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Abstract

The photon emission intensity spectrum is calculated taking into
account influence of multiple scattering (the LPM effect) under con-
ditions of recent CERN SPS experiment. It is shown that the theory
quite satisfactory describes data. The integral characteristics: the ra-
diation length and total probability of photon emission are analyzed
under influence of the LPM effect, and the asymptotic expansions of
these characteristics are derived.
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1 Introduction

When a charged particle is moving in a medium it scatters on atoms. With
probability ~ « this scattering is accompanied by a radiation. At high en-
ergy the radiation process occurs over a rather long distance, known as the
formation length l. (see e.g.[1]):

lo 2ee’

e = 14 ~292’ o= miw’ (1.1)
where w is the energy of emitted photon, £(m) is the energy (the mass) of
a particle, ¢/ = ¢ — w, 9. is the characteristic angle of photon emission, the
system A = c =1 is used.

Landau and Pomeranchuk were the first who showed that if the forma-
tion length of bremsstrahlung becomes comparable to the distance over which
the multiple scattering becomes important, the bremsstrahlung will be sup-
pressed [2]. Migdal [3] developed the quantitative theory of this phenomenon.

A new interest to the theory of the LPM effect is connected with a very
successful series of experiments performed at SLAC [4]. In these experiments
the cross section of the bremsstrahlung of soft photons with energy from
200 keV to 500 MeV from electrons with energy 8 GeV and 25 GeV is mea-
sured with an accuracy of the order of a few percent. Both LPM and dielectric
suppression are observed and investigated. The logarithmic binning of pho-
ton spectrum was used with 25 bins per decade.These experiments were the
challenge for the theory since in all the mentioned papers calculations are
performed to logarithmic accuracy which is not enough for description of
the new experiment. The contribution of the Coulomb corrections (at least
for heavy elements) is larger than experimental errors and these corrections
should be taken into account.

Recently new study of LPM effect at higher energies of electrons (¢ =149,
207 and 287 GeV), where the effect has influence upon much wider part of
spectrum comparing with ¢ =25 GeV, was performed in the H2 beam line



of the CERN SPS [5],[6]. The logarithmic binning of photon spectrum was
used with 25 bins per decade as at SLAC.

We developed the new approach to the theory of the Landau-
Pomeranchuk-Migdal (LPM) effect [7]. In this paper the cross section of
the bremsstrahlung process in the photon energies region where the influence
of the LPM is very strong was calculated with a term o 1/L , where L is
characteristic logarithm of the problem, and with the Coulomb corrections
taken into account. In the photon energy region, where the LPM effect is
"turned off", the obtained cross section gives the exact Bethe-Maximon cross
section (within power accuracy and with the Coulomb corrections). This im-
portant feature was absent in the previous calculations. The LPM effect in a
thin target were the interference effects and boundary photon emission is of
special interest was analyzed in [8]. The probability of multiphoton emission
is enhanced at high energy [9]. Correspondingly this effect is very important
for comparison of theory prediction and data. The influence of LPM effect on
integral characteristics of bremsstrahlung was considered in [10]. The other
approaches to the LPM effect theory see e.g. in [11], [12], the recent review
is given in [13].

In Sec.2 the theory predictions are compared with the recent CERN SPS
data [5],[6]. It is shown that the theory quite satisfactory describes data. In
Sec.3 the variation of the radiation length due to multiple scattering is dis-
cussed. In the region where the LPM effect is weak (¢ < &.) the asymptotic
expressions for the radiation length and the photon emission probability are
derived taking into account both decomposition over €/e. and over 1/L1, L,
is the characteristic logarithm of the problem. Appendices A and B con-
tain details of derivation for radiation length and Appendix C for the photon
emission probability. In Appendix D the structure of series over ¢/e, and
over 1/L; is analyzed for € < &,.

2 Influence of the multiple scattering on the
bremsstrahlung spectrum

The spectral radiation intensity obtained in [7], Eq.(2.39) (see also Sec.3 in
[10]) is valid for any energy and has the form

am?zdz 1
dl = wdlW = ———1 d(v) —
wdW 2r(1 —x) m ) 2L,

Fv)|, ng, (2.1)

where
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where z = vt, p = i/(2v), ¥(x) is the logarithmic derivative of the gamma
function. The functions f1(z) and f2(z) are defined by following expressions

fi(z) = (ln 02 + 1n% —Insinhz — C) g(z) — 2cosh zG(z),
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=22 T (1- 6_22) + %Lig (e_QZ), (2.3)

here Lis (z) is the Euler dilogarithm, ¢ = 0.577216... is Euler’s constant. Use
of the last representation of function G(z) simplifies the numerical calcula-
tion. The crucial parameter v is
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where Z is the charge of the nucleus, n, is the number density of atoms in
the medium, A. = 1/m = (h/mc) is the electron Compton wavelength. Here

€e is a characteristic parameter of medium, starting from this energy the
multiple scattering distorts the whole spectrum of bremsstrahlung including
its hard part: for iridium e.,=2.27 TeV, for gold £.=2.6 TeV, for tungsten
€e=2.73 TeV, for tantalum .=3.18 TeV, for lead £.—4.38 TeV.

In the case € < g, the LPM effect manifests itself when

€ €
v(z.) =1, Te=_— (2.5)
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In this case in the hard part of spectrum (1 > z > ., v¥ ~ x./x < 1) one
has (see Appendices A and B)

dI 3 4(1 — 2(1 — e2(1—1x)?
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LY. m2 dmecAe Lo LY. 9L,
here Lfa]g is the Bethe-Maximon radiation length. Note that if neglect here

the terms oc €2/e2 we obtain the Bethe-Maximon intensity spectrum.

In the recent CERN SPS experiment the iridium target with thickness
1=0.128 mm (I/Lyqq = 4.36 + 0.10%, L,qq is the radiation length) [5] and
tantalum target [6] with thickness [/ L,,q = 4.45+0.10% were used. Photons
with energy 2 GeV < w < € were detected in a lead glass calorimeter.

Obtained experimental data should be recalculated:

d I 1/ dN
(d_e) T Lyadk (dl ) ' 27)
w exp rad nw exp
Because photon energies were histogrammed logarithmically, using 25 bins
per decade of energy, one has for the coefficient &k

kn, = M:es—le.OQG,
Wmin
ky = o@mar = Wmin o€ =1 650
Wmaz T Wmin e’ + 1
Ry = merTEmin_ g oms - 088,
wmaw

Wmaz 1n10
= —— =10.092 2.8
T ; (2.8)

s = In

depending on the normalization point within bin. Here we will use k., .
Since only high energy photons (w > 2 GeV) were measured, no
boundary effects were observed. So, only the pure LPM effect was stud-
ied. For iridium £,=2.27 TeV and from one has Eq.(2.5) that the char-
acteristic photon energy w(¢) for which the LPM effect is well manifests
itself is w. (287 GeV)=32 GeV and w.(207 GeV)=19 GeV, while for tantalum
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£.=3.18 TeV and w.(287 GeV)=26 GeV. The results of calculations for irid-
ium (the initial electron energy =287 GeV and €=207 GeV) and for tantalum
(the initial electron energy e=287 GeV) are shown in Figs.1-3. The curve 1 is
the Bethe-Maximon intensity spectrum (see e.g.Eq.(2.6)). The curves 2,3 are
calculated using Egs. (2.1) and (2.2). The curve 2 presents the main term
(with the function ®(v)), the curve 3 presents the correction term (with the
function F(v)). It should be noted that the prediction of our theory (sum
of previous terms, curve 4) in the hard end of spectrum coincide with the
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Figure 1: The energy loss spectrum o in units in iridium target with
w

L?ad
thickness 1=0.128 mm (I/LBM = 4.36%) for the initial electrons energy is

€ = 286.6 GeV. The Coulomb corrections are included: curve 1 is the Bethe-
Maximon spectrum, curve 2 is the contribution of the main term describing
LPM effect; curve 3 is the correction term; curve 4 is the sum of two previ-
ous contributions; curve T is the final theory prediction with regard for the
reduction factor (the multiphoton effects). Experimental data from [5], [6].

Bethe-Maximon curve within the accuracy better than 1073, It is seen that
given values w.(g) show the scale where LPM effect becomes essential. For
used thickness of target the multi-photon effects are very essential. The re-
duction factor f in this case it is convenient to calculate using the following
general expression (Eq.(3.4) of [9]):

de dw > dw dw
= w%f, f=exp [—/w d—wldwl} (1 +0 (w%)) , (2.9)
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Figure 2: The same as in Fig.1 but for the initial electrons energy ¢ =
206.7 GeV.
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Figure 3: The same as in Fig.1 but for tantalum target with thickness
(1/LBM = 4.45%).

where the main term (with ®(v)) of spectrum Eq.(2.1) is substituted. The
results obtained are in a good agreement with Eqgs.(2.11) and (2.26) of [9].
The reduction factor f in iridium for three used energies is presented in Fig.4.
It follows from Fig.4 that if the electron energy decreases the reduction factor
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f diminishes as well. The final prediction, with the reduction factor taken
into account for used target thicknesses, present the curves T'. The data
are recalculated according with Eqgs.(2.7),(2.8) using the coefficient k,,. In
Figs.1-3 one can see that for energy 287 GeV there is quite satisfactory agree-
ment of theory with data for both iridium and tantalum, for energy 207 GeV
in iridium the agreement is somewhat less satisfactory.
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Figure 4: The reduction factor for iridium target with thickness { = 0.128 mm

(4.36% Lyqq) versus & = w/e. The curves 1,2,3 are for energies 149 GeV,
207 GeV and 287 GeV correspondingly.

3 The LPM radiation length and the average
number of emitted photons at ¢ < ¢,

The local radiation length L,..q is defined by equation
de 5
—=—I(e) =— .
dt ) =T

In the absence of LPM effect the value L,..q doesn’t dependent on energy and
defined by Eq.(2.6). In this case, after averaging Eq.(3.1) with the electron
distribution function over energy f(e,t) one obtains the closed equation for
the mean energy loss which has the solution (e(t)) = ¢ exp(—t/Lrad)-

For the first photon emission according with Eq.(3.1) Lyqq = ¢/I(¢). The

dependence on the energy of the function (I(g)/e)LBM = LBM /[, .4 for
9

(3.1)



iridium (curve 1) and lead (curve 2) is given in Fig.5. The I(¢) is the inte-
grated over x Eq.(2.1). The relative value of correction (the term with F(v))
to the main term (with ®(v)) depends on energy. It attains the maximum
~ 5% near € ~ g, for both media. So, the value of L,,q for the energy
e = 3 TeV increases 1.33 times in Ir and in 1.16 times in Pb, while for the
energy € = 10 TeV the corresponding figures are 1.58 and 1.38.
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Figure 5: The relative energy losses of electron per unit time including the

contribution of the correction term (I(g)/e)LEM = LBM /[, ., in iridium

(curve 1) and in lead (curve 2) vs the initial energy of electron.

In the region where the LPM effect is weak (see Appendices A and B)

2
L _ b {1+ 1 _dme | Gde (ln5—672.040)
13

Lyad o, 9L, 15e.  21¢2
1 [18277 5 1527252(

L_1 -/ _ -

Ee
20212 (g fe o, . 2
9295 ¢, 735 2 \ 577)] (3:2)

€

The first term of expansion over ¢/e. (not over 1/L1) was found in [10].
The accuracy of Eq.(3.2) is defined by a several essentially different fac-
tors. The first is the relative value of discarded terms O(&3/¢2) in Eqs.(A.13),
B.15). The second is the substitution of L. by L; (0. = 1) in Egs.(2.1) -
(2.4) for the whole spectrum, the relative accuracy of this substitution is
O(g/(ecL?)). The third is due to fact that in the initial formula Eq.(2.1) the
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terms o 1/L? were rejected. However, as is shown in in Appendix D, in the
region ¢ < &, the corrections x 1/L? are beginning with the terms contained
€/ee. So, in this region, the relative accuracy in the formula Eq.(2.1) is also
O(e/(gcLY))-

One can see from Eq.(3.2), that in a decomposition over ¢/e. one have
to take into account the terms o 1/L; because of relatively large numerical
values of the coefficients of decomposition. Moreover, for heavy elements
L, ~ (6-+7) taking into account of term o 1/L; results in substantial change
of numerical value of coefficients at the given degree of e/e.. Particularly
this is important for term containing In(e./€). As a result, there is essential
compensation inside the coefficients of decomposition. This permit to use
the decomposition Eq.(3.2) at relatively large energies. At e/e, < 1/10 an
error in the correction terms doesn’t exceed 10%.

As illustration we present the radiation length in iridium
(L1 = 6.9225, e, = 2.27 TeV, LEM(Ir)=2.91 mm):

rad

1 1 € 2 e g?

Traa(l0) = LEZ%(IY) (1 0.464 —1—0.04562 In . + 1.492 2) . (3.3)
It should be noted that after substitution of Eq.(3.3) into Eq.(3.1) and aver-
aging with the distribution function f(e,¢) the higher moments of ¢ appear.
Because of this, equation (3.1) ceases to be closed. We will discuss this item
elsewhere.

The mean value of photons emitted by electron is also of evident interest.
Particularly, at w < w. ~ €2/e. this value defines mainly the exponent
in Eq.(2.9). At energy where the LPM effect is rather weak (¢ < e.) the
radiation probability per unit time integrated over whole photon spectrum is
(see Appendix C)

€e e e

dw am 2w €
= — = In—+1.959 + ——
&) =2 37r€e)\cl ct 5z
1 1 917 e
—=In—+3574 — —— 3.4
+L1 (6 -+ 75 56)1 (3-4)

It is seen that allowing for terms o< 1/L; changes essentially non-logarithmic
terms in Eq.(3.4).
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A Appendix

We consider here the asymptotic behavior of the total intensity of radiation

Iy in the region ¢ < e, where the LPM effect is weak and one can put in

Eqgs.(2.1)-(2.4) v? = iv?, 0. = 1,L. = L;. This substitution will manifest
1 ¢

itself only starting from terms of the order Iz —Iy. Then in expressions for

1 €e
®(v) and F(v) in Eq.(2.2) we integrate by parts the terms « 7 and make

the substitution of variable t — —it. As a result we obtain

I= LO (J +L1J), (A1)

rad

where

I = 2Re/0 dx /OOO dte™" [2%p1(2) — 2(1 — 2)p2(2)] ;

1 () 1 1
- 2) = =
coshz+1’ Y2 27

z) = —
#1(2) sinh?z 2

and
1 o)
J, = fRe/ dz/ dte™! [zQZl(z,t) +4(1 —z)lg(z,t)} ;
0 0
l172 = a172(z)(1nt + C) + bl,g(z),

z zcothz —1
a1(z) = ¢1(2) — az(z) = ——5—,

sinh? z

sinh z’

sinh z 1 2
b = | 1-— th
1(2) a(z) In z + coshz +1 ( Feothz+ sinth(Z>> ’
inh 1
ba(2) = as(z)ln " 4 —— (4G(z)cothz + zcothz — 1), (A.3)
z 2sinh” z

here the function G(z) is defined in Eq.(2.3) and

(A4)

1—a
In Eq.(A.2) one can expand the function ¢ (2) up to terms oc z%. We find

(4) 4
~ Y1 (O)t_ 72 N Y
Jmi1 2/ d:z:x/ dte” ( 0) + i 4!>3[901(0) 2801 (0)
(A.5)
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In the integral with function @2(2) in Eq.(A.2) we perform twice integration
by parts over t. We find

1 1 B
Jma = —4Re/0 dx(l —x) [@2(0)+62_y2/ dte~t (2)( )}
- 72@(0)74535,
1 2 oo
. (171‘) dx —t (2)
S = Im/o — /0 dte oy (2). (A.6)

To calculate S we choose the value y in such way that yo < 1 and |5|yo > 1
and divide the integral over = into two. The first one is

1 1— 2d 00
S = Im (A -o)de x/ dteftcpg)(z)
0

zo T

1 2
(1 — .T) dr 1 (4)

1 1 ) (4)
1431

i (g -1+ 3mm ) 400

1

BEH

In the second integral we pass to the variable y:

Yo dy 00 _ 2)
S = 21111/ 7/ dte tcp( z
’ o y(1+y%)? Jo 2 (2)
Yo d o
21m/ (1- 3y2)—y/ dteftgog) (2) . (A.8)
0 Yy Jo

Let us consider the integral

Yo Byo oo
Sy1 = 2Im dy dt —t (2 — | == @ dte_t(p(z) E
5 sy Y Jo > \y
*Yo

1 ﬁyo dy
74 —@@@+fﬁm0

12

12

12

( +61ny0+;) o$(0) . (A7)

R

12

“yo Y
_ By (L 1 @)
= 1 gl 05 (557 - 5mg) 0]
_ @ 1 oD
= %2 (0)+ EEr (0) . (A.9)
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The remaining integral in Eq.(A.8) is

Yo
—61111/ ydy/ dte™? (2) (2)
Byo d t
) —t (4)
—Re/ —/ dte (—)
|ﬁ|2 0 Y & Y
t
= —_Rell dte oM ( )
et (o) [ ae m
Byo Ootdt (5)
+/ 1nydy/ et
0 y?
6 —zy (5)
WR n(Byo )y lnydy ze” Yy (2)dz

6 / (lny — In z)efycpgr)) (z)dz]

5 Re (53/0
c (1n(6yo)+0)<ﬁ§4)(0)* / In 20"z >d]. (A.10)

522

12

Iﬁl2

WR

Summing S, S21 and S32 we obtain for S

e )
S=3 Zo9(0) +3— Km% +20 — 6) i (0) — 2/ In 2% (2)dz ] .
€e 0
(A.11)
Substituting Eq.(A.11) into Jp,2, adding with J,,,1 Eq.(A.5) and taking into
account that

@y L _ o2 @y 16
p10) =1 (0) =5, 92000 = =3, 3 (0) = 1z, 2 °(0) = —
/ lnzgoé5)(z)dz:—0.286, (A.12)
0
we obtain
Am e  64e Ee 5 7 63 [ (5)
T =1— m=<+4+20-2——+4— [ 1 d
Be 1sg(n * 6 o1t ), e ()

g3 4r e 64&? € el
o(=)=1- i (= -2000)+0 (5 ). (A13
+ (52) 15€e+215§ e + (52) ( )
Here the first two terms agree with Eq.(3.9) in [10].
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B Appendix

Here we calculate the function J, in Eq.(A.1) defined in Eq.(A.3). In the last
expression one can expand the function I;(z,t) up to terms x z*. We find

Jo ~ (2)2/01(1—x)2dx/0wdte_ti—i(a§4)(0)(lnt+0)+b§4)(0))
= 2(2) [ee v o + 100
- %(;)2 [%ag‘*)(owbg‘”(m], (B.1)

where the function ¥(z) is defined in Eq.(2.2). The integral with the function
la(z,t) is

1 00

Jy2 = —4Re/ (1- x)d:z:/ dte”" [az(2)(Int + C) + ba(2)] . (B.2)
0 0

The term with b2(2) can be calculated as the term J,2 in the Appendix A.

Substituting ¢2(z) — b2(z) we have

JO = 72b2(0)727r§b§2)(0) (B.3)

2 0
~12 (i) [(111 Ee 1920 — §) bgl) (0) — 2/ In zbg))(z)dz] .
Ee g 6 0

Now we turn over to the term with as(2) in Eq.(B.2)

T = Re /1(1 —z)dx /OO dte tas(2)(Int + C) (B.4)

= Re/0 (1- x)daz/ dte™" (az(2) — a2(0)) (Int + C).

0

As in previous Appendix we divide the integral over z into two: 0 < z < xg
and zg < z < 1. We have (see Egs.(B.1) and (A.7))

1 o0
T = Re/ (1- :c)d:z:/ dte™" (az(z) — az(0)) (Int + C) (B.5)
xo 0
— 1 (1(1—2)® 25 4 25 (1 5\
= *W /zo ZCQ xﬁal (0) - 12|ﬁ|4 <y_g + Glnyo —+ 5) a2 (0)
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In the second integral we perform twice integration by parts over ¢ and pass
to the variable y. We find

— i m Yo L o ot a(2) (n s
e /0 y(1+y2)3/0 at [ 2 (2)(Int +C) +d( )}
d(z) = gagl)(z) — % (a2(z) — az(0)) . (B.6)

We proceed as above (see Eq.(A.8)) and expand (1 + y?)3 ~ 1 — 3y?2, then

o= o[ [ ()
o [ o G mesorne()
1

= (510 + g (3470 + 20

_ # {%ﬂa;?)(ow 12|;|52 2ag4><o)] (B.7)
and
Toy = WPIm/yoydy/ dte” t{ )(1nt+C)+d(y)} (B.8)

_ —Wlm/o ydy/o dte~t {(% (z)—ag2)(0))(lnt+0)+d(§)] .

Integrating by parts over t two times we obtain

e e 78 [ (o)
9le) = g“gg) (=) - é (487 = 0)) + 42 (2) (B.9)

The term with the function g(z) can be calculated in the same manner as in
Eq.(A10) (95" (2) = g(2))

TQ(g) WRG [(ln(ﬁyo) + C)g(0) — /OOO In zg'(z)dz} (B.10)
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Now we have to calculate the integral containing Int 4+ C

Byo
Ty = IBI‘* / dy/ etal ( )(1nt+0) (B.11)

|6|4/ 1nydy/ ze *Y (lny+1nz+C) ( Ydz
0

R

= %/ dy/o (hly—lnz)(lny+0)e—yaé5)(z)dz

6 < 72
= o) [ enty = ey = ~Ea(0)

25
2% ot )( 0) and summing 77 Eq.(B.5), Ta

Eq.(B.7), T.¢ Eq.(B.10), T\ Eq.(B.11) we find for T Eq.(B.4)

Taking into account that ¢(0) =

_ e @
T = Toa (0) (B.12)
e? [25 Ee 5 4 4 =
Jrg [I (hlz +2C — 6~ 2—57T2> aé )(0) - 6/0 1nzg’(z)dz] ;
4 1 8 6
9(z) = -ag’(2) — 5(6057(2) — 057 (0) + 505" (2) = (aa(2) — a2(0).

Substituting the obtained expression for 7' Eq.(B.12) and Jig) Eq.(B.3) into
Jy2, adding to J,1; and taking into account that

@) = o W0 = 2 P (0) = o, ) (0) = o
ba(0) =~ B 0) =~ 87(0) = 2. (B.13)
and numerical value of integrals
/Oo In 268 (2)dz ~ 0.250, /Oo In zg'(2)dz ~ 0.967, (B.14)
0 0
we obtain
Jy = % + %5 - 1‘222 ; (m%e - 2.577) +0 <§_§> . (B.15)
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C Appendix

Here we consider the asymptotic behavior of the total probability of radiation
W in the region € < &, to within terms ~ ¢/¢e. inclusively. According with
Eqgs.(A.1)-(A.4) we present the total probability in form

1 1
_ 1 1
W Lgad (W’m + Ll WU) b (C )
where
1d1' (e o)
Wn = 2Re/ ?/ dte™" [#%¢1(2) — 2(1 — @)p2(2)] ;
0 0
1 dx 00
W, = —Re/ —/ dte™" [2%11(2,t) + 4(1 — 2)l2(2,t)] . (C.2)
o T Jo

The function entering in Eq.(C.2) are defined in Eqgs.(A.3)-(A.4).
The term with ¢ (2) in the integrand of W,,, to within mentioned accuracy
is

1 o)
Wi = 2/ xdx/ e tdtp:(0). (C.3)
0 0

In the integral with ¢o(z) we divide the integral over x into two

1 d 00
Wi =—are [ T -a) [ dteteae) = A + Da(0). (€
xo 0

and

Yo o0
2 _ / dy / —t
4% = —8Re dte z C.5

m2 0 y(l y2)2 0 P2 ( ) ( )

Byo d oS} t
—8Re/ —y/ dte™t s <—>
0 Y Jo Y
v R t @) 2)
+16Re/0 ydy/o dte™ "o By =W, +Wpids

Integration of W75122)1 coincides with calculation in Eq.(A.10) with substitution

t t
<pg4) (—) — P2 (—) We have
Y Y
Byo d oo t
—8Re/ _y/ dte oo <—> (C.6)
0 Y Jo )

—4 [(ln %e +2C+1n yﬁ) w2(0) — 2/0 In znpél)(z)dz}
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Integrating by parts twice over ¢ in integral W,(RQQ)2 Eq.(C.5) we find (see
Eq.(A.9))

51/0
W<22716—1 / / dte™ 2>< )~47r o$P0).  (C.7)

Summing W( Eq.(C.4), W, m21 Eq.(C.6) and w 99 Eq.(C.7) and taking into
account Eq. (A 12)) we have

#1(0) (1)
4@2(0) 0 1nz<p2 (z )dz] +

(2) > cosh z 8T ¢
4 In—+2C - - +12 d —_——
7rEe (0) { - +20 + /0 ( smh3 ) Z] * 15 e,

Wi = —4p2(0) {ln —4+2C—-1-—

4 e 8w €
=3 (ln 4 1.959) tise (C.8)

The first term in Eq.(C.8)) is similar to Eq.(2.21) in [9].
We will consider now the probability W, in Eq.(C.2)). The term with
€

l1(z,t) gives no contribution into two first terms of expansion over —.
Ee

1
d
Wy = —4Re/ 1-2)=
0

T

/ dte~" [az(z)(nt + C) + ba(2)] = WD 4 W)
0
(C.9)

The calculation of the term Wé;’) (with ba(z)) is analogous to the calculation
above (with substitution pa(z) — ba(2))

w® = _4b,(0) (m%ﬁ 120 - 1)+8/0 In 2b} (2)d-+ 47— b(2)( 0). (C.10)

For calculation of term Wé;) (with az2(z)) it is convenient to use the
variable y

Wig) W1521 + W(227 (Cll)

Wi = —8/ dy/ dte —t( (—)—ag(é))(lnt-i-(j),

W — 8Re/0 @(1—%) /Ooodte_t(ag(z)—ag(O))(lnt—i—C).

y (1+y?)

The integral over y in Wé;i is the integral Frullani

[ @6)-w()y-eom e
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Using the last result in Eq.(B.11)) we have

W) = gw 245(0). (C.13)

In the expression for Wv(gg we divide the integration interval into two parts:

(a1) < dy 1
w = 8R = 1-— C.14
[, (- o) (4
o) t2
x/ o (ag2><o>2,52 —_ ) (Int+ C)dt =
Yo
w2 ~ 16Re/ ydy/ z) — az(0))(Int + C)dt

N N

The function d(z) is defined in Eq.(B.6), the further calculation can be done
as in Eq.(B.7)

w2 ~ 47r€3d(0) = 67r€—a(2)(0). (C.15)
Summing W% Eq.(C.10), %) Eq.(C.13) and W% Eq.(C.15) we obtain the
following expression for W, Eq.(C.1)

W, = —4by(0) (m S Yo 1) + 8/ In 268" (2)dz
€ 0
4 2
+%a2(0) + 2w€i(3ag2>(0) + 262 (0)). (C.16)

Taking into account that

/ In zbél)(z)dz = 0.0431
0
and using Eq.(B.13) we obtain (a2(0) = 1/3)

3647 € e?
Wf—l —+47655T5—+O<§). (C.17)

€
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D Appendix

Here we discuss a structure of corrections to the total intensity of radiation
at € < €, which is not included in the expansion over 1/L. contained in
Egs.(2.1)- (2.4). We will show that these corrections, which are contained
terms oc 1/L? and higher degrees of 1/L;, are beginning from terms of the
order £/e.. We will use the general expression Eq.(2.12) of [7] before decom-
position over 1/L:

dl - 2am2x
dv 1—=z

Im(0fry (G™' = Gg') +rep (G =Gy ') pl0),  (D.1)

where

1— 2
G=p>+1-iV(e), Go=p>+1, V(g) = — x92(L1_1n%_20),

de. x
(D.2)
here the quantities r1,rs are defined in Eq.(2.2) and €, and L are defined in
Eq.(2.4). In the region 1 > = > ¢/e. we expand the combination entering in
Eq.(D.l) over degrees of V

GGyt = G liVGy  +Gy VG LV Gy G iV G VG VG

(0.:3)
Substituting Eq.(D.3) into Eq.(D.1) one can verify that the terms of the order
1/L? and higher degrees of 1/L; are appeared starting from the third term
of decomposition Eq.(D.3). Their relative contribution is of the order 2 /£2.
Taking into account that

Rl . . . i 2
Gyt = z/ e~ Pt < g |e P g, >= eir(€:-02)" (D)
0

Amit
we obtain
< 0)lG7 M>—— Texp it + (0 - 07| % = LKoo - e
0 4t t  or ’
(D.5)

where Ko(z) is the modified Bessel function (Mac-Donald’s function). Sub-
stituting this result into Eq.(D.3) and then into Eq.(D.1) we get

dl am?z o
i Kg K} (0)] V(0)od D.6
dr W(l_x)/o [r1K5(0) +r2K7(0)] V(0)edo (D.6)
am? € [ri+2r ro — 11 am? &
= = L 10 = L :
4 e, |: 3 1t 9 ’ 47r €e ( 1+ 9)
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Obtained here result for I(?) agrees with Bethe-Maximon formula.
In the region = ~ ¢/e. the potential V' ~ 1 and decomposition Eq.(D.3)
is inapplicable. However in this region

d 2
dI ~ am? 1$ L~ am? (i) , (D.7)
x

and the relative contribution of this region ~ ¢/e..
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