2— (@—Z2— 71) 232
1 1 o0 1-¢
In [
1 1+t
= [ d d =2/ dt 4
/u/ Uu(l—u),22—|—1)(1—1))f2 / 7241252 (94)
0 0 0
1 1 (1—v)
v(l —wv
Jg= [ d d
/u/ Uu(l—u)ZQ—i—v(l—v)fQ
0 0
e’ 1—t -2
1 z2 ln‘1+t 2 InZz
=-1 (“ﬁ)/dtﬁwxff—ﬁ EEl R L)
0
1—wv(l —w)




(s, /dtf“i
32 2\7r2 22 Z24t272
0

1 1 3. F%2 /1 1

and Jz can be obtained from Jz via & < 2 substitution. These integrals can
be calculated using their analytical properties. Let us consider J; and write
it as

Finding the imaginary part of f(¢ + 40)

98)

l—l—t
1—t

Im f(t +40) —w/du/dv& (1—u)—ov(l—0)t)

and restoring f(t) as

1 (Imf(t +1i0) ,
s = [ (99)
0

we arrive to Eq. (94). The other functions J were calculated in the similar
way. Finally we get f2(Z, 2) in the form (37).

Although the whole integral in (90) converges, separate terms diverge,
so that we use dimensional regularization to calculate them. We need the
following integrals:

/ 42 1 2(n(p?)+121) (100)
el (1 —€) 12(1 4+ p)2 p? ’
22 (1) 1, 5,5, () 1 =?
/7T1+6P(1—6) (Il+p)? —§ln (") + € +€_2—E7 (101)
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= - (102)
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d2+2e] In (L—zz)
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- 2p%¢*(p + q)? - p2¢%*(p+ q)?
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* p? (q_2+ (p+q)2) - 2¢(p+ ¢
(104)

L B 1
mitel (1 — e)(l+p)2(+u)2_21n () + e @6

(E:) @- o -min (%

/ 2+2e; o (L—) (14 q)? -
l

(- -p’ () 1

=

2(p — )2 - 2(p — )2

(ln(p —p)?+4n (Z—Z) + %) In (ﬁ—i) (¢ —p)?
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2 oo (pla=p) ((pp) —#?)  (Pr) —p?) (a—P)u
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The function I, which appears in Eqgs. (104) and (105), is given by

I(612,192,u2)=/1 d Tl (q2(1_3;)+p23;> .
0

¢*(1 —z) +p*x — p*x pPa(l — )

(107)
Using the integrals presented above we obtain

2 2
L(@.2) = S (52)+ S h(.2)

e (x_) . <(x ;22)2) ((x “F G —x>) - 1y

Adding the contributions of the functions ¢°(71, 7%; p) and g(71, 72; p) we ar-
rive to Eq. (34).

Appendix B

Here we will describe the calculation of the commutators. The commutator
necessary to eliminate the energy scale dependent terms in the difference of

the forward kernels (39) is [l@(B) ,In ((3'2) K(B)} . We will calculate it in the

momentum space via the identity

@[£®.w (72) &) 17 = [ apa KO, w (72)] 19 ERE7),

(109)
Taking the LO forward kernel from Eq. (46) we get
~9 =2
- (B) %o _asNe P p-
@ [KP,m (q2) ] 17) = =5 (ﬁ_q)Q@an(iz). (110)

Then for the whole commutator (109) in the momentum representation we
have

X LN . 2Nz g2 (G—q")* q”
KB 1 (72) KB |7y = Lse ] m(L).

@[ w () KON = S5 e ) (2
(111)

Now we will rewrite this result in the coordinate space. Since we need the
operator in the Mobuis representation, i.e. with the matrix element equal to
0 at ¥ = 0, we should Fourier transform this expression and subtract from
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it its value at ¥ = 0. This subtraction allows us to cancel the singularity at
¢=01in Eq. (111). To find the Fourier transform it is convenient to rewrite

Eq. (111) as

2 ) 2w §2E2 72 7252 72 ,
— g - 47 _,2 N .
/@ B arein WO (B} = P (), (115)
2r ) 27 q2k2 72 7252 D)

— e _'2 R .
/@ dk 12 (F (ei[é’FJrkp‘] _ pilarik (,a:)])
2r ) 2w |2 q?

— 7 N o = 2
/@ dk 1, o [k’ (cH7C-=RA _ il 7) L2 (=0
or | 27 q? q? FE 52

(117)
As the result, we obtain
7 KB, (72) KB )
:/;l_gcéi;/@ {,@(3)7 In (&2) IC(B)} 17") (ei(jF—irj/F/ _ e—iq"F’)

which eliminates a part of the difference between the kernels in Eq. (39).

33



A natural generalization of the previous commutator to the nonforward
case is
[/d ) 1n( 725 2) /C<B>} (119)

We will also calculate it in the momentum representation and then Fourier
transform it to the coordinate space. In the momentum representation we

have
(@, &l (K, (767 K| |, d3)
. 43)

/dpldp2<(J1,QQ| [ K®) In (Q1 @ )} |51, Pa) (71, P | KBV |, @

—

/dkl T q17 (h kla q_)K:TB) (q_i klv jll’ q )
G234 (G — k1) 2(G2 + ) 2

xln((cfl—&f%%lﬂ)

Q1QQ2

. . ]Cr , ; =12 =12
vi (- ) G ED ey Dw(LL). aw)
(h QQ q174q9

It is more convenient for the integration to rewrite the commutator in the
following form

(71—_2> 2 (71, 72| [l@(B) ,In (5'12(3'22) K(B)} 7 7))

alN

d(h dq2 dkl dk2 l[‘ll Fry0+G2 Togr (K 1+k2) 7o/

or 21 271 21
1 (@ — k1) 2( + 1) 2 1 1 k(@ @ (1 ¢2)
n PP S\ T\ T 72 ) T e
4192 ky \k© kS \42 @ 41 42
i E_2 §2+E1 _ (Tl—]_ﬁ _ (_'1—];1)(524-];1)
k2 \kZ2 \(@2+k)? (g1 —Fk)? q@1 — k1) 2(qa + k1) 2




)

(@@ (R Btk @k (@ k)@t R
PR \k2 \(@+EF)? (G—Fk)2) (@ —Fk)2G@+Fk)?

L (43 4Gy s dFs i, e ] (m — ) (@ + F) )
7272

K]

4 2 2w 2w 27

2
X i E §2+E1_E2 + q_’l_El_EQ
k2 kf \(@p+Fk1—ka)?  (h— k1 —k2)?

1 1
+— = = + = = =
((J1—k1—k2)2 ((J1—k1—k2)2

1 k(& @ (71 ¢2)
x _.—2-1-_.—2(_.—2—_,—2 T 222 |- (121)
ke k7 \d4z 4 9192
This expression can be straightforwardly Fourier transformed with the help
of the integrals presented in Ref. [17]. Finally we obtain

72 ? N ” %92 ” oo

2 2 N c 292, . YRR
—i(5) o e (i) ),

7

oo 2,72,
2(r11/r12/)1n( 1%%12 )

172/

—l—(;(??l/g/)()-i-(]. <—>2,1/ — 2/) , (122)

22 22 22
T11/ T2/ T179

w2 ? T - %92 - oo N
4 ( N{) (71, | [IC(B) ,In (q12q22) IC(B)}M |7, 7)) = 276 (T117)

. — . (7?22’7?12’)2
X {2[ (7"122,7’222/,7"122/) <W -1

22/ 712/
N ~9 o o ~9 ~9
(ThorTi2:) | o T13 (TagrT12r) 1 13, 13
——=—""1In" —= + — In In
BTG T F2rg  org ) tFa R
2212 12/ 221 12 12 22/

= d~< Py g (Fiafva) | T3 0(Thy) (Fipfing) | 755

5 (7”22/) -5 S5
=2 =2 =2 =2 =2 =2 =2
T Tie g Torp T11T1, Tip
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=2 222
Evis) s

4 4 ~2 22 -2
In T12 In Tyror In T117T01/ To0r
,,:‘2 =2 ,,:‘2 ,,—:2 ,,:‘2-‘4
-2 117" 22/ 12
2

12/T21/ 1/2/
| s e YRR e s iy
11772277172 1177127722/ 117721771727

+ =5 S -
73,72, Y
-2 2 2
I (522)  In (22)
12 12/ ! !
e L T L (121 2). (123)
279/ Ty 11T

One can check that this expression vanishes as ¥, — 71 and hence has the
Méobius property. Next, one needs the integrals from appendix A to cal-
culate its forward form and to see that it exactly coincides with the result
(118). Unfortunately it is clear that this commutator does not eliminate the
discrepancy between the kernels.

Another generalization of {l@(B ), In ((j’ 2) KB )} to the nonforward case is

[I@(B) , KB In (5’12(3'22)} . We will calculate its matrix element in the coordi-

nate space via the identity
(7.7l [K), K0 (5262)] 7. 7%)
— [ At K ), el (K (737 | 17,75, (124)
Taking Fourier transform we get

s 2 (6(f11) 0 (Ta2)
Lo o A
(sl (032) i) = -5 (5 + HE20)

However, this operator is not Mobius since its matrix element does not vanish
as 7] — 7». Yet we can change the matrix element adding some terms
independent of 71 or of 75 so that it satisfies the Mébius property. We have

_23 (5(7“11') N 5(1";1’)) + (12,1 2.
™

ol 72, (126)

(ol in (3207) 17 7) =
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Thus we arrive to
— — -9
(7”12, 7“12') 1 (7“12 )

2 595 V. o
(7ol (K, 10 (767) | |17 78) = 2m6 (Fr) o'
Qs T19rTogr Ty
i% 1 1 1 3
T (~—2 —?2) —5 =3 (T _1)+(1<—>2,1'<—>2')- (127)
Ty To1r \Trrer Too Ty Trrer \Too

This matrix element tends to zero as 77 — 75 and hence can be convolved

with the kernel. Finally we get

<a27;\2[ )2 | {IC(B K(B) ln(

i) 1)

<F1 )

(721 T1r2/) n < ol )

-2
- T2 - -
= 2/dpm (5 (7’11’) -0 (rl’P)) >392 =2
7”1/2/741[)7‘2/, r22’ Tl,Q,
- N =2
R ’I“1/2/ 7"1/ rll
+5(7’11') ( > P) In _'2P
T
2'p 172/
-2 =2 22 =22
In ( Tzl ) In (’ll;’f ) 1 1
-9 T12T 1751 12779/
+7r5 =9 -9 = + 22 =22 = 72
T 92 Ty7or T Tirar Ty
1 _32/7:‘2/
117 227 -
N (F122'F221' ) 7“122/ ! !
bt/ (N2 ) (1621 o 2), (128)
ESUETY Tog

This matrix element has the Mobius property since it vanishes at ¥} = 75

For the forward case we have

272\ B fos
(Jv) / drydiy (7, 7ol [KP), KO (3232) | 171,75 )0(F —7)
,,:*2 ,,:'2 7:'2,,:'/2
= —A4rmw ('r_"— 7_‘7)27_"/2 In <77I2) In <m> . (129)
Here ¥ = 712 and we used the integrals from appendix A to reproduce
q. (111).
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Appendix C

The integrals (48) and (52) were calculated performing firstly the angular
integration as well as in Ref. [18], with the use of the expansion over the
Chebyshev polinomials

1 —¢2 t"
————— =1+42) t"T,(2),In(1-2tx +1*) = -2 t <1
1—2tx +¢2 + Z n T Z ) It <1,

(130)
and the relations

2T ()T (z) = Tngm(z) + Tnem(x), To(z) =1, T . (x) = T,(x),

/ @einm (cos @) = 2/ @em‘z’Tm (o8 @) = bnm (1 +0n0) . (131)
™ T

-7 0
After this the integral (48) can be written as —9/(0v)Ji(n, ), where

1

dt n n n

:/ﬁ [+t — 2 (0F5 1 47751 9) In(1 - p)
0

A=) - (132)

—ot7 ! Ztl“

Here and below we assume that n = |n|. The integral (132) is taken using
the relations

2 [ 12# 3 Hn 0=t e =)

n—1 n—I
1 1 1
> 31 (v o)
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n—1ln—1
1 1 ,
— — —_ 1

1=1 k=l
where
o)=Y — o=y :
17, = 1 9207, = n ’
P P e g E
o1(y,n) = —o1(1 —~,n), o2(vy,n)=o02(l —~,n). (134)

After this one can exclude ¥(a — %) and v'(a — %) exploiting the properties

n

5)=vlat3) —oilan), ¥a-3)=v(a+3

Va5 2 2

)+ oa(a,n). (135)
Finally, using the relation

Wla+ ) +9/(1-a+3) =

~oa(am) + 66/ (1) + (V0 —at 5) —lat 5) oram)  (136)

one obtains
0
Ji(n,y) =2¢'(1) = x*(n, ), —a—le(n,v) =2x'(n,7)x(n,7),  (137)

that gives Eq. (48). Let us add for completeness that Egs. (135) and (136)
follow from the properties

et =2+ ), Y1) = -+ ()

U (@) + ¢ (1 - 2) = 60'(1) + (¥(2) — (1 - 2))*. (138)

In turn, these properties follow from the definition 9 (z) = (InT'(z))" and the
properties

I(l1+2z) =al(x), T(@)(1-2)=

(139)

sinma’
The integral (52) is calculated in the same way. We present here the results

of the integration of separate terms. Most of necessary integrals can be found
in [18] and [12]. The integral

dr’ 1 1
) = [ 5= (7~ 7%)




(140)

is calculated quite analogously to Jq(n,~). The calculation of the integral

>2\ 71 > =
/d,r—‘dein(qbr./—¢?) (;_Q) % — _(I) (n,f}/) — (I) (n7 1 — f'y) , (141)

where f1 (7,7) is defined in Eq. (36) and @ (n,v) in Eq. (54), does not meet
difficulties after the decomposition

1 ! < L )
@-9’ @+’ 2@+ \@-9° @+9)°)

Finally, the integral

i’ N
/ _eln(¢F/_¢7‘) (—‘_2> fo (’I“,r /) = F(n7r7) ) (142)

™ r

where fo (7,7') is defined in Eq. (37) and F (n,v) in Eq. (55), can be
performed using the relations

T yed 12 T 1—t¢ cos (&

/y y__ ™ /dtmn __meos(F) (143)
Y+ t2 sin (mo) L4+t]  (a+1)sin (Z2)

0 0

after the angular integration.
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