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Abstract

Details of the calculation of the non-forward BFKL kernel at next-
to-leading order (NLO) are offered. Specifically we show the calculation
of the two-gluon production contribution. This contribution was the
last missing part of the kernel. Together with the NLO gluon Regge
trajectory, the NLO contribution of one-gluon production and the con-
tribution of quark-antiquark production which were found before it
defines the kernel completely for any colour state in the t-channel, in
particular the Pomeron kernel presented recently.
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1 Introduction

Talking about the BFKL kernel one usually has in mind the kernel of the
BFKL equation [1] for the case of forward scattering, i.e. for the momentum
transfer ¢ = 0 and vacuum quantum numbers in the ¢-channel. However, the
BFKL approach is not limited to this particular case and, what is more, from
the beginning it was developed for arbitrary ¢ and for all possible t-channel
colour states. Initially it was done in the leading logarithmic approximation
(LLA), which means summation of terms of the type [a; In s]™ (o is the QCD
coupling constant and s is the squared c.m.s. energy). This approximation
can provide only qualitative results, since it does not fix scales, neither for
energy nor for transverse momenta determining the running coupling con-
stant ag. Therefore calculation of radiative corrections to LLA seems to be a
daily need. Unfortunately, till now it is not completed, although the forward
BFKL kernel in the NLO was found already five years ago [2].

The problem of the development of the BFKL approach in the next-to
leading approximation (NLA) is naturally divided into two parts, in compli-
ance with the representation of scattering amplitudes in this approach by the
convolution of the impact factors of interacting particles with the Green’s
function of two Reggeized gluons in the t-channel. The impact factors de-
scribing the scattering of particles by the Reggeized gluons contain all the
dependence on the nature of the particles and are energy independent. All
the dependence on energy is defined by the universal (i.e. process indepen-
dent) Green’s function, which is determined by the BFKL kernel. For a
consistent description of scattering amplitudes one needs to know the impact
factors with the same accuracy as the kernel. Especially interesting is the
highly virtual photon impact factor, because it can be calculated from the
“first principles" in perturbative QCD. Unfortunately, this calculation turned
out to be a very complicated problem, which is not yet solved, although a
noticeable progress has been reached here [3]. Recently an important step
was done finding the solution of a related problem: the NLO impact factor
for the transition of a virtual photon in a light vector meson was calculated in
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the case of t = 0 and longitudinal polarizations [4]. The NLO impact factors
are known also at parton level (i.e. for quarks and gluons) [5].

The calculation of the NLO BFKL kernel for the non-forward scattering
was not completed until recently. We remind that for any colour group rep-
resentation R in the ¢-channel the kernel is given by the the sum of “virtual"
and “real" parts [6]. The “virtual" part is universal (i.e. it does not depend on
R) and is expressed through the NLO gluon Regge trajectory [7]. The “real"
part is related to the particle production in Reggeon-Reggeon collisions and
consists of one-gluon, two-gluon and quark-antiquark contributions. The first
contribution is expressed through the effective Reggeon-Reggeon-gluon NLO
vertex [8]. Apart from a colour coefficient, it also is universal and known
[10]. Each of last two contributions is written as a sum of two terms with de-
pending on R coefficients, at that only one of these terms enters in the kernel
for the antisymmetric colour octet representation R = 8, (gluon channel),
whereas the kernel for the colour singlet representation R = 1 (Pomeron
channel) contains both terms. For the case of quark-antiquark production
both these terms are known [9]. Instead, only the piece related to the gluon
channel was known for the case of two-gluon production [10]. Note that for
scattering of physical (colourless) particles only the Pomeron channel exists.
Nevertheless the gluon channel plays an important role. It is caused by the
possibility to use this channel for a check of self-consistency, and, finally, for
a proof of the gluon Reggeization (see Ref. [11] and references therein).

Thus, the two-gluon production contribution was the only missing piece
in the the non-forward BFKL kernel. Now it is calculated and the Pomeron
kernel is known [12]. Here we present the details of the calculation of the
two-gluon contributions and the non-forward BFKL kernel at NLO for all
possible colour states in the ¢-channel. Since the quark contribution to the
non-forward kernel is known [9] for any R, we shall consider in the following
only the gluon contribution, i.e. we shall work in pure gluodynamics.

In the next Section we present the gluon piece of the gluon trajectory,
the general form of the “real" contribution to the kernel and its part related
to one-gluon production. In Section 3 we derive the contribution to the ker-
nel from the two-gluon production and define the “symmetric” part of this
contribution. The colour group relations used in this Section are given in
Appendix A. The “symmetric” part of the two-gluon contribution is consid-
ered in Section 4. The three pieces contributing to this part are calculated in
Appendices B, C and D, respectively. Finally, in Section 5 the non-forward
kernel is discussed.



2 The “virtual” and “one-gluon” parts of the
kernel

As usual, we utilize the Sudakov decomposition of momenta, denoting p;
and po the light-cone vectors close to the initial particle momenta p4 and
pp respectively, so that 2pi1ps = (pa + pr)?> = s. We use the conventional
dimensional regularization with the space-time dimension D = 4 + 2¢ and
the normalization adopted in Ref. [6]. The BFKL equation for the Mellin
transform G, of the Green’s function G is written as

WG (@1, &) = G2 *0P~ (¢

dD_27’ ~ =
+/fx< (@7 D) G (7. @i ) - (2.1)

q1 — QQ)

72(F — )2
Here ¢; and ¢} = ¢; — ¢, (i = 1+ 2) are the Reggeon (Reggelzed gluon)
momenta, ¢ ~ ¢, is the momentum transfer; ¢> ~ ¢2 = —¢% = t; the

vector sign is used for denoting components of momenta transverse to the
p1p2 plane. The BFKL kernel K™ has the form

K™ (G4 7) = [w(=a2) +w (=d*)] @q26 P2 (@ — )
+CT@, B3 @) 5 (2.2)

i.e. it is given by the sum of the “virtual" part, determined by the gluon
Regge trajectory w(t) (actually the trajectory is j(t) = 1 + w(t)), and the
“real" part, related to particle production in Reggeon-Reggeon collisions. In
the limit e — 0 [7] the trajectory is given by

= 0 [ (- ) (0]

where w((t) is the one-loop contribution, whose expression is

>Nt / dP=2r 5 N.I(1—€) T3(e)

wh(t) = 2omp1 | 7 = 9 ()P 1“(26)(‘?2)6' (2.4)

Here and in the following 7/ = ¥ — ¢, N, is the number of colors, I'(z) is the
Euler function, ¢(n) is the Riemann zeta function, (¢(2) = 72/6) and g is the
bare coupling constant, concerned with the renormalized coupling g, in the
M S scheme through the relation

11@3] ., gANT(1-—¢)

h= (2.5)




The “real" part ngR) of the kernel is related to real particle production in
Reggeon-Reggeon collisions. It can be presented in the form [6]

dD 2 oo
KR (1, @3 4) = KM, d3 4) — /m’@nw(iﬁﬂ’;if)

2
x KRB (7, s ) ln( oA ) , (2.6)

(@1 —7)2(q2 — )2

where the “non-subtracted" kernel ICTR)A is

(bb’|PR|aa x  dpy
KPRMG, ;@) = 72 v (a1, a2) (vl (dh,d5)) 20@m)P 1

nr

(2.7)
Here Pg is the operator for projection of two-gluon colour states on the
representation R; a,a’ and b, b’ are Reggeon colour indices; ny is the number
of independent states in R; v/, (1, g2) is the effective vertex for production of
the state J in the collision of Reggeons with momenta ¢; = Op1 +q11, g2 =
—aps + g2 ; doy is the corresponding phase space element; the sum is over
all possible states J. For a state J consisting of particles with momenta k;,
with the total momentum k = ¢; — g2, we have

de —d—k29( — k) (2m)PsP (k Zk; Hﬂ (2.8)
J = o SA 7T . .

)D 1 261_

The intermediate parameter sa in Eq. (2.6) must be taken tending to infinity.
The second term in the R.H.S. of Eq. (2.6) appears only at the NLO and
serves for subtraction of the large k? contribution, in order to avoid a double
counting of this region. At the leading order (LO) only one-gluon production
does contribute, so that k2 = 0, Eq. (2.7) does not depended on s, and gives
the kernel in the leading (Born) order:

o oL (bb'|Pr|aa’) X
’CER)B (q1,32:9) = W Z’Yab q1,g2) (%/b/ (41, QQ))

— g2NCCR (qEQQ + (722(]1/2 o q‘2> (2 9)
2m)P=t\ (¢ — @) '
Here
Tr (PRT'QT™) i
R = _ BYIPRIA) it (2.10)
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are the group coefficients, T% are the colour group generators in the adjoint
representation, be = —ifdab, fdab are the group structure constants. The
projection operators and the coefficients cg for all possible representations
R are given, for completeness, in the Appendix A. As it was already noted,
the most interesting representations are the colour singlet (Pomeron chan-
nel, R = 1) and the antisymmetric colour octet (gluon channel R = 8,).
Respectively, we have for them

1
ca=1, ¢s, =< (2.11)
2
Note that for the symmetric colour octet R = 85 we have cs, = cg,, so
that at LO the BFKL kernels for the symmetric and anti-symmetric octet
representations coincide. Since the trajectory w(t) is the eigenvalue of KC(8a)
(“bootstrap" of the gluon Reggeization), the same is true for K®) (trajectory
degeneration). However, generally speaking, it does not mean that ampli-
tudes with R = 8, in the ¢t-channel have the Reggeized form (with the same
trajectory but positive signature), because such a form requires impact fac-
tors proportional to the eigenfunction corresponding to the eigenvalue w(t).
It turns out that for parton scattering amplitudes in LLA it is just the case.
Having the one-gluon production vertices at NLO [8], one can easily cal-
culate the one-gluon contribution to the kernel with the NLO accuracy. Re-
taining only terms giving non-vanishing contributions in the ¢ — 0 limit after
integration of the kernel over d”~2k in a neighbourhood of the singular point
k=q — @ =0, we have [10]

P’Neer [ (RB°+3°TG
’C( )(Q1aQ2»‘7) )D 1 {( L2 L2 7‘12

(2 k2
9> NI'(1 — ) (2 o 2
(34 i [ (G- waesw) - ()
¢2N.I(1—€) 2 _ g2 k2 s o
+7 S~ s (G @+ 440 — 2¢7
6(dm)2+e (l To@ @ -@p TR AR -2
257272 257272 22212 212
X[ﬂqu%‘Q 1n(‘]_1)_(71_q2}+11[ 419 +‘11‘12 _“h @
ar — 43 2 q *QQ k2

+ QQ —»2:| (ql ) ) 1 - 1
T In 241q + G —=q |- 2.12)
qlz 7 q22 q2 142 (
For arbitrary D this part of the kernel can be found in the last of Refs. [§]

(see there Eq. (4.10)). Note that the exchange ¢ < ¢/ implies also § — —¢.
7



Since the colour structure of the one-gluon production vertex is not changed
at NLO, the coefficients c¢g here are the same as in Eq. (2.9).

The remarkable properties of the kernel, subsequent from general argu-
ments, are

KRN0, d:7) = KP (G, 0:7) = KNG, Gos @) = KNG, ¢ @) =0 (2.13)

T

and

K@, ¢ 0) = KS®(=q), —a5:7) = K (=@, 41 —q) (2.14)

Properties (2.13) mean that the kernel turns into zero at zero transverse mo-
menta of the Reggeons and appear as a consequence of the gauge invariance.
Properties (2.14) are a consequence of the crossing invariance and the gluon
identity.

The symmetry properties (2.14) of IC(GR)(tﬁ, ¢»;q) are evident from
Eq. (2.12). Instead properties (2.13) are not so evident, but can be easily
checked.

3 The two-gluon production contribution

The new states which appear in the sum over J in Eq. (2.7) at NLO are
the two-gluon ones. For these (and ounly for these) states the integral in
Eq. (2.7) is logarithmically divergent at large k2. In this region the two-
gluon production vertex factorizes into the product of the one-gluon vertices
(see below), so that the dependence on s, in Eq. (2.6) is cancelled [6].
Lorentz- and gauge- invariant representation of the two-gluon production
vertex has been obtained in Ref. [13]. It has the form
Y (g1, q2) = e1éy [(lesz) A (ki k2) + (TETH) Ay (ks kl)} ;
(3.1)
where e; and d; are gluon polarization vectors and colour indices, respectively.
Note that the tensor A4, (k1, ko) depends not only on &y, ko, as it is explicitly
indicated, but on pi,q and ps,qe as well. The explicit expression of the
tensor is given in Ref. [13]. Its important property is the Abelian-type gauge
invariance

kYA (ki ko) = k5 Apy (ki ka) =0 . (3.2)

Another important property of the tensor A, (k1, ko) is its transformation
law under simultaneous exchange (p1,q1,q,%) < (p2, —q2, —¢, j) , which we
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will call L «+—— R exchange:
A (ki ko)l ne—r = Aupulka, k1) . (3.3)

This property and the representation (3.1) guarantee that the vertex
,inJth (g1, q2) is invariant with respect to the L «— R exchange, as it must
be. Taking into account the representation (2.7), this invariance provides
the symmetry of the non-subtracted kernel with respect to the exchange
GG, o0

We use the Sudakov decomposition for the produced gluon momenta k;
and ko (k =k1 + ko = ¢1 — ¢2) in the form (i = 1,2)

ki = Bipr+aipatkin , saifi = —k3 =k2, Bi=xf, ti+za=1. (3.4)

We find that it is convenient to use the same light-cone gauge e;ps = e;k; = 0
for both gluons, so that we put

(eirki1)
(kip2)

In this gauge the vertex takes the form

D2 - (3.5)

€=€;1 —

xa  x
’YSIGQ (01,02) =4g% €1 €5,
X [(leTdZ)ij baﬁ((h;klvk?) + (TdZle)ij bﬁa(ql;kg,kl)} s (36)
with the tensor
ko pﬂ kﬁ pv
AP (qrs b ko) = (9 — 222 (g7 — 2A2) Ay (K 3.7
(q17 1, 2) (gL (kal))(gL (kaQ)) 122 ( 1, 2)’ ( )

The explicit form of this tensor in terms of the Sudakov variables has been
found in Ref. [14]:

1,01
0P (qus ks k) = =g’ [—2 <QQ1LAL +aiyL

AJ_(2:C11'2]€J_ — AJ_(xl - :CQ))
2 k

by

. @ — %Quku _ kg ) — wlgﬁ(‘h — k)] _ Qﬂkﬁ(Q{* k1)?
tl ZEltl k%Ltl
Pt Aﬁ + oA B 102 ke kﬁ 2
_Tigy Ay 200701, T1q1 Ry ey 4y (A”‘kﬁ A Aﬁ) (3.8)
w1 9k? k3 % pry el L A
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where ¢/ is the metric tensor in the transverse plane:

uw DA+ phpY

wo_
g, =9 3.9
+ (P1p2) ( )
Moreover, the following positions hold:
AJ_ = (SCle — ZL'le)J_ y Y= 7(1‘1]€§L + :CQ]{:%L) = 7A2L — zlxgki y
k= — AL t1= (g1 —k1)? = i(961((11 —k1)% +aok?)
T1To ’ 1 1 11/ >
- 1
ty = (g1 — k2)® = x—Q(zz(th — ko)t +@ik3y) (3.10)

Note that on account of Eq. (3.7) the tensors b7 (q1; k1, k2) and % (q}; k2, k1)
contain in the denominators “extra" powers of x1 and 2, in comparison with
“naive" expectations based on the consideration of Feynman diagrams.

We use the notations which coincide with those adopted in Ref. [10]. Note,
however, that in Ref. [10] two different gauges were used for the two gluons:
the gauge (3.5) for the second gluon (that with momentum k2), and the gauge
similar to the gauge (3.5) with ps replaced by p; for the first one (that with
momentum k;). Therefore our tensors are related to those used in Ref. [10]
by the equalities

b (qu; ke, ko) = Q7 (k1)e, P (ky k), 67 (qus ke, k) = QP (ka)c, (ka, k1)

(3.11)
where the tensors
af af kikﬁ
Q0(k) = g5” — 275 (3.12)
k%
with the property
QIR (k) = 97 (3.13)

realize the transformations between the gauges with the gauge fixing vectors
p1 and pa.

Let us consider the behaviour of the vertex (3.6) in the multi-Regge kine-
matics, i.e. in the limits z; — 1 ,20 — 0 and ;1 — 0 ,2o — 1. The first
of them corresponds to the case when the first gluon is much closer to the
particle A in rapidity space than the second gluon. Therefore in this limit
the two-gluon production vertex must be factorized as

G1G2

1
Vit @, q2) = fol(ql,m - k1)(_7k;1)2752(% —k1,q2) , (3.14)
1

q1
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where '75((]1; @2) is the one-gluon production vertex. Indeed, at 1 = 1,29 =
0 we have

Y= —k/’gJ_ N $2k/’2 = —k/’gJ_ N 2?1 = (ql — kl)i 5 1122?2 = kSJ_ 5 (315)
that gives
bﬁa(ql? k2) k1)|11:1 - 0 ) (316)
so that
xa x [
751G2 (‘hv QQ) — 49 €11€9 (lesz)ij baﬁ(Ql; kl, k2)|11:1 s (317)
where

b2 (q1; k1, ko) |ay =1

o —k 2 B8
ku_] {qu — ki1 — (qukfmku] . (3.18)
21

1 2

471
=77 (¢l —
(g1 — k1)1 [ ' kﬂ_
Since in the gauge (3.5) we have
2,

N ku] , (3.19)
11

[e3

G xa g
Vi (@, 1 — k) = —2g ey T [Qu

we see that the factorization property (3.14) is fulfilled. Moreover, with
account of the result (3.18), from this property it follows that

<292NCC73

2
(27T)D_1 ) (baﬁ(ql7k/1;k2)baﬁ(q/1’klak2)) |I1:1 =

K” ((h,(h k1; q) KB ( kl#h#])

(@ — k1)2(q) — k1)?

This equality can be obtained also directly from Eq. (3.18) using the expres-
sion (2.9) for the LO kernel.
In the second limit, i.e. 1 =0 ,z2 = 1 we get

(3.20)

S=—ki, mk®=—k, siti=k , ta= (k)T ., b’ (quiks, k2)

b (q1; k2, k1)|ap=1
5 ,
1 @, ] [ (1L —ko21)
el = Bl | g — ke - L (321)
(‘h 71{:2)3_ |: k/%J_ k%i_

11

=0,



and

G1G2

1
G — /G2 — ) ———— A (g — k . 3.22
Yt @1, q2) = v (a1 @1 — ke) = (q1 — k2,92) (3:22)

We have also
2 2
g"Neer af /
I RN (598 (g1 Koy k1 )bas () Ko k1)) |ese
(2(27r)D1) (0% (qu; k2, k1)bap(gh; ks k1)) =1
KPP (@ @) K (6 = o 837
- (@ — k2)2(@)' — F2)? '
With the help of Egs. (2.7) and (3.6) the two-gluon contribution to the
“non-subtracted" kernel is presented in the form

(3.23)

doca
(2m)b-1 7
(3.24)

KE™ (@1, 3 7) = 894Nf/(aRFa(k1, ko) 4+ brFy(ky, k2))

where the group coefficients ag and br are defined as

Tr (ﬁR(leTdZ) ®(Td1Td2)*) I (ﬁR(leTdZ) ®(Td2Td1)*)

br =
) )
NETLR NETLR

aR =

(3.25)
and the functions F, and I} as

Fo(k1, ko) = b (qus k1, ko)bas(qh; k1, k2) + 07 (q1; k2, k1 )bga (gl ko, k1)
(3.26)
Fy(k1, ko) = 0P (qu; k1, ka)bga (gl k2, k1) + b9%(qu; k2, k1)bas(d); k1, ko)

(3.27)
It is easy to see that arp = C%, since

Tr (Pr(T™T%) QI HTH)) = Tr (Pr(T® QT)(T* QT™)) =
—Tr (ﬁRle ® pdasp e ® sz*)

1 N .
) (7) T le*) (73 T2 TdZ*) . 3.28
Lir (pert @) (P @ 025
This relation is important for the cancellation of the sy—dependence in the
kernel (2.6). Due to the result (2.11) it gives, in particular,

1
apg = 1 , ag, = as, = Z . (329)
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For the coeflicients bg, using the relation

(le sz ) ® (le sz ) * (Td1 Td2 ) ®(sz le )*

N,
__ ;pddady dqda dx __ Cmd d*
= if (T hTe) QT =57 Q1 (3.30)
with account of Eq. (2.10) we obtain
br = Lon = L (3.31)
R=AR — 5CR=CR|CR ~ 5 | .

i.e. by = 1/2, whereas for both symmetric and antisymmetric colour octet
representations the coefficients br are zero. This is especially important
for the antisymmetric case, since the vanishing of bg, is crucial for the gluon
Reggeization. Note that the vanishing of bg, means that in pure gluodynamics
the kernels for both octet representations coincide at the NLO as well as at
the LO.

In terms of the variables k;; and x; the phase space element d¢ge can
be written as

dD72k1dD72k2 5D72

5(171'171'2) (27T)(D_1)

(kj_fku_fng_)o(SAkaQ) .

(3.32)
Here the identity of the final gluons is taken into account by the factor 1/2!, so
that integration must be performed over all the phase space; k; = q11 —q21 =
q/, —q3, and k? must be expressed in terms of x; and k;, (see Eq. (3.10)).
We recall that the parameter s, must be taken tending to infinity before the
limit € — 0. From the expression (3.8) one can see that the tensors b*” fall
down as 1/k;2 at k,2 — oo at fixed ;. Therefore the integral over k; in
Eq. (3.24) is well convergent in the ultraviolet region, so that the restrictions
imposed by the theta-function can be written as

7.2
ki

S

T > (3.33)

A

Let us discuss the properties (2.13) and (2.14) of the two-gluon contribu-
tion to the kernel (2.2). As for the subtraction term, its properties (2.13),
related to gauge invariance, follow directly from the corresponding properties
of the “Born" kernel (2.9). Properties (2.14) are provided by the appropri-
ate symmetries expressed by Eq. (2.9) and the invariance of the logarithm
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and the integration measure d”~2r/(7%7'?) in Eq. (2.6) under the exchanges
G —q, 7o - aswellas i & —Gr, (-7, 7 —7.

Turn now to the non-subtracted contribution (3.24). Since its “gauge-
invariance" properties (2.13) are provided (see Egs. (3.26) and (3.27)) by the
conversion into zero of the tensor b*1*2(qy;k1,k2) at g1 = 0 and at ¢o; =
(g1 — k1 — k2)1 = 0, they can be easily seen from the representation (3.8).
The symmetry with respect to the exchanges ¢; < —g; can be also easily
seen from the representation (3.24), taking into account Egs. (3.26) and
(3.27). As it was already discussed, the symmetry relative to the exchanges
G1 < —G , ¢ —q follows from the general representation (2.7) and the
invariance of the vertex %-C; 1G2 (g1, q2) with regard to the L «— R exchange.
However, it is not easy to derive this symmetry from the representation (3.24)
using Egs. (3.26), (3.27) and the tensor bo3(q1; k1, k2) presented in Eq. (3.8).
The matter is that the gauge (3.5) breaks the symmetry between ps and p1,
so that a transformation law of this tensor under the L «— R exchange has
not a simple form like that of Eq. (3.3). Moreover, the choice of the variables
x; also destroys the symmetry between p; and p. To restore the symmetry
one has to introduce the variables y;, defined as

.
yi:j, y1+y2=1, (3.34)
concerned with x; by the relation

2
Y1 _ a2 kyy

= . 3.35
vk (3.35)
Using this relation and taking into account that
k1 — x1ks)? k1 — y1ks)?
B2 — (z2k1 — x1ko) _ (y2k1 — y1k2) ’ (3.36)

T1T2 Y1Yy2

it is easy to see that the phase space element doge (3.32) is invariant under
the exchange x; < y;. Note that in terms of the Sudakov variables the
L «—— R exchange means

Bi < a;, qiiL < —ga1, qL < —qL (3.37)
or, in terms of z; and y;,
Ti oY, L —q21, (L < —qL - (3.38)

As it was already mentioned, under this exchange the transformation law for
the tensor b7 is not the same as for A" of Eq. (3.3), because of the choice
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of the gauge (3.5). It is not difficult to understand that the transformation
low must be

bag(qu; ks k)| L = Q% (k1) 5 (k2)bso (q15 k2, 1) (3.39)

where the tensors Q%7 (see the definition (3.12)) take into account the gauge
change under the L < R exchange. One can check directly using Eq. (3.8)
that the property (3.39) is indeed fulfilled. Together with that of Eq. (3.13),
this property demonstrates once more that the functions F;, and Fj, defined
by Egs. (3.26) and (3.27) respectively, are invariant with respect to the L « R
exchange. This means that, due to the invariance of the phase space element
discussed above, the contribution (3.24) is symmetric under the replacement
G o —B G —q

From Egs. (2.6), (3.20), (3.23) and (3.26) it follows that the subtraction
term can be written as

4N262 d2+2€k/’ 2
Gt [ oot (Falbrs ks + Fahn k)lasc)n (733 )

doca
=8¢'NZar / 2T (21 Fa(ks ko)lay =1 + 22 Fa k1, k2)ley=1)

4 nr2 2+2¢ 2
g"NZagr d“m=k k
(27T)D_1 / (27T)D_11 (Fa(kla k2)|11:1 — Fa(kl, kg)|x2:1) In <k/’_§ . (340)

1
Here the equality ar = C%, the expression (3.32) for the phase space ele-
ment and the restrictions given by the inequality (3.33) on x; were taken into
account. Note that the second integral in the R.H.S of Eq. (3.40) is com-
pletely antisymmetric with respect to the substitution q; < —@, ¢ < —¢.
Therefore the subtraction term can be obtained by symmetrization of the
first integral. Consequently, using the definition

1

(F-a). =

we can write the two-gluon contribution to the kernel (2.6) in the limit sy —
oo in the form

L)~ SO+ s [f@) - FO, (341)

4N2 d2+25k F (ks ko) + bFy (k. b
IC( )(Q1,q2,7— S/ / 1 (arFy(k1, ko) + brFy(k1, ka) ’
z(1—x) N
A (3.42)
where z x1 and the operator S symmetrizes with respect to the sub-

stitution @1 < —@, ¢ < —q¢. It was used here that Fy(k1,k2)|s—0 =
15



Fy(k1,k2)|z,=1 = 0, according to the definition (3.27) and the properties
bP(qrs k1, k2)|ar—0 = b7 (qu; ko, k1)|ey=1 = 0 .

Since the coefficient by is equal to zero for an octet representation, the first
term in Eq. (3.42) is determined by the two-gluon contribution to the octet
kernel, which is already calculated [10]. Therefore, our task is to calculate
the second term. However, we have found that to calculate just this term
is not the most convenient way because of the rather complicated form of
the convolution Fj. Instead of this we find more convenient to calculate the
“symmetric" contribution

4N2 d2+2€k1 Fy(ky, ko)
Kea(q, @2;q / dz/ ( d ) , 3.43
Su(@ 3 q) = H1-a) ), (3.43)

where the function

Fs(k1,k2) = Fo(ka, k2) + Fy(k1, k2) (3.44)
is given by the convolution
(0P (qus k1, k2) + 07 (qus k2, k1)) (bap (a5 b, k2) + ba(dhs ko, k1)) . (3.45)

Taking into account that ag = 1/4, we can present the two-gluon contribution
to the kernel for any representation R as

KE (G, @ @) = 4(ar — br)KSL(G, @ @) + brKSL(G, @i @). (3.46)

4 The “symmetric" contribution to the kernel

Calculation of IC(G% (q1, ¢2; 4) seems to be more convenient since the sum

ko kD
0% (qus ki, k2) + 07 (qus ks k) = ‘11221#
RGN

_lgaﬁ i =201k Cmakfigr —mgd (o — k)] @GR (o - k)
2 1

1 .Tltl k/’%J_gl

1 aB,. qu*QQuku zl‘lflkgl*@(‘h kQ)J_qu qu( —k2)¢ k

1 =
2 € tg $2t2 k/’thQ

3

(4.1)
looks simpler than b®%(q; k1, ko) and b5%(qy; ke, k1) taken separately. Note,
however, that Fs(ki, k) does not turn into zero at the points 1 = 0 and
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22 = 0, in contrast to Fy,(k1, k2), so that the prescription (3.41) is necessary
in Eq. (3.43) to remove the “Regge divergencies", i.e. the divergencies at
xz=x1 =0 and z = 1. We shall use the decompositions

b (qu; k1, k) + 0P (qu; ko, kr) = 057 + 057 + b7

b (g Ky ko) + 0P (dy s ko, ) = b7+ 577+ 0,7 (4.2)
with 5
a2 ke ‘| kg
pof = ALLT2L (4.3)
ki k3,
ws L ag @ —2qikin wky dl —wigd (- k)Y
b1" = —-g %2 = — =
2 t1 Tty
7‘1%_]“?1(‘11 - kl)[j
5= (4.4)
kit
and
1 @, —2q1kss T} I z2(q1 — k2)9 g’
bg‘ﬁ gLﬁ L=~ . 111 \ 191
2 tg .Tgtg
—k k:
_diila = k)t (4.5)
kQLtg

The tensor bOﬁ does not depend on x at all; as far as b1 ' Is concerned, it is
easy to obtain

baﬁ| 0= 7% baﬁ| o= (‘h - kQ)iQfJ_ 7‘1&_(‘]1 kz) k2J_ (4.6)
b kt, 7 (1 — k2)7 k3 (1 —k2)3

baﬁ| = a7 (g1 — kl)ﬁ _ i k7 (@ — kl)[j baﬁ| =
(g1 — k1) k(g — k)7 2 k3,

Note also that at fixed x the tensors b?ﬁ have infrared singularities. The

singularities of bg‘ﬁ are evident from Eq. (4.3). As for bfﬁ with ¢ = 1,2, they
are singular at k; , where

a 1.8
(e} q k
b1ﬁ|k1L*>0 = = —2lL72l . (48)
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Accordingly to the composition (4.2), we present Fs(ky, k2) in the form
Fs(kl,kg) = (A0+A1+A2+A3)+(k1 <—>l€2) . (49)

Note that, since the total convolution (4.9) includes the terms obtained by
the substitution (k1 < ko) from A;, the choice of A; is not unique. We get
(in the following in this Section only transverse momenta are used and we
omit the L sign; pay attention, however, that the Minkowski metric is used)

B/ Q%q/f
Ao b”‘ p, o= 4 4.10
0 ai 2]{:%]{:3 ) ( )
q/2
Av = 0776 o5 + 0570 05 = — 15 [ (kikz)(ai — 2q1k1)
TRk,
X
+x—?kf(q1kr2) + (qf — (q1k1)) (ka1 — krl))] + (@ < q) , (4.11)
. 1 [(p=2
Ay = 0070 5 = 2.7 [( 1 )503((1572(11161)((1’12*2(1’1 k1) + 22 (i — 241 k1)
1

(@) + ) = 2a2) + B + (et )l — ket — k)
22 ) ah o — k) + B (22K lah — b))

+(qi = 2(qk1)) (@2 — k) — k) | + (4 < q)) (4.12)

As for Ag, its definition is not so simple. Actually As is constructed from
b‘f‘ﬁ by o5- Note that this convolution is invariant with respect to the simulta-

neous substitution k1 < ko and ¢; < ¢}. As for the two terms in b?ﬁbg af
which are obtained from each other by this substitution, we have taken one
of them in an unchanged form, whereas in the other we have performed the
substitution k; < ko, so that it can be obtained from the first term by the
substitution ¢; < ¢}. Of course, this procedure is not unique. We define As
as

_ 1 (D=2
AR 4

z122(q5 — 2q1k1)(q — 24} k2) + (¢ — 241 k2)
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X <(qlk1)(1 + x]i%ql ) — 250111%) + (q1k2) (g1 k1) + (q1(qh — k2)) (g1 (g1 — K1)

o2 P2(@1k2) (a1 ky — kok1) — 21(qika — Kiks)(q101 — qiks)

+ ql 1'1]{3%
20 q2q/2
*—2(111111)(]?1(11/1 —k2)) + k12k12 (qika — kika)(qy k1 — koka) | + (¢ < 4)) .
k3

(4.13)
From Egs. (3.43) and (4.9) it follows that we can present IC(C% (G1,42; Q) as

) e 4g*°N2 T(1 -
KSh (@, @ @) = (2i)D—1 (iﬁ)ﬂ? (Jo+ T +F+T3), (4.14)

e [l ety (M)

Since Ag does not depend on x, the integral Jy evidently is equal to zero ac-
cording to the definition (3.41). The integrals J; with ¢ # 0 will be discussed

below. Here we note that IC(C% (¢4, @>; @) is finite in the limit € — 0. Indeed,
let us consider the terms in A; having non-integrable infrared singularities in
the limit e — 0 . These terms can be easily obtained using Egs. (4.3) and
(4.8), as well as the explicit expressions (4.11)-(4.13):

a7 (q1k2)
A1|sing = _1]{3%7]6%4_((]1 - (Zi); A2|sing -

where

—

qq,)
2k2

+(q1 < ¢1), Assing = 0.

(4.16)
We see that the infrared singular parts of A; do not depend on x. On the
other hand for A;|,—0 and A;|y=1 we find (it can be done using Egs. (4.3),
(4.6) and (4.7) as well as Eqgs. (4.11)-(4.13) )

12
k
A1|x70 _ 7q1 (ql 2)

kiks
Aot = i’ 2 (qik1)) (k k ]
1e=1 = *m(% —(@1k1)) (k2 (qn — k1)) + (@ < q5) »  (4.17)
1R3
A2| 0= (quﬁ) +(q (_)q/)
2k3 e
( kl)( - kl) / q? 2 ’
Aol = L 2 s (-
2|z71 ( — kl) ( 1 — k ) (qlql ) + k% (ql (qul)) + (ql qz) )

(4.18)
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qik2
(quay) — Q?(I{:—Q) +(qi < q), Asla=1=0.
2
(4.19)
Comparing these expressions with the results (4.16), we see that they do not
contain new (i.e. different from A;|sny) non-integrable infrared singularities
in the limit € — 0. Therefore such singularities are absent in (A4;/[z(1 — x)])

Aglao = — (ki(qy — k2))
- ki (q) — k2)?

+-

4.1 Calculation of J;

In order to calculate the integral 77 it is suitable to first integrate over x and
then over k;. Using the invariance of the integration measure with respect
to the exchange k1 < ko, after the first integration (here and below we omit
in integrands terms giving zero after the subsequent integration) we obtain

r2 2+2¢ 2
7= / A=k %ln (¢ le)
2 ml+el(1 —€) k3 k3

2 2 2 2
a1 92 a2 g3 + 2q2k1) ’
X — - + (¢ < q;) - 4.20
( B(a— k)2 (¢ — k)? k2 (@oq). (420
Note that the singularities of separate terms in the integrand at k; = 0,
ko =0 and ¢ — k1 = 0 cancel each other.

Details of the calculation of this integral are given in Appendix B. At

arbitrary € we find
q/ 2 1 1
T = _1/ dm/ dyye—l
2 Jo 0

Xl((ﬁk%amuyux»@@yaﬁ» >Hn(17)
(—(k2(1 = 2) + gd2)(1 —y) — gdz(1 —2)y) “2(l-2) ), -z

(1-eqig

CHR(—2) + o)1 - y) - Fa(l - )y)

The integral cannot be expressed in terms of elementary functions not only
at arbitrary D, but even in the limit ¢ — 0. In this limit we have

| T (@eoaq) . (421)

o QQQ (kQ_Q%—Q§)2_4Q%Q% 2 2 2
Jr= 5 ( k2 I(k*, 43, q7)
K +a3—ai, (K i /
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where

e dx 0 a(l —x) + bx
Ia,b,e) = /0 a(l —z) +bx — cx(1 — ) ! ( cx(l —x) ) ' (4.23)

Note that the integral I(a, b, c) is invariant with respect to any permutation
of its arguments, as it can be seen from the representation [15]

1,1 r1
1— — —
I(a,b, C) _ / / / dl‘ldl‘gdl‘35( 1 T2 .1‘3) . (424)
0o Jo JO

(axq 4 bxo + cxs)(x1x9 + 123 + T23)

In particular, I(k?,q3,q3) does not change under the substitution q; < —go.

4.2 Calculation of 7,

The order of integration used for the calculation of J; (first over 2 and then
over k1) is suitable for the calculation of 7> as well. Details of the integration
are given in Appendix C. The result of the integration over x can be presented
as

o et s (o oo 580)
R ) 1)
T

1

) (g1 — k1)% — (¢] — k1)? (qu _ ,ﬁ;)} +(q < q) - (4.25)
)

At arbitrary e the integration in Eq. (4.25) gives

o= e () () = ()
11+ 7e q2 ,
(2(1 T39Erag YOO 2e)> ~Lraa),  (20)
where
"o PPk (- k) — k) (g1 — k1)*(q1 — k1)?
Li(qu,q1) = —/ﬁlﬂr(l Sy ¥ P T In ( )

(4.27)
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This last integral cannot be expressed in terms of elementary functions at
arbitrary €. In the limit € — 0, instead, at fixed nonzero ¢ it becomes

Lgng) = —n () (4 (4.28)
+\q91,41) = 3t q2 n q2 . .

Note that for I (g1, q¢;) the limits e — 0 and ¢ — 0 are noninterchangeable.
However, it does not matter for J2, where Iy (g1, g} ) enters with the coefficient
~ q%. At € — 0 we obtain

11 67 q2 q2 q/2
— (2 r2 o2y (222 80 oy D (), (D
Jo = (q1 + @1 q)( o T1s )) 5 n(qg 2

11
+5 (@ In(—¢7) + ¢t In(—¢4?) — > In(—¢%)) . (4.29)

Appearance of the pole at ¢ = 0 in J> does not contradict the statement
that non-integrable infrared singularities in the limit ¢ — 0 are absent in
(Ai/[z(1 —x)]),. The pole term comes from the ultraviolet region. Indeed,
one can see from the expression (4.12) for Ay that, after averaging over the
azimuthal angle at D = 4 in the limit of large |k1|, we have

(ﬁ) ~ qllf—gﬂ(z(l —z)—2). (4.30)
+ 1

The pole term in Eq. (4.29) is just the doubled result of the integration of the
expression (4.30) over dxd?T%¢k; /w. Evidently, the ultraviolet divergency is
artificial and appears to be the result of the separation of F;(k1, k2) as shown
in Eq. (4.9). Indeed, as it can be easily proved from formulas (4.12) and
(4.13), the terms leading to such divergencies cancel in the sum As + A3 +
(k1 < ko). This means that the pole term in 7 is cancelled by an analogous
term in J3 (see below).

4.3 Calculation of 73

The integral J3 is much more complicated than the preceding ones. As a
consequence, the trick of integrating first over z, applied before, cannot be
used in the calculation of 73, because it leads to terms with the denomina-
tors containing a third power of k;. Such terms cannot be integrated over
k1 by known methods. This complexity is connected with non-planarity of
diagrams represented by J3, which is seen from the denominator ;% related
to the cross-box diagram. The complexity of contributions of the cross-box
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diagrams is well known since the calculation of the non-forward kernel for
the QED Pomeron [17] which was found only in the form of two-dimensional
integral. In QCD the situation is greatly worse because of the existence of
cross-pentagon and cross-hexagon diagrams in addition to QED-type cross-
box diagrams. It requires the use of additional Feynman parameters. At
arbitrary D no integration over these parameters at all can be done in ele-
mentary functions. It occurs, however, that in the limit ¢ — 0 the integration
over additional Feynman parameters can be performed, so that the result can
be written as two-dimensional integral, as well as in QED. Details of the cal-
culation are given in Appendix D. The result is

11 '

1
Tz = 12( +a4* - ¢%) (; +1n(—k2)+1) + J(q1,42:9) + (5 < ¢})

with

2 2
J(a1, a3 / dx/ dz{(hfh ( 2—$1$2)1D( QkQ) —j In (g ))
0

1 T1T2
JF@ ( 5 (@i — 2q1m1) (a7 — 24 r2) + ¢ a1 (r1 — 2q1) + 4w1q7 (q)r2)

9
+a (i — iy — qre) + 2(qyr) (are) — 2(qyre) (ar) + o (qPqirs

2
—— (2(1 = 2)d2qd; + ¢ (zqrk + (1 — 2)q1d}))
Qowl

Q2

1 1 Q
+’2K a0 = Sonah ) )i () o+ ()
& || @ (z2q) + 42) xl‘h(‘h )r2 2 ) a(q) )TO 2

(2 (qir2)aik + x2(dir2) (g5 — k) + 2(q2r2)q1q)

rand; (g, = ran)

1
qro)qi k
202 0 —(q170)qy

2
+%(%m(%)—5§(%3wwm+mW—%m¢+@mmm)

1 /1 2 1 1
() - o) oo o)

R Q_Qc) (g272) (g5 k) (Mi% - %%c) + (g2k)(dar1)

(7
x (i% _ %gc) ~ (qar) (@) (Q2 4 k—Qc) _ (q22q5)c)” @31
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Here

r = zaqi+(1-2)(zk— (1-2)g3), 2= 2((1—2)k—2g2) +(1—2)(1 - 2)qi;

@ = —a(l - &)(gtz + (1 - 2)) - 2(1 - 2)(@e + g (1 — @) — (1 — ),
(

pp=Q>—rl ro=zk+(1-2)q;, Q¢ = —2(1—2)¢5, ug = —2k>— (1—2)q?%,
d= N1M2+k2Q2 =z2(1-2)z(1 - x) ((k/’Q_% _Q2 )( _‘h 9> + k? 2)

2)
+igrz(vtz—1)+qte?(1—2)(1—2)(1—2—2), L= Tl (4.32)
142 q1 492 ’ k2Q2

5 Non-forward kernel

In pure gluodynamics, which is considered here, the part IC&R) of the BFKL
kernel (2.2), related to the production of real particles, for any representation
R is given by the sum of one-gluon IC( ) and two- gluon IC ac ) contributions.
Using for the last of them the decompomtlon (3.46) we have

KR = /C(GR) +4(ar — bR)IC( + bRICGG , (5.1)

where the colour group coefficients ar and bg are defined in Egs. (3.25) and
the one-gluon contribution IC(GR) is given by Eq. (2.12) (for arbitrary D see
Eq. (4.10) in the last of Refs. [8]). The two-gluon contribution for the octet
channel IC(C?%; was calculated in the second of Refs. [10] (see there Egs. (61)
and (63) for arbitrary D and for D = 4, respectively). The calculation of the

“symmetric" contribution IC( ¢ performed in this paper solves the problem of
finding the expression of the non forward BFKL kernel for all possible colour
states in the t-channel. This contribution is determined by Eq. (4.14), where
Jo = 0 and J;, for i = 1 + 3, are given by Egs. (4.21), (4.26), (D.8) and
(4.22), (4.29), (4.31) for arbitrary D and for D = 4 correspondingly. Note
that everywhere in these formulas the bare coupling constant g is used. The
transition to the renormalized coupling g, in the M S scheme takes place by
means of Eq. (2.5).

For the most important colour singlet case, using ¢; = a; = 1 and cg =
by =1/2, from Egs. (5.1) and (2.12) we obtain

1
K =2K® + §;cgg : (5.2)
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Because of the significance of this case let us consider it in more detail. We
present the kernel IC,(}) obtained from the above stated sources in the limit
D =4+ 2¢ — 4 as sum of two parts,

Kgl) _ Kizng +’Creg , (53)

where the first, given by

. L 2§2u—26 q»2q/2+q*/2(j' . 11
’Cilng((h,q%q): o _€)< 142 1 2 q2> 1+g#|:

mltel(1 L2 3¢
2\ ( 11 67 404 11
— ——+— =2 —— 414 2 5.4
+(M2>{36 02)+e (- + 1463 + c<>)}]},< )
contains all singularities and the second, putting ¢ = 0 and gﬁ =

as(p?)N./(47) , becomes

reg( = = ag :u’2 Nc2
IC’I“ g(q17q2;®: 567733

o o 50 11 / a2
2G2+3 —77) (<(2) - g) -3 (qf In (E—g)
—;2 In (:_2) —;21 <Q1 qs ) 6'12(?2/2 B (72(71/2 In <§)>+§2 (1 1112 <§>

k2 qs 2 qs
_,,2 712 72 7/2 72
( Jn(5e) () (52)) +m () (5 (32)
q q 45 2 k2
_‘/2 (q1 ) (71 (E/Q + @qulQ ln (g) + q—l (q = 3q2 ) ln k—'_j
k2 2k 2 75 2k 2 qz

12922 52 7.2

3q7 — k 2,72 2 - 222 | - 2o

e (;%2 ZEON <—q~2>>+<q2(k‘2—q12—q22)+2q12q22+q12q1 + 0
1

N 5 + @2 1425 41

+{q‘;<—>(j’i’} . (5.5)

Here the functions I(k?,q3,q7) and J(q1,q2; q) are defined in Eqgs. (4.23) and
(4.31) correspondingly.

—2 2 —72 72
4 — @ )q° +q g k< . 2 o
@ @@+ ) R s ,2)> 1R )

—2J(q1, @25 Q) — 2J(—@2, —q1; —q)
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All singularities of ICQ) are contained in the first part. We remind that
IC(GR) and IC(GJEZ separately contain first and second order poles at € = 0 (see
Eq. (2.12)). In the sum of these contributions the pole terms cancel, so that

at fixed nonzero k2, when the term (EQ/;LQ) in Eq. (5.4) can be expanded

in ¢, the sum is finite at € = 0. But the kernel (5.4) is singular at k2 = 0 so
that, when it is integrated over g, the region of so small k2 values such that

€| In (EQ/,uQ) | ~ 1 does contribute. Therefore the expansion of (EQ/,uQ)

is not done in Eq. (5.4). Moreover, the terms ~ ¢ are taken into account
in the coefficient of the expression divergent at k2 = 0 in order to save all
contributions non-vanishing in the limit € — 0 after the integration.

As it was already discussed, the “symmetric" part IC(CfG of the kernel
(5.1) is finite in the limit ¢ = 0. Moreover, it does not give singularities
at ¢ = 0 when the kernel is used in the equation for the Green’s function.
Indeed, the points ¢ = 0 and ¢ = 0 do not give such singularities due to
the “gauge invariance" properties (2.13), because these properties are valid
for any representation. Its validity for IC(G‘% can be checked explicitly using
the properties of b*?. It is not difficult also to see that IC(C;% has not non-
integrable singularities in the limit € = 0 at k=0.

For the singlet case the infrared singularities of ICSD must be cancelled by
the singularities of the gluon trajectory after integration of the total kernel
with any nonsingular at k = 0 function. The total BFKL kernel in the singlet
case must be free from singularities. It is not difficult to see that it is the
case, using the equality

- (2o ()-8 [3 (- ()1 (5-x0)

« <% +2In <M—§)> - 42—074 + 2§(3)] . (5.6)

It is convenient to represent the total kernel in such a form that the cancella-
tion of singularities between real and virtual contributions becomes evident.
For this purpose let us first switch from the dimensional regularization to
the cut-off k2 > A2, A — 0, which is more convenient for practical purposes.
With such regularization we can pass to the limit ¢ — 0 in the real part of
the kernel, so that its singular part assumes the form

K303, @ 0) — 0@ — )7 = XK (@1, @ D)oo
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= as(W)Ne (G35 + 3% 72
272 L2

X{l - sl (13_1 In (i-) - 24(2)) }e«qa —EB) X))

The trajectory must be transformed in such a way that the cut-off regular-
ization gives the same result as the € regularization:

: 1 [d*re Lo L
w(t) — wy(t) = lim <w(t) 4= / EB e (G, g D0 — @) — >\2)>
€—0 2) G4

- ) 3 o )
—1n? <2—z)> - <% — %2> In (A—f) + 6§(3)]} : (5.8)

It is easy to check that the integral over d?qs of the total kernel (2.2) with
any function non-singular at k=0is A -independent in the limit A — 0.
Moreover, it is equally easy to find a form of the kernel which does not
contain A . It is sufficient to find a representation

or(=q2) = / Pao (@1, @)0((d — B)° — N2) (5.9)

with such a function f, that the singularity non-integrable at k= @G — G =
qi — @ = 0 is cancelled in the “regularized virtual kernel"

oo oo o KEI(G, o Q)] e=o
K9(q1, @2 @) = ful@i, @) + [ul@ . @5) + — ((qu_»,g L . (5.10)
2 42

After that we can proceed to the limit A = 0, obtaining

(IC(U\I/) (@) = /quz{KZeg(il,tfz;@‘I’(‘Tl)

K9 (qh, @5 Dle=0 /g, - o KT(GL D)
+ =3 272 V(@) —¥(q@) + ——=5=7—VY(@) . (5.11)
d3'4q> qds 4o

Of course, the choice of the function f,, contains a large arbitrariness. One
simple choice is

e O‘S(/L2)N6 q_i2 as(p)Ne (11 k2
fol@i, @) = — 92 o -2 7o 1- 4 gln —
™ kgt +k?) m 1
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67 11 k2
9 +2¢(2) + (6((3) 3 C(Q)) (q12+E2)>} . (5.12)
We have to say that the integral (4.31) for J(¢1,¢2;q) entering into all
kernels besides the octet ones definitely is presented not in the best form.
We have decided to present it in such shape in order to give a possibility of
further development to people interested in this subject. The results of our
efforts on simplification of the kernel and investigation of its properties will
be presented in a subsequent paper.
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Appendix A

For the colour group SU(N,.) with N. = 3 the possible representations R are
1,84,8,10, 10, 27. Corresponding projection operators are

A 5bb’5aa’
(bV'|Prlaa’) = 35— (A1)
0V [P, |aa’y = JoreJaare ”b’;f““’c , (A.2)
A~ N,
(bb/|P85 |G/a/> — dbb’cdaa’c N2 _ 4 5 (AS)
. 1 2 . .
(bbll7)10|aa/> = Z |:6ba6b’a’ - 6ba’6b’a - Ffbb’cfaa’c + Zfba’cdb’ac + 'Ldba’cfb’ac]
(A4)
R 1 2 . .
<bb/|'Pﬁ|aa’> = Z |:5ba5b/a’ — Opa/Obra — Ffbb’cfaa/c — i frarcdyrac — Zdba/cfb/ac:|
(A.5)
| 2 2(N, + 2)
== - 1 - ’al ’ / _ - / /
<bb |7)27|aa > 4 + Nc (6ba6b a + 6ba 61) a) NC(NC + 1) 5bb 51111
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2
-1 d /cdaa/c d acd 'a’c d ’acd a’c| - A6
<+Nc+2>bb + dbaclp + ayp b (A.6)
Here fupe and dgp. are defined by the relation

c
tatb = (dabc + ifabc)% + 6ab2i]vca (A7)
where t* are the group generators in the fundamental representation, nor-
malized by the requirement tr(t%t%) = §,,/2 and I is the identity matrix.
For generality, we do not put here N. = 3, so that above expressions are
valid for the SU(N.) group with arbitrary N.. Corresponding representations
in this case have dimensions

(N2 —4)(NZ - 1)
4 )

2
n1=1, ng :ngS:Nc—l, Nio = N1 =

a

(Nc + S)NE(NC - 1)
1 .
However, at N, > 3 there is an additional representation with dimension

No7r = (AS)

(Ne + 1)NZ(Ne — 3)

NN.>3 = 1 (A9)
and projection operator
A 1 2 2(N.—2)
b’ N== (1= = (Bpadtrar + ObaOba) + ————"2 6ty O
(bb| P >3lad’) = 2 [( NC) (8babrar + ObarObra) + NN, 1)
+11 2 dpycd dpacd dpacd (A.10)
Nc — 9 bb’ claa’c bacWb’a’c ba’clb’ac| - .

In SU(3) this projection operator turns into zero due to the equality

1
dbb/cdaa/c + dba’cdb/ac + dbacda/b/c - g (5bb/5aa’ + 5ba’ 5b/a + 5ba5a/b’) 5 (All)
which holds at N. = 3. The following useful identities with

Tlgc = —ifabe, Dgc = dabe, [Faan] =i fapc ", [Faan} = i fapeD®
(A.12)
are valid at arbitrary N:

Tr(T*) =Tr(D*) =Tr (T°D") =0, Tr(T"T") = N.5*,
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N2 -

Tr(D*D") = Ne ZA5a (T°T°T°) = ZN7 fabes Tr (T°T°D°) = %dabc,
a c Nc2 —4 a c N02 —12
Tr (D*D'T¢) =i o fabes Tr (D*DPD?) = —o dave:

1 N,
Tr (TaTbTCTd) = 6ad6bc + 5 (511175011 + 6ac(sbd) + I (fadifbci + dadidbci) )

N,
Tr (T°T"T°D*) = iT (dadi foci — fadidbei)

N2 — N

1
Tr (TaTbDCDd) = 5 (5ab55d - 5a55bd) 4N fadszcz adzdbcz;

1 N,
Tr (T°D'T°D?) = —3 (Oab0cd — GacOba) + e (fadifoei + dadidpei)

]\72 N,
Tr (TanDCDd) = 'L_fadzdbcz + i AN fabz cdi + 1— 2 abifcdi;

N2 4 N2 8
a b pend) c
Tr (D*D’DD?) = N 0adOpe + 5ac5bd+ ONZ —~——0ab0cd
N, N2 - 16 4
— JadiJbeci Cida zd ci*_da idc 79
+4fdfb + N iy N, Lavided

2
fadifbci + dadidbcz fablfcdz - abz cdi + F (6ad6bc - 5ab60d) =0. (A13)

C

These equalities (A.13) can be derived from the relation (A.7) and the com-
pleteness of the matrices t* and I. The properties of the projection operators

PP = ZP =1 (A.14)

can be easily obtained with the help of these equalities, as well as the coeffi-
cients cr:

1

01:1, Cga:Cga: —4NC.

3 cio=cg=0, co7

(A.15)

I
o
2
Vv
w
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Appendix B

Here and below all vectors are taken transverse (D — 2)-dimensional, al-
though the transversality sign | is omitted. If the vector sign is not used,
the Minkowski metric is assumed, so that (ab) = —ab. We use a standard
representation of logarithms, i.e.

d
Ina = Ea”h,:() (B.1)

and the Feynman parametrization

N T (Zai> - 5(1—2:&-)
[[e:re =2~ (H/ dxixf‘i1> = (B2
i=1 Hr(a i=170 . Zal

i=1 <Z aﬂ%) i=1

Using the notations
R = (kgfykz)ny (az —yby) , ke =k(l—z)—gez = qn(1—2)—q2 = k—q1 ¢,

Gy = — (kQ(l — ) +qu) , by =—k:=a,+qx(1—2),

o Q? ’
Ji="Gh+ (g = d) (B.3)
from Eq. (4.20) we obtain
J :3/ Pk (o — k1)?)” @G @
Yov ) (- ()R \K(q - k)? (¢ — k)2

q2 + 2k1q2 | / / dx(1 —z)Vz™" / d>t2¢g,
v=0" 5u rl1+4v) 1—1/) mltel(1 —¢€)

% (Qy%fb ‘J2V (‘h —k* — 2k2Q2)V) o

R (- T R?

_ﬂ/l dx(l —x)Vz™" /1 dyy<!
v Jo TA+)L(L=v) Jo (a, —ybs)'™
(1 — e)a2a2 va2 v
y [ (( )aid; V4 + ;(q% — k2 —2ykrmq2)] lv=0

az — yby) (1—2x)
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1 1 1 — e)a2a2
:/ dm/ dyy<? ( 6)‘1122_6 ln( z )
0 0 (az _ybw) l—z

d 3 d ¢ — k* — 2yk,
—In(1 fx)—i% T S P yl_ 12
dl‘ (az - ybx) ‘ d.fE (ax - ybr) ‘

(B.4)

Subsequent integrations can be performed only in the limit ¢ — 0. Note
that proceeding to the limit e — 0 in the integrand leads to a wrong, al-
though convergent, integral. The singularity at y = 0 requires an accurate
consideration. After integration over y we obtain

1 2 2
4193 T Ay ba
J = der |—=In| —— 1
e () (e (25) )
d q% Ay d q%ka 2k.qo ay
—In(1l—a)—=1 —Inzx— — 1
n( x)dx Ay . az — by nxdm Ay by . az — by

1 x
+— (q?qi In (—) + @ (k* — ¢3)In(1 — x)

1—x

+(¢; — k*)(k* — ¢3) Inz) Ina,] . (B.5)

Last terms come from the singularity at y = 0. Performing appropriate
integrations by parts, after simple though slightly tedious steps we arrive at

1 2 2
1 43 — 47 Qg
J1 = d 1)1
! /0 x(lw( o) Tg

1 0
=T (fﬁ(‘ﬁ—Q§—k2)w+k2(qf+q§)—(qf+q§)2)1n(a )) :

+

Using the equalities
/1 xdx ! <k2(1:c)+q22$)
n
o (k(l—1z)— qx)? gzl — x)
_altk’ g /1 du 1n<k2(1$)+q22w>
2q7 o (k(1—2)—qo2)? ¢ (1l — )
1 2 2 1 2 2.2
S (L(l A La- %)) ——h (k—Q) In (k 1 ) . (B7)
2y 9 k 4qi a3 0
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*d 1 1
L(z) = —Lis(z) = / il In(1—y), Lis(1—x)+ Lis(1—=)=—=Inz,
o Y T 2
(B.8)
we obtain
A3g3 — (K — ¢ — ¢3)? /1 dx ag
- )
1 2k o o \am— by
k? +q3 — qi k? i
—="1In In{=] . B.9
T <q2) n<q§> (B9)

This result can be reached by another way, using the analyticity properties
of Ji. To do that, let us present J; at ¢ = 0 as an integral in the Minkowski
space:

g /d/ d*k; 1 1
L= )i i) \z -k —i0  z— (g1 —k1)?—i0

043 B % a3+ 2kige (B.10)
(kf +140)((q1 — k1)? +i0) (@1 — k1)? +1i0)  (k{ +i0)
Here ki1, ¢1 and ¢o are considered as vectors in the two-dimensional
Minkowski space, so that we have

Py = Ok, k2 = (10)? - k)2 (B.11)

and so on. Eq. (B.10) determines J; as a function of ¢?, ¢35 and k? for ar-
bitrary values of these variables. For ¢ = —¢2 < 0, ¢3 = —¢@7 < 0 and
k? = —k2 < 0 Eq. (B.10) turns into the function given by Eq. (4.20), that
can be easily seen by making the Wick rotation of the contour of integration
over kgo) and performing integration over z. At fixed negative qu Eq. (B.10)
determines the real analytical function of k? with the cut at k2 > 0. Accord-

ing to the Cutkosky rules, one can find a discontinuity on the cut rewriting
Eq. (B.10) as

d?ky Q%qg 2
J d — -2
o / / (k3 +40) <(<<qlkl>2+w> ® 1"2)
(i(_ 1t 1 L1 1
2 \k?+i0 k% — 2z +1i0) k¥ +40 (g1 — k1)? — 2+ 0

2
a5 1 1
- B.12
+((ql—kl)2+i0) <k:f—z+z‘0 (ql—kzl)Q—z-i-iO)) ’ (B.12)

33




omitting the last term and making the substitutions (assuming k(®) > 0)
1 1
kZ 40 k2 + 10
1 1
kZ +i0 k2 — 2z +i0
Using these rules and removing the é-functions by integration over ki (the

most appropriate system for this is k(1) = 0, k2 = (k(?))?), we obtain for the
imaginary part

o0 2.2 2 2
Gid (1 1 R0 2)
Sy = d —
e W/O ZZ[ 2 (Ii?(ﬂ? —2) * Kz z2(k? = 2)k;

— (—2mi)?0(k3)o (k)K" O (k)

— (=270)20(k2)5 (2 — kD)OESOE™) . (B.13)

i=+
B2ogd—g [ 1 1 K0k —
4 QE 43 . 4o (2 z)
k K)—z  z z(k? — 2)
KY Y Y Ok*—2) (¢35 Ky
—_— L : = - — B.14
+k2(m?—z)+k2z+k2(m?—z)+ (k2 — 2) (m- z) ’ (B-14)

where kY and k4 are given by values of (g1 — k1)? on the mass shells k3 =
0, k2 =0and k2 =0, k? = z respectively, so that

1 2
RE =5 {(ﬁ +g3 -kt \/(q% +q5 —k?)? — 4q%q§] ,he = Rt (@)
(B.15)
The integration over z is quite elementary and gives
T
gjlz_w |:(k —q1 +q2 hl +\/ - _QQ 4q1q2
K —af — a5+ /(K2 —qf — 43)* — 44703
X In SR — : (B.16)
kQ*fh*qz*\/(W*ql*‘b) —4qi g3

The use of this equation and the equality (see Refs. [10] and [15] )

7r\/(k2 EPERRTERIE I il V(K —qf —43)” — 44703
1 2 142
k2=t — 3 — (k> — & — 43)* — 4¢3 ¢3

= (s~ it~ ) || gy (i)
(B.17
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gives the result (B.9). The absence of a polynomial in k? can be easily
checked by considering the integral (4.20) at large k2> d?2. Integration
regions which could contribute in this case are |k1| ~ |k — k1| ~ |k| and
k1| ~ |§. — k1| ~ |q1|. But the first region gives a vanishing contribution
because of the smallness of In((§1 — k1)2/k2) there. In the second region
the integrand of Eq. (B.9) with the required accuracy is anti-symmetric with
respect to the exchange k1 < ¢ — k1, so that its contribution vanishes as
well.

Appendix C

We start from the integrals

/1d (t1t)) 1 Ly ¢+ L_
o EASELS DA I _Lre -
o r(l—wx)),  2cd  2cc b=V
1 7 ogry—1 /
o (tith) 1 b+b
de (222100 ) Le— 271
/0 z< d-2) ), 20 |7 b=y ]
/1 do $2(l‘1£1£’1)_1 _ L_
0 z(1—x) L ald=Vv) ’
1 20,27 71 —1 /
x5 (xftit]) 1 c+c
g (F2lPit) N L el
/0 ac( z(1—x) )Jr 2a2[ Tob—v } ’

1 L. _ a(b — b)?
= — |1 b + a(b+ b)) — ————(c+ ¢ + L2 1
bb’{ oy BV Halb V) = sp et =) (G
where

a:k%a C:(ql_kl)Qa C/:(qll_kl)2a b:C_aa b/:c/—a,
/

cc C
L+ =In <¥> 5 L_=1In (g) 5 (02)

and after some algebra we arrive at Eq. (4.25). We remind that in the inte-
grands we omit the terms giving zero after the subsequent integration. Then
we use the following equalities:

d*t2g a c er1 (1 +e)(2+€
/1671—111(—):*(*@+ Lu+al@+e)
mltel(1—¢€) b a el'(4 4 2¢)
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A>Tk 1 c e T2(1+e
[ s (6) = (i) T
mltel(1 —¢€) b a el'(2 4 2¢)

/ >k (k) n (2) _ (_ 2)6 I'2(1+¢€)

(WL +e€) —p(142¢)) ,

mltel'(1 —¢) ab Vel (1 + 2¢)
d?T2k, (ql — kl)(q/ — k/’l) € F2(1 + 6)
2 1 / 2
In(—)=-— — N S
N / mltel(1 —¢€) ac . (a) (001) ( (Z1) €2(1 + 2¢) ’
2/ d* 2 L. (- 2)5+1 I'2(1+¢)
T ) mrra—gbv-v V1) TEt2
/ R A (- 2)5+1 I'2(1+e)
a1 —e)b—b " €l'(2 4 26)T(3 + 2¢)
/ &2k (@ —k)(g) — k1) Lo
wltel'(1 —¢€) c b—V
€ F2(1 —|— 6)

=—(-¢%) m(lﬁ(l +e€) —P(2+2¢)) . (C.3)

The first three of these integrals can be easily calculated with the help of the

representation
1 b od
S (4R = / v (C.4)
b a o a+bx

the forth with the help of Eq. (B.1) and the last three using the representation

L_ 1 dx

— = . C.5
b—v /0 cx+c(1—x) (C5)

Using these integrals we arrive at Eq. (4.26). As for the integral Iy (¢1,¢}) of
Eq. (4.27), it can be written as

Lot = - [ e (A ()

wltel'(1 —¢€) ce

_et ¢ In k_% - / Tk s In k—% (C.6)
cc q? 7T (1 =€) (g1 — k1)2(q] — k1)? @)

The first integral in Eq. (C.6) can be easily calculated at arbitrarye; we find

/ d*+2k, (g1 — k1)(qy — k1) 1 cc c+c 1 k3
_ n _ oL
mltel(1 —¢€) cc (¢?)? cc q>
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- el;((fj;e < <% 1) +¢(1—¢)—v(1 +e)+1/1(1+26))
1

—=((-a)* +(—q'12)6)) . (C.7)

The second integral in Eq. (C.6) was analyzed in Ref. [16]. In the limit e — 0

we have
/ d2+25k1 q2 | <l€%)
n|l—
T =€) (1 —k1)*(q1 — k1)* \ ¢

1 e (@)Y 1 4
= E(—qQ) m(q%q’f —ian ? . (C.8)

Appendix D

We use Eqs. (4.15), (4.13) and after a simple algebra we obtain

! 1 Ptk 1 [(D-2)
- d == 2—2 k
5=, ””<x(1z)/ T g [T el - 2ai)

2z q1ko
x (¢ — 24} k) — z—f(ihq{)(k?l (¢y — k2)) + (21— —2q1¢; + fhk’l)

+47143 (g1 k) + diar (dhar — aikr — quka) + 2(qi k1) (a1 k2) — 2(qik2) (g1 K1)
2

+p ( 2 (qrk2) (g ke — kka) + 22(d) k) (a3 — k2 + 2q1ks)

2 2 (@2k2)(g2k1) /
+2(q2k2)(q1q + q1k2)) + a7 a3 W]) + (g < q;) - (D.1)
172 N

Terms in Eq. (D.1) with z; in the denominators require subtraction, so that
the prescription (3.41) is important for them (and only for them). Note that
neither the integrand in Eq. (D.1) itself, nor the subtraction terms contain
non-integrable infrared singularities. Nevertheless, the integral [J3 has a pole
at € = 0. The pole comes from the ultraviolet region. Evidently, the ultravi-
olet divergency is artificial and appears as a result of the separation shown in
Eq. (4.9). It is easy to see from Eqgs. (4.12) and (4.13) that the terms leading
to such divergencies cancel in the sum As 4+ As.
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The integration over k; is performed using a standard Feynman parame-
terization. The basic integrals are

A2t 1 /1 dz
—_— == = I1Z —
el (1 — €) 4yt o 0 Q201=9) 7

/ AR TR s /1 dzrt
—_—— = = 1T —_—
(1 —e) Lty o Jy QX9

P hy KR 'odz v 9"
12 = iy - D.2
/7r1+ff(1 —€) 1t} xl“/o Q20-9 (WQ 2 @ ) - D2

where

Q* = —a(1—2)(giz + a7’ (1 — 2)) — 2(1 - 2) (@32 + g5’ (1 — @) — ¢*2(1 — ),
r=zzq+ (1-2)(@k— (1 -2)g3), r2 = 2((1 — @)k —2g2) + (1 — 2)(1 - 2)qs.

(D.3)
The integrals with ¢;#5k? can be calculated joining first #; and #, and then
k?. We have

/ d2+26k1 1 1 / p /
— = .T1$2 — € zZ P
Tl (1 — €) 1 thk? y (12 + yr?) )2

/ d2+2€k /{3 1 / J / dyy
= —Ix — € z
mIHeD(1 — €) £, k2 122 y (12 + yr?) )275

= T1T2 0 MZQQQ €), 7T1+EF(1 . 6) 1?1%72]{}12

my (p2 4 yr?
= —mrwa(l — ¢ / dz/ — | yPriiry — g oYM T I y (1 +yri)
’uZ + yr ) 2(1 — 6)

! riry (1 Q? 1 ghv Q?
:‘””””2/06’473 (Eln(z)‘@) 221n(7%)]+0(62’
D

where

=Q*—r}, i =—zaqi — (1—2)(@k® + (1 -2)g) ,
i = —a((1— )k + 2ad) — (1 — 2)(1 — )g . (D.5)

38



Finally, the integral with £;#,k?k? can be calculated joining ; and f,, then
the result with k7 and subsequently with k3. We obtain

/ P2k R
el (1 — €) t1#hk7k2

/ / / dzydyt3dt
=zx2(2—€)(1—¢) 3—c
Y (5 + 2kr1) — K2+ 10k — yr1)2))
v
X {(kz —yr)*(k—t(k—yr))" + 2(37 3 ( (ul —|—2k:r1) — k24 t(k —yr1) )]
1 Q? 1 u?
_ ppv (4 X Hpv (1
xlscg [ Kk (k ) rok <,u§ dﬁ)
wpr (L1, Lo+ 2 o D
—Fktry M_l__ Q2+ +T + O(e), (D.6)

where

d=pip;+ kK Q* =z2(1—-2)z(l —a) (k> — ¢ — &) (K> — ¢ — 43) + °¢°)

2,2
+qiggez(z+z—1) 4477 (1—z)(1-2)(1-2—2), L= (_u/;;gQ) . (D.7)

At arbitrary D we have

Js = /dm/ dz{

1+4+¢
+ 2Q2(1—6)

Q1Q1 ($1$2Q +— (562622E - E))

9
r129(q} — 2q17m1) (¢ — 24 r2) — o [(zzqu]i (r1(q) —r2))

1
—d’qr2) +(2(1 - ) ads + P (zak + (1 = 2)qqh)) W]

0

1
QZ(lfe)
1 /2 / 2 / ! / /
+W ar q1 (r — 2¢)) +4x1qi(qi72) + e (@ian — ¢hr1 — qar2)

1
(y(u3 +yr3))
y(1—¢)
(y(ud +yr3)*

1—¢

P2 ars) — 20 o))+ [ 1 v

]
X <x_1Q1 (¢1 + k) + z2q1q] + Q1Q2> -
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T
x <2x_f(q1r2)(qik —ylqy + k)r2) + 22(q172) (65 — k* + 2yqur2)

1
(y(ug +yr3))’

y(1—¢)
(y(u2 +yr2))°

+2(qzrz)(ql(q+y7’2))) + — (xilql(q{ + k)) + —

X <§1(Q17’0)(q/1k —ylq + k)ro)> +2-90 g

y /1 3dt
0 (t(y (i3 +2kr1) — k2 + t(k —yr1)2)* "¢

(<q2<k—ym>><<k—t<k—ym>>qg>

4245
+ﬁ (y (uf + 2kr1) — k> + t(k — yr1)2)>

} + (¢~ q), (DSB)
where

Q= —2(1-2)d5", o = —2k*~(1=2)qi’, 10 = zk+(1-2)di, 15 =Qo—Hs.
(D.9)
In the limit € — 0 we arrive at Eq. (4.31).
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