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Abstract

The process of electroproduction of the electron-positron pair by
high energy electron in an oriented single crystal is investigated. Two
contributions are considered: the direct (one-step) process via the vir-
tual intermediate photon and the cascade(two-step) process when the
electron emits the real photon moving in the field of axis and after-
wards the photon converts into the pair. The spectrum of created
positron(electron) is found. It is shown that the probability of the pro-
cess is strongly enhanced comparing with the corresponding amorphous
medium.
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1 Introduction
The photon emission from high energy electron and electron-positron pair cre-
ation by a photon are the basic electrodynamics processes in oriented crystal
at high energy. The probabilities of these processes are strongly enhanced
comparing with the corresponding amorphous medium [1]. The photon emit-
ted by electron can produce the electron-positron pair (the electroproduction
or the trident production process). An analysis of this process is of evident
interest as example of higher order QED process in an oriented crystal. This
process is the first step of the electromagnetic cascade developed in a crystal
by the incident electron (the cascade processes in oriented crystals was con-
sidered in [2], see also Sec.20 in [1]), it possesses many important peculiarities
which will be discussed below.

Recently authors developed a new approach to analysis of pair creation
by a photon [3] and radiation from high energy electrons [4] in oriented crys-
tals . This approach permits to consider simultaneously both the coherent
and incoherent mechanisms of these processes. For calculation of the energy
spectrum of created particle in the trident production process one has to inte-
grate over spectrum of emitted photons. This means that both the mentioned
mechanisms (contributing in the different parts of photon spectrum) should
be taken into consideration and the developed approach is very suitable for
solution of the problem.

One has to consider two different contributions into the probability of
the process. The first one is the direct(one-step) electroproduction of pair
via the virtual intermediate photon. The second one is the cascade(two-
step) process when an electron emits the real photon moving in the field of
axis and afterwards the photon converts into the pair. The interrelation of
these contributions depends on the target thickness l since the probability
of the direct process is proportional to l while the probability of the cascade
process is proportional to l2/2. In oriented crystals the real photon emission
is strongly enhanced.

The electroproduction process in the oriented germanium crystal was
studied recently in the experiment NA63 at SPS at CERN (for proposal see

3



[9]). The electroproduction process in an amorphous medium was considered
recently by authors [5].

The direct process is considered in Sec.2. The cascade process is studied in
Sec.3. The summary contribution of both processes is analyzed in Sec.4 using
various approaches and including the conditions of the NA63 experiment. It
is shown in Sec.5 that the created positron spectrum in the case of not very
high the initial electron energy ε < 200 GeV and for soft positrons depends
very weakly on the quite large energy loss.

2 Direct process
The contribution of the direct process into the probability of electroproduc-
tion in an amorphous medium was considered in detail in [5]. It is shown
that in a thin target this contribution can be the essential part of the prob-
ability and dominates under some conditions. In an oriented crystal due to
the strong enhancement of real photon emission comparing with the virtual
one the contribution of the direct process is relatively small and one can use
the equivalent photon method having a sufficient accuracy. The equivalent
photon spectrum with the crystal field taken into account can be written
within the logarithmic accuracy in the form (compare with Eq.(7) in [5])
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where E is the electric field of crystal axis(plane) transverse to the velocity
vector, ε is the energy of the initial electron, ε+, ε− are the energy of particles
of the created pair, ω = ε+ + ε− is the photon energy. Here the appearance
of the additional factors depending on the parameters χ and κ is connected
with expansion of the characteristic angles in the pair creation block and
in the equivalent photon emission block at large values of these parameters.
This item is discussed in the book [1], Sec.6.2 and 6.3.
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In an amorphous medium the characteristic momentum transfers are
changed due to influence of the multiple scattering on the photon emission
process (the Landau-Pomeranchuk-Migdal (LPM) effect). It is shown in [5]
that, when one takes into account the contribution of photons emitted by an
electron at fly in a target (boundary photons) and the change of the lower
limit of momentum transfer q2min under influence of the LPM effect, the value
of q2min is restored in the summary contribution: q2min = m2y2/(1− y). Sim-
ilar situation occurs in an oriented crystal if one takes into consideration
the radiation of boundary photons by an electron at fly in a crystal field.
The spectral distribution of boundary photons emitted by an electron at fly
in a homogeneous electric field was found in [6], [7]. In our notation this
distribution with the logarithmic accuracy [6] has the form
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π
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Putting Eqs.(1) and (3) together one obtains
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In the range of applicability of the equivalent photon method (z � 1) and
for not very high energy of the initial electron when zχ(ε) = χ(ε+) ≤ 1 the
summary spectral distribution can be presented as

dws
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=
α

π
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y
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. (5)

3 Cascade process
Basing on Eqs.(16) and (17) of [3] (see also Eq.(7.135) in [1]) one get the gen-
eral expression for the spectral distribution of particles created by a photon
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The situation is considered when the electron angle of incidence

ϑ0 (the angle between electron momentum p and the axis) is small
ϑ0 � V0/m. The axis potential (see Eq.(9.13) in [1]) is taken in the form
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Here % is the distance from the axis, u1 is the amplitude of thermal vibration,
d is the mean distance between atoms forming the axis, as is the effective
screening radius of the potential. The parameters in Eq.(8) were determined
by means of fitting procedure, see Table 1.

The local value of the parameter κ(x), which determines the probability
of pair creation in the field Eq.(8), is
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,
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Table 1. Parameters of the pair photoproduction and radiation processes in
the tungsten crystal, axis < 111 > and the germanium crystal, axis < 110 >
for two temperatures T (ε0 = ω0/4, εm = ωm, εs = ωs)

Crystal T (K) V0(eV) x0 η1 η ω0(GeV) εm(GeV) εs(GeV) h

W 293 417 39.7 0.108 0.115 29.7 14.35 34.8 0.348
W 100 355 35.7 0.0401 0.0313 12.25 8.10 43.1 0.612
Ge 293 110 15.5 0.125 0.119 592 88.4 210 0.235
Ge 100 114.5 19.8 0.064 0.0633 236 50.5 179 0.459

For an axial orientation of crystal the ratio of the atom density n(%) in the
vicinity of an axis to the mean atom density na is (see [3])
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. (11)

The functions and values in Eqs.(6) and (7) are (see [8])
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m
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Here the function gp(x) determines the effective logarithm using the interpo-
lation procedure, Dp = Dsc − 10/21 = 1.8246, Dsc = 2.3008 is the constant
entering in the radiation spectrum at χ/u� 1 (or in the positron spectrum
in the pair creation process at κ1 � 1), see Eq.(7.107) in [1], Ei(z) is the
integral exponential function.

The expression for the spectral probability of radiation is connected with
the spectral distribution Eq.(6) (dW/dy = ωdW/dε) by the standard QED
substitution rules: ε+ → −ε, ω → −ω, ε2+dε+ → −ω2dω and exchange
ωc(x)→ 4εc(x). As a result one has for the spectral intensity dI = ωdW
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here the functions f2(t) and f3(t) are defined in Eq.(6). The local value of
the parameter χ(x) which determines the radiation probability in the field
Eq.(8) is
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where f(x) is defined in Eq.(10).
The functions and values in Eqs.(13) and (14) (see also Eqs.(11) and (12))

are
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where the function gr(x) determines the effective logarithm using the inter-
polation procedure: L = L0gr(x), see Eq.(12), Dr = Dsc − 5/9=1.7452.

The expressions for the radiation probability dWr Eq.(13) and the pair
creation probability dW Eq.(6) include both the coherent and incoherent
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contributions as well as the influence of the multiple scattering (the LPM
effect) on the photon emission process (see [8]) or the pair creation process
(see [4]) . The probability of the coherent radiation is the first term (ν2

0r = 0)
of the decomposition of Eq.(13) over ν2

0r and the probability of the coherent
pair creation is the first term (ν2

0 = 0) of the decomposition of Eq.(6) over ν2
0 .

The probabilities of the incoherent process are the second term (∝ ν2
0 , ν

2
0r)

of the mentioned decompositions (compare with Eq.(21.21) in [1]).
In the cascade process the initial electron with the energy ε emitted the

photon with the energy ω which creates in turn the electron-positron pair
with the energies ε+, ε−, ω = ε+ +ε−. The probability of the cascade process
(in 1/cm2) is

dWc(z, ε)
dz

=

1∫
z

dWr(ε, y)
dy

dW
(
yε, zy

)
dz

dy, (17)

where dWr(ε, y)/dy is given in Eq.(13) and dW (ω, yp)/dz is given in Eq.(6),
ω = yε, yp = z/y.

It is known that the intensity of radiation in an oriented crystal is strongly
amplified comparing with the corresponding amorphous medium, e.g. in the
oriented along axis< 110 > germanium crystal at the temperature T = 293 K
the radiation length at electron energy ε =180 GeV is 22 times shorter than
in the amorphous germanium, see Sec.17 in [1]. The spectra of photons
emitted from electrons with different energies in the oriented germanium are
shown in Fig.1. The spectra have the wide maximum situated at y = 0.05 for
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Fig. 1. The radiation spectral intensity vs the photon energy y = ω/ε in
germanium, axis < 110 >, temperature T = 293 K. The intensity distribution
dI(ε, yr)/dω (in units cm−1) The solid curve(1) is the theory prediction (see
Eq.(13)) for the electron energy ε = 126 GeV, the dash-dot curve(2) is for the
electron energy ε = 153 GeV, the dashed curve(3) is for the electron energy
ε = 180 GeV, and the dotted curve(4) is for the electron energy ε = 500 GeV.
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Fig. 2. The value zdWc(z, ε)/dz for
the cascade pair electroproduction
Eq.(17) in germanium, axis < 110 >,
temperature T = 293 K. The curves
1 and 2 are for the initial electron
energy ε=180 GeV and 500 GeV.

Fig. 3. The value zdWc(z, ε)/dz for
the cascade pair electroproduction
Eq.(17) in tungsten, axis < 111 >,
temperature T = 100 K. The curves
1,2 and 3 are for the initial elec-
tron energy ε=10 GeV, 50 GeV and
500 GeV.

ε = 126 GeV (the corresponding photon energy is ωh = 6.3 GeV), at y = 0.06
for ε = 153 GeV (the corresponding photon energy is ωh = 9.2 GeV), and
at y = 0.07 for ε = 180 GeV (the corresponding photon energy is ωh =
12.6 GeV), while for ε = 500 GeV the maximum is situated at y = 0.12 and
the corresponding photon energy is ωh = 60 GeV. The magnitudes of maxima
for three first cases are very close to each other (the difference is less than
2%).

The emitted photons create the electron-positron pairs. Since the spec-
trum of created positron has overall drop ∼ 1/z it is instructive to plot the
function zdWc/dz to trace details of the pair creation mechanism as it was
done in [5]. The values of the function in the oriented along axis < 110 >
germanium crystal at temperature T = 293 K are shown in Fig.2 for two
energies ε = 180 GeV and 500 GeV. There are two mechanisms of pair cre-
ation by a photon in an oriented crystal: the coherent and the incoherent.
When κm � 1 (κm = ω/ωm, ωm is contained in the Table 1) the incoherent
mechanism of pair creation (weakly depending on the photon energy) dom-
inates. Just this case exhibits the curve 1 and the left part of curve 2 in
Fig.2. Starting from ω ' 2ωm/3 the coherent mechanism comes into play
(see e.g. the second term in Eq.(20) below, see also Fig.1 in [5]). Note that
2ωm/3 ' 60 GeV is the position of the maximum at ε = 500 GeV in Fig.1.
So the the large peak at the right part of curve 2 in Fig.2 is the coherent
contribution.
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The radiation spectra in the oriented along axis < 111 > tungsten crystal
at temperature T = 293 K are shown in Fig.3 of [5]. The spectra have the
wide maximum situated at y = 0.003 for ε = 1 GeV (the corresponding pho-
ton energy is ωh = 3 MeV), at y = 0.009 for ε = 3 GeV (the corresponding
photon energy is ωh = 27 MeV), at y = 0.01 for ε = 5 GeV (the corresponding
photon energy is ωh = 50 MeV), and at y = 0.02 for ε = 10 GeV (the corre-
sponding photon energy is ωh = 200 MeV), The magnitudes of maxima for
all four cases are very close to each other (the maximal difference is ∼ 2.5%).
For higher electron energies the maximum is shifted to the right: for temper-
ature T = 100 K it is at y = 0.08 for ε = 50 GeV (the corresponding photon
energy is ωh = 4 GeV) and at y = 0.1 for ε = 100 GeV (the corresponding
photon energy is ωh = 10 GeV)

The functions zdWc/dz for cascade pair electroproduction in the indicated
conditions in tungsten are shown in Fig.3 for three energies ε = 10 GeV,
50 GeV and 100 GeV. Since for ε = 10 GeV the maximum position ωh �
ωm ' 8 GeV the incoherent mechanism of pair creation (weakly depending
on the photon energy) dominates (the curve 1). The same remains true for
the soft positron production at higher electron energies. The peaks at the
right part of positron spectra for ε = 100 GeV and ε = 50 GeV situated at
z = 0.2 are the contributions of the coherent radiation at the first stage of
the process. For ε = 100 GeV the maximum position ωh = 10 GeV is twice of
higher than 2ωm/3 ' 5 GeV and the region of spectrum maximum contributes
significantly (the curve 3), while for ε = 50 GeV ωh = 4 GeV is slightly less
than 2ωm/3 and the right part of the photon spectrum contributes only (the
curve 2). This explains the sharp difference in heights of the peaks.

4 Summary probability of electroproduction
In the experiment NA63 carried out recently at SPS at CERN (for proposal
see [9]) the electroproduction (trident production) process was studied in the
oriented along axis < 110 > germanium crystal at temperature T=293 K.
Targets with the thickness l = 170 µm and l = 400 µm were used. The
theory prediction in the energy interval measured in NA63 is shown in Fig.4.
The direct process contribution (in 1/cm) is

dWd(z, ε)
dz

=

1∫
z

dws(ε, y)
dy

dW
(
yε, zy

)
dz

dy, (18)
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where dws(z, ε)/dy is given in Eq.(5). The cascade process contribution (in
1/cm2)is defined in Eq.(17).

The summary contribution into the pair electroproduction probability of
both the direct and the cascade mechanisms in an oriented crystal in the
target with thickness l is

dWS(z, ε)
dz

=
dWd(z, ε)

dz
l +

dWc(z, ε)
dz

l2

2
. (19)

The curve 1 in Fig.4 represents this summary contribution for l = 400 µm
while the curve 3 shows the same for l = 170 µm. The relative contribution
of the direct process is maximal at the minimal positron energy ε = 0.5 GeV.
For l = 170 µm the direct process contribution is ∼ 22% of the cascade one
while it is only ∼ 9% for l = 400 µm. This relative contribution diminishes
with the positron energy increase and at the positron energy ε = 9 GeV it
becomes ∼ 7% of the cascade contribution for l = 170 µm and only ∼ 3% for
l = 400 µm.

It is customary to present the result in terms of the enhancement: the ra-
tio of the electroproduction probability in an oriented crystal Eq.(19) to the
corresponding probability in an amorphous medium [5]. The enhancement
for two used thicknesses is shown in Fig.5. The increase of the enhancement
with the positron energy growth for the given thickness is due to more fast de-
creasing of the probability in an amorphous medium. In the positron energy
interval under consideration in an amorphous medium the main contribu-
tion into electroproduction probability gives direct process ∝ l (see Fig.2 in
[5]), while in oriented crystal the cascade process probability ∝ l2 dominates.
Because of this one has the higher enhancement for l = 400 µm.

We will discuss now an approximate approach to the consideration of
pair electroproduction in the cascade process. The probability of the cascade
process Eq.(17) depends on the probabilities of pair creation by a photon and
photon emission from high-energy electron. The photon spectrum has the
maximum in its soft part (e.g. in Ge ωh = 12.6 GeV for ε = 180 GeV). From
the other side it is known that for the pair creation process in germanium
crystal the coherent (field) contribution becomes essential starting with the
energy ε = 50 GeV (see Fig.2a in [8]). So one can expect that for ε+ ≤ εm
the main contribution in the pair creation part dW (yε, z/y)/dy gives the
incoherent pair creation probability with the field (coherent) correction:
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mechanisms in the oriented crystal (axis < 110 >, T = 293 K) and the
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probability of both the two-photon diagrams and the cascade process in an
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dW
(
yε, zy

)
dz

→ dWic(ε, z)
dz

=
gp0
yLrad

(
1 +

1
18L0

)−1
[(

1− 4z(y − z)
3y2

)

+B
(

1− z(y − z)
y2

)
exp

(
− 2εmy

3εz(y − z)

)]
, (20)

B =
πω0

η1ωmgp0

√
− 3f(xm)

4f ′′(xm)
, xm =

1
6

(√
1 + 16η(1 + η)− 1− 2η

)
,
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Fig. 6. The value zdWc/dz for the pair electroproduction in germanium. The
curve 1 is calculated according to Eqs.(19), (17) and (18), while the curve 2
is calculated according to Eq.(19) and Eq.(20).

where Lrad is the Bethe-Maximon radiation length, see e.g. Eq.(7.54) in [1],
and Eqs.(21.29) in the same book, the function f(x) is defined in Eq.(10).
Here the first term in r.h.s. is the Bethe-Maximon probability with crystal
effects taken into account (gp0 is defined in Eq.(12)) and the second term is the
field correction calculated according to Eq.(12.14) in [1] which is valid near
the threshold of pair creation by a photon in the field. For considered cases
in germanium B = 24.5 and in tungsten B = 6.16. The result of calculation
of the cascade electroproduction probability is given in Fig.6. The curve 1 is
the probability of the process according to Eq.(17) and the curve 2 is for the
case when the pair creation probability is used in form Eq.(20). The maximal
difference between the curves is 5% only (at z = 0.15). It should be noted
that the coherent pair creation contribution (the second term in Eq.(20))
gives negligible contribution at z ≤ 0.05, gives 7% of total contribution at
z = 0.1 and is nearly half of total contribution at z = 0.5.

The main contribution into the spectrum of low energy positrons z � 1
gives soft photons y ∼ z � 1. If the condition x−3/2

0 � y/χs � 1 is fulfilled
one can use Eqs.(17.11)-(17.13) in [1]) for the description of the spectrum
of emitted photons. The approximate spectral intensity distribution can be
presented in the form

y
dWa(y)
dy

=
dIa
dω

=
A

Lrad

(
y

χs

)1/3

g1(y, η), (21)
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where

A =
(

2√
3

)5/3

Γ
(

2
3

)
ω0

η1εs
, g1(y, η) = ln

χs
y

+ a(η),

a(η) = ln(18
√

3)− π

2
√

3
− C − 3

4
− l1(η), C = 0.577...,

l1(η) =
3
2

∞∫
0

(
f2/3(x, 0)− f2/3(x, η)

)
dx. (22)

Here the function f(x, η) is defined in Eq.(10), the parameter χs is defined
in Eq.(15).

The spectral intensity Eq.(21), which describes the radiation in the crys-
tal field (the coherent radiation), is in quite satisfactory agreement with
the spectral curves in Fig.1 not far from maximum. The incoherent con-
tribution in the considered photon energy interval are damped as (y/χm)2/3

(χm = ε/εm) comparing with the amorphous medium (see Eq.(21.23) in [1])).
The LPM effect is damped more stronger. In the integral over the variable
x, which defined the function g1(y, η), the large values x contributed up to
x ∼ χs/y. For very soft photons y ≤ χs/x

3/2
0 all the interval 0 ≤ x ≤ x0

contributes. In the limiting case y � χs/x
3/2
0 one has

y
dWa(y)
dy

=
dIa
dω

=
A

Lrad

(
y

χs

)1/3

g2(y, η), (23)

where

g2(y, η) =
3
2

x0∫
0

f2/3(x, η)dx ' 3
2

x0∫
0

f2/3(x, 0)dx− l1(η)

' 3
2

lnx0 +
9
4

ln 3− π
√

3
4
− l1(η). (24)

One can calculate the probability of the electroproduction process sub-
stituting the probabilities Eq.(21) and Eq.(20) into Eq.(17). For z ≤ 0.1 the
obtained probability is 20%-30% higher than the direct calculation of Eq.(17).
This is due to the fact that the whole spectrum of emitted photons (not only
the vicinity of the maximum) is contributed into the final electroproduction
probability and the tails of the curve Eq.(21) are higher than the spectrum
Eq.(13).
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The exact calculation of Eq.(17), which is the 5-fold integral, is quite
cumbersome. We used the interpolated photon spectrum (the accuracy of
interpolation is better than 1%) to simplify the calculation. When one uses
the explicit expression Eq.(20) for the pair photoproduction probability, one
can calculate the 3-fold integral directly. For the initial electron energy
ε < 200 Gev the accuracy of the result is quite satisfactory. The simplest
calculation (the 1-fold integral) is with use of the probabilities Eq.(21) and
Eq.(20), but the result can be considered as a rough approximation only.

5 Conclusion
The process of the electroproduction of electron-positron pair (the trident
production) in an oriented crystal is considered for the first time. It is shown
that due to the strong enhancement of photon emission in an oriented crystal
(this is the coherent radiation, see Fig.1) the electroproduction probability
is also enhanced (see Fig.5). The scale of the enhancement in the soft part
of created particles spectrum (z � 1) is similar to the photon emission en-
hancement. This is connected with the fact that in this part of the spectrum
the standard incoherent (Bethe-Maximon) mechanism of pair creation by a
photon (which is weakly dependent on photon energy) dominates (see e.g.
Eq.(20)). For very high energy of incident electron (ε > εm) there is an
additional enhancement in the hard part of created particles spectrum due
to the coherent pair creation mechanism (see curve 2 in Fig.2). Indeed the
enhancement Ec of the cascade process (the ratio of the electroproduction
probability in the germanium crystal, axis < 110 >, T = 293 K and of the
electroproduction probability in the amorphous germanium) for the initial
electron energy ε = 500 GeV attains Ec ' 430 at z = 0.35. This is because
the both factors of the enhancement are acting: the coherent radiation ∼ 20
and the coherent pair creation ∼ 20.

The similar situation occurs in the tungsten crystal. All the curves in
Fig.3 are close to each other at z ' 0.02. At this value of z the enhancement
of the cascade process Ec ' 20. For peak values at z = 0.2 one has Ec ' 100
at ε = 100 GeV. This is because the both factors of the enhancement are
acting: the coherent radiation ∼ 10 and the coherent pair creation ∼ 10.
From the other side Ec ' 54 at ε = 50 GeV. This is because the coherent
pair creation is not acting entirely at this electron energy as it was explained
above.

In the germanium crystal (axis < 110 >, T = 293 K) due to the action
of the coherent mechanism of photon emission the crystal radiation length is
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Fig. 7. The value zdWc/dz for the pair electroproduction in germanium.
The curve 1 is for the initial electron energy ε = 126 GeV, the curve 2 is for
ε = 153 GeV, the curve 3 is for ε = 180 GeV.

Lch = 1.02 mm for the energy ε = 180 GeV. So the targets used in CERN
experiment consist 40% and 17% of the crystal radiation length Lch and the
energy loss of the incident electron should be analyzed. Using the approach
developed in [4] one can calculate the energy loss. For the initial energy
ε = 180 GeV one has the final energy εf = 153 GeV for the target thickness
l = 170 µm and for the target thickness l = 400 µm the final energy εf =
126 GeV. So the energy loss is very essential. However, the radiation spectra
for these electron energies (shown in Fig.1) are very close to each other as it
was indicated above. Since for electron energy ε ≤ 200 GeV and for z � 1
the incoherent pair creation gives the main contribution, one can expect that
the influence of the energy loss on the created positron spectrum will be quite
weak. The positron spectra for corresponding electron energies are shown in
Fig.7. The maximal difference (for the positron energy ε+ = 0.5 GeV) is
8.6%. Taking into account the weak dependence of the positron spectrum on
the initial electron energy one can use the average energy εa = (ε + εf )/2
for estimation of electron energy inside the targets. For the target thickness
l = 400 µm one has εa = 153 GeV and the influence of the energy loss will
be ∼ 4% for this thickness at ε+=0.5 GeV and smaller (up to 0) at the
higher positron energies (ε+ ≤10 GeV ). For the target thickness l = 170 µm
the influence will be ∼ 2% at ε+=0.5 GeV and correspondingly smaller
at higher positron energies. So we arrive to the paradoxical conclusion: in
spite of essential energy loss by the initial electron in the targets the created
positron spectrum depends very weakly on the energy loss in the case of not
very high electron energy ε < 200 GeV and z � 1.
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