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1 Introduction

In considering problems of beam stability in accelerators it is impor-
tant to know the wake fields generated by bunches of charged particles
moving axially inside a metallic vacuum chamber. If the bunch is suf-
ficiently short and is relativistic then the generated wake field contains
modes of a wide frequency range. To calculate the fields it is necessary
to know the surface impedance of the chamber metal for this large
frequency range. The consideration of resistive wake fields of an axi-
ally moving relativistic line Gaussian bunch in a circular beam pipe at
room temperature is based on the normal skin boundary conditions. If
the beam pipe is at low (a few K ) temperature, but in normal state,
then the metal electron mean free path may exceed the skin depth and
then anomalous skin or general Reuter-Sondheimer boundary condi-
tions must be used. Such consideration was performed in [5].

The case of a superconducting beam pipe also deserves consideration.
For fields with frequencies hw > 2¢y ( €y is the energy gap of the
superconductor) the surface impedance must go to that of the metal
in norma state, but at hw < 2¢y the the surface impedance is specific.
The expressions for surface impedance in the base of BCS theory was
given in [2] for type-1 superconductors. For the extreme anomalous
limit approximation the expressions were significantly simplified.

The intention of the present paper is proceeding from general expres-
sions of 2] to derive surface impedance expressions suitable for numer-
ical computations.

2  Expression for the surface impedance
of superconductor

To calculate the surface impedance Zg(w) of a metal in superconduct-
ing state we use the expressions derived in [1, 2] and used in [3]|. Using
the notations of this works we have for the case of specular electron
reflection at the surface
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where ¢ is the energy gap at a given temperature 7T of superconduc-
tor, m is the effective mass, n is the electron number density, vp is
the Fermi velocity of free electrons of the metal, k; is the Boltzmann
constant. The integration over w can be easily performed:
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1. The case hw < 2¢ .

In the region €y —hw < E < ¢y we have €7 <0, €5 >0,
so €1 = —ileq|.

In the region ¢y < E we have €} > 0, €3 > 0.
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2. The case hw > 2¢g .

In the region ey — hw < E < —ep we have €2 >0, €2>0.
In the region —ey < E < ¢y we have € <0, €3 > 0,

so €1 = —i|eq].

In the region €y < E we have €2 >0, €3 >0.

We get
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In [2] only the case | — oo and so R/l — 0 was considered. We
consider the general case. Performing the integration over z in (6) and
(7) it is convenient to introduce the following notations:
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These are our final general expressions, which can be used in numerical
computations.

It is interesting to trace how the expression for the surface im-
pedance of a metal in superconducting state Zg(w) transforms into
that in normal state Z,(w) when the temperature 7' is increased up
to the critical temperature of the superconducting transition 7T, , that
is when the superconducting energy gap €o(7" — 0) — 0 . Putting
€0 =0 in (5) we get
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Putting this K(g) into the (1s) we get
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This expressions coincide with the expressions (21,40,41) of [4]. Taking
into account the relation
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we can rewrite (10) as
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This coincide with the expressions (21, 29, 30) of [4].

In the extreme anomalous limit, when the field penetration depth
is small compared with the coherence length and with free path length
one may set a = R/hvy =0, gl >>1 |2, 3]. Using the relations
( F(x) is defined by(4))
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The relations (12) and (13) are definitions of the functions o3/0 and
o1/o for both the cases.

Inserting the expressions (12) or (13) into (1s) and performing a
simple integration we get for the case of specular reflection:
8 <\/§7T‘“2l>1/3 . (14 iv3) Zne
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And inserting the expressions (8) or(9) into (1d) we get for the case of
diffusive reflection:
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Comparing Zys and Zpyg, respectively, with the expressions (44) and
(45) of [4], we see that these are just the anomalous surface impedances
of normal metal with free path length [ at 7. respectively for specular
and diffusive reflections of electrons at the surface.

We can get the same expressions for Zys and Zpyg directly from
(13) in the limit €y(7"— T.) — 0 (then we have the metal in normal
state) and

. 3row
K(q) =1i- ~Zq
Then it follows from (13) that o1/0 = 1, 02/0 =0, as it should be.
Inserting (14) into (1s) and (1d) we get, respectively, Zns, and Zng.
In the limit of high frequencies (hw >> €p) the surface impedance of
the metal in superconducting state Zs(w) approach the surface im-
pedance of the metal in normal state Zy(w) at T, . But Zy(w) for
the frequencies w7 > 1 essentially deviates from the anomalous sur-
face impedances Zpys, and Zpyg4. . So all the results obtained for the
so called extreme anomalous limit are applicable only for frequencies
wr < 1.

(14)
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