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Abstract

The two-loop quark Regge trajectory is obtained at arbitrary space-time dimen-
sion D using the s-channel unitarity conditions. Although explicit calculations
are performed for massless quarks, the method used allows to find the tra-
jectory for massive quarks as well. At D — 4 the trajectory turns into one
derived earlier from the high-energy limit of the two-loop amplitude for the
quark-gluon scattering. The comparison of two expressions, obtained by quite
different methods, serves as a strict cross check of many intermediate results
used in the calculations, and their agreement gives a strong evidence of accu-
racy of these results.
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1 Introduction

Perturbative QCD is widely used for the description of semihard [1] as well as
hard processes [2]. But whereas the theory of the latter ones is clear and plain,
a lot of problems remains unsolved for the former processes. The applicability
of perturbation theory, improved by the renormalization group, to a hard
process with a large typical virtuality Q2 is justified by the smallness of the
strong coupling constant as(Q?). In the semihard case, however, smallness
of the ratio z of the typical virtuality Q2 to the squared c.m.s. energy s
requires resummation of the terms strengthened by powers of In(1/z). In the
scattering channel this problem is related to the theoretical description of
high energy amplitudes at fixed (not growing with s) momentum transfer ¢. It
turns out, that the Gribov-Regge theory of complex angular momenta, which
was developed much before appearance of QCD, is eminently suitable for
description of the QCD amplitudes, due to the remarkable property of QCD
— Reggeization of its elementary particles, gluons and quarks [3]-[6]. The
Reggeization means, in particular, that with account of radiative corrections
in the high energy limit s-dependence of QCD amplitudes with gluon (G)
or quark (@) quantum numbers in the ¢t—channel is given by Regge factors
(s)j"(t), with P = G or P = @ accordingly. The functions jp(t) with the
property jp(m%) =sp (mp and sp are respective mass and spin values),
called Regge trajectory, describe motion of poles of corresponding t—channel
partial waves in the complex angular momentum plane. In this respect QCD
sharply differs from QED, where only amplitudes with electron exchange in
the t-channel [7], but not with photon one [8], acquire the Regge factors.
The Reggeization phenomenon is extremely important at high energy.
The gluon Reggeization is especially significant, since gluon exchanges in the
t-channel provide non-decreasing at large s cross sections. In particular, the
gluon Reggeization constitutes the basis of the famous BFKL approach [5, 9]
to the theoretical description of high energy processes in QCD. Formulated
originally in leading logarithmic approximation (LLA), the BFKL approach
is developed now in next-to-leading one (for references see, for instance, [10]),
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since LLA is not sufficiently reliable, especially because it does not fix scales
neither longitudinal (for s), nor transverse (for running coupling « ) mo-
menta. This development extensively uses the gluon Reggeization, which
has been proved in LLA [11], but in next-to-leading approximation (NLA)
till now remains a hypothesis, although successfully passed through a set
of stringent tests on self-consistency (see, for instance, [12] and references
therein). Accordingly, the next-to-leading order (NLO) gluon Regge trajec-
tory and Reggeized gluon vertices are calculated; moreover, a way for the
proof of the gluon Reggeization in NLA is outlined (see, e.g., [10] and refer-
ences therein).

Along with the Pomeron, which appears in the BFKL approach as a
compound state of two Reggeized gluons, the hadron phenomenology requires
Reggeons, which can be constructed in QCD as colorless states of Reggeized
quarks and antiquarks. It demands further development of the Reggeized
quark theory which remains in a worse state than the Reggeized gluon theory,
although a noticeable progress was achieved last years. In particular, multi-
particle Reggeon vertices required in NLA were found [13] and the NLO
corrections to the LLA vertices were calculated [14, 15] assuming the quark
Reggeization in NLA. Note that the Reggeization hypothesis is extremely
powerful; but in the quark case actually it was not proved even in LLA,
where merely its self-consistency was shown, in all orders of ag but only in a
particular case of elastic quark-gluon scattering [6]. Recently the hypothesis
was tested at NLO in order o2 in [16], where its compatibility with the two-
loop amplitude for the quark-gluon scattering was exhibited and the NLO
correction to the quark trajectory was found in the limit of the space-time
dimension D tending to the physical value D = 4.

In this paper we investigate the quark Reggeization in NLO by the method
based on the s-channel unitarity and the analyticity of scattering amplitudes,
which was developed for analysis of processes with gluon exchanges [4, 5] and
was already successfully applied to processes with fermion exchanges [6]. The
two-loop quark trajectory at arbitrary space-time dimension D is obtained as
a particular result of the investigation. At D — 4 the trajectory goes into one
derived in [16]. This agreement testifies to accuracy of many intermediate
results used in both derivations. In the method used here the trajectory is
obtained from the requirement of the compatibility of the Reggeized form of
the amplitudes with the s-channel unitarity at the two-loop level. A possible
generalization of this requirement to all orders of perturbation theory should
give the "bootstrap" conditions on the Reggeized quark vertices and the
trajectory in QCD. Verification of them will give a strict test for the quark
Reggeization. A proof of the Reggeization is also possible on this way.
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The calculation of the two-loop corrections to the quark trajectory is
performed explicitly for massless quarks; but the method used here allows to
do it for massive quarks as well, since all necessary one-loop Reggeon vertices
for the massive case are known now.

The paper is organized as follows. In the next Section all necessary deno-
tations are introduced and the method of calculation is discussed. Section 3
is devoted to the calculation of the two—particle contribution to the s—channel
discontinuity of the quark—gluon scattering amplitude. The contribution of
the three—particle intermediate state is calculated in Section 4. The final
expressions for the discontinuity and the two-loop corrections to the quark
trajectory are presented and discussed in Section 5. For convenience, the
integrals encountered in Sections 3 and 4 are listed in Appendices A and B
respectively. Details of the calculation of a new nontrivial integral arising in
present calculations are given in Appendix C.

2 Denotations and method of calculation

Let us consider the backward quark-gluon scattering process (see Fig. 1)
in the limit of large (tending to infinity) c.m.s. energy and fixed momentum
transfer t = ¢* = (pg—pe)?. We use the Sudakov decomposition of momenta

G Q'

Q G’
Figure 1: Schematic representation of the backward quark—gluon scattering
process G+ @ — @'+ G’. The triple line denotes an intermediate t—channel
state with momentum ¢ = pg — pgr = pg' — pa-
p=Pp1+ap2+pi,
pi=p3=0, (p+p)’=s, saf=p°—pl, (2.1)
supposing that the momenta pg, pg and pg, pa are close to the light-cone
momenta p; and py respectively, that is
t
Ba ~ Bg ~ag ~ag > 1, ﬁszﬁG/’:ananwg, (2.2)
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and all transverse momenta are limited, so that ¢ ~ ¢q;. We don’t suppose
that p; and p, are contained in the initial momentum plane, in order to
maintain symmetry between cross channels and to make more evident sub-
stitutions for transitions between channels. For a gluon having momentum k,
(kp) with predominant component along p; (p2) we use physical polarization
vectors in the light-cone gauge e(k,)p2 = 0 (e(ky)p1 = 0), so that

(e(ka)ka) L (e(kp)kp) L

e(ky) = elky) L —
( ) ( )L kap2 kyp1

p2, e(ky) =e(ky)L — p1, (2.3)

where (ab)) means (a;b;). Furthermore, since with our choice of gauges
gluon polarization vectors are expressed in terms of their transverse compo-
nents, from now we will use only these components, without explicit indica-
tions, so that everywhere below e means e;. The same we will do for the
momentum transfer g.

The large s and fixed ¢ limit of scattering amplitudes is related to quantum
numbers in the ¢-channel. For the gauge group SU(N,) t-channel colour state
of the process depicted at Fig. 1 contains three irreducible representations of
the colour group (for QCD with N, = 3 it is 3@ 6 & 15). Therefore it is nat-
ural to decompose the quark-gluon scattering amplitude into three parts, in
accordance with the representations [6, 16]. At the same time, in the Gribov—
Regge theory each part must be decomposed into two pieces according to the
new quantum number — signature, which is introduced in the theory. Besides
quantum numbers, commonly used for particle classification, a Reggeon has
definite signature, positive or negative, which is actually a parity of the t¢-
channel partial waves in respect of the substitution cosf; — — cosf; (that
turns into s — u = —s in the limit of large s and fixed t). Consequently,
there are six terms A&i), X = 3, 6 and 15 in full decomposition |6, 16] of
the quark-gluon scattering amplitude. As it is known [6], in LLA only one
of the positive signature amplitudes, namely Ang), does survive; and at the
same time it has the Reggeized form. It is not so for the negative signature
amplitudes. The Bethe-Salpiter type equation obtained for them in LLA [6]
has not a simple Regge-type solution (in fact, no solution has been found at
all). Note that they are not actually leading in each order of perturbation
theory, because leading logarithms cancel in them as the result of antisym-
metry with respect to the exchange s — u = —s. Below we consider only the
amplitudes of positive signature. As we will see, in NLA, as well as in LLA,
only amplitudes with a colour triplet in the ¢-channel survives out of them.
For the quark-gluon scattering the contribution of the Reggeized quark can
be represented as (here and below we write symbols of initial (final) particles
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as lower (upper) indices of scattering amplitudes and put on the first place
particles with momenta close to p1):

e R VRN RN )
Réaq :FQ’GmQ ~3 2 (—_t) + (—_t) Tag, (2.4)

where I/ and ' are effective vertices for interaction of particles (quarks
and gluons) with the Regeized quark; we call them PPR vertices, and we call
d1(g) — the quark trajectory. Strictly speaking, for massive quarks there are
two trajectories, in accordance with two possible parity states for a off mass
shell quark. These trajectories are determined by eigenvalues of d1(§). We
perform actual calculations for the massless case, when d1(§) depends in fact
not on §, but on ¢? = ¢, and write it as d7(¢). Note, however, that the PPR,
vertices I'gg and I'grg are known now for massive quarks [15], so that all
consideration presented below can be transferred on the massive case in a
straightforward way.

We demonstrate that the Reggeized form (2.4) is compatible with the
s-channel unitarity and obtain the NLO contribution to the trajectory dr.
More precisely, we calculate, using the unitarity relation, both logarithmic
and non-logarithmic terms in the two-loop s-channel discontinuity of the
backward quark-gluon scattering amplitude with positive signature and prove
that only colour triplet ¢-channel states contribute to the discontinuity. It
means that only the colour triplet part Aéﬂ of the amplitude does survive at
NLO as well as at LO. We compare the calculated discontinuity with the dis-
continuity of the Reggeized quark contribution (2.4). The logarithmic terms
of confronted discontinuities turn out to be equal. The non-logarithmic terms
in the discontinuity of (2.4) are expressed through the one—loop corrections
to the PPR vertices, which are known, and the two-loop correction to the
trajectory, that makes possible to obtain the last correction.

For massless quarks the PPR vertices entering in (2.4) have the form [14]:

Foe = —gilpo )t [égu La0) + (ejﬁ)‘jw] ,
Toq = —g [ég,<1+5e<t>>+<€2;'§>%q<t>} “ulpo).  (25)

Here t©, t&" are the color group generators in the fundamental representation;
we omit colour wave functions for gluons and assume that they are included
in u(pg), u(pg/) for quarks. The one-loop corrections dc(t), d4(t) can be
written as

0c(t) =wM(8) 6V, 64(t) =w M (t) 6V, (2.6)
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where

o 26;5 <% - % + (1) + (1 —e) = 2¢(1 + e)) (2.7)

1 € € 1
- - s - = (14 _—
+26 2(1+2¢)7 ¢ 2(1 + 2¢) + N2 )’

c

Y(x) =T'(z)/T(z) is the logarithmic derivative of the Euler gamma function,
and wM(t) is the one-loop gluon Regge trajectory:

(2.8)

ON. g2 2\ "¢ r2(1 N
W) = ~ 2 s (@)r; r, - Z0+ora-o

e (4m)2te \ —t (1 4+ 2¢)

We use conventional dimensional regularization; the space-time dimension
D =4+ 2e and g, = gu is the dimensionless bare coupling constant.

To avoid uncertainties let us note that the vertices I'g5 and I'gq are
obtained from (2.5) by the substitutions u(pg/) — v(pg) , ec — e and
u(pq) — v(pg) , €& — eqr respectively.

Representing the quark trajectory as

M) (¢ 1 /oM 2

w w

or(t) = N()6é1’+5( N()) o (2.9)
where 5%1 ) = Cp [6], and the two-loop s-channel discontinuity of the

Reggeized quark contribution (2.4) as

_iﬂg2l w(t)
st 2\ N

2
[RES (wotoop) ) e b Ao, 210

we have from (2.4), (2.5) (2.9) and (2.6)
Ap=68P0+ 205 <2N06£1> +Cpln it) O +2CpNSME,  (2.11)

where

O = toitty, €= ealetna) + e (ean). (212)
and 56(31), 5,(]1) are given by (2.7).
Below we calculate the discontinuity [(A(Jr))g QG (two—loop)} of the

S
backward quark-gluon scattering amplitude with positive signature from the
s-channel unitarity condition. We show, that it has the same colour structure
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as [Rg/QG/(two-loop) (2.10), that is in this approximation only the colour
S

triplet state survives in the positive signature. Writing the calculated dis-
continuity in the same form as the right hand side of (2.10) with A, instead
of AR, we see that Ay has the same helicity structure as Ap (2.11) and
that their logarithmic terms coincide; moreover, the non-logarithmic terms
at the helicity non-conserving structure & also do coincide. After that the re-
quirement of equality of the non-logarithmic terms at the helicity conserving
structure Q gives us 6512 ).

The calculation of Ay is the main content of this paper. It is determined
from the s-channel unitarity relation:

[( AH))Z/QG/

i7r921 wM(t)

2
(two—loop)] = 2( ~ ) ﬂ(pQ/)thG,ASU(pQ)

= iP<+>Z/dq>nAgQ(Ag,G,)*, (2.13)

where ®,, is the n-particle phase space element and P(*) is the positive sig-
nature projector. The summation is performed over two- and three-particle
intermediate states; accordingly, we represent the discontinuity as the sum
of two contributions

Ay=AD 4+ AB), (2.14)

The projection on positive signature means the half-sum of the s-channel
discontinuities for the direct (GQ — Q'G’) and the crossed (GG — Q'Q")
processes. More precisely, if one represents the discontinuity of the direct pro-
cesses as (Q'G'|M|GQ), where |GQ) is a spin and colour quark-gluon wave
function, and the discontim}ity for the process GG — Q'Q’ with P& = PQs
po = par as (Q'Q'|M|GG), then the projection on positive signature is
(Q'G'|(M + M,.)/2|GQ). Note that calculating As; we always use that right-
most po and leftmost p1 in M and M, give negligible contributions because
of the Dirac equation.

3 Two-particle contribution to the
discontinuity

In the direct channel a two-particle intermediate state can be solely quark-
gluon one. Since only limited transverse momenta of intermediate particles
are important in the unitarity relation (we will see it directly; actually, it is a
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consequence of the renormalizability), non-negligible contributions are given
by two non-overlapping kinematical regions. In one of them intermediate
gluon momentum is close to pe (see Fig. 2a), and in another to pg (Fig.
2b). In both cases the amplitudes in the right hand side of the unitarity
relation (2.13) are in Regge type kinematics. As we need to calculate the

Q Q1 : G’ Q G1 : G’
| I
| I

Figure 2: Schematic representation of the two-particle contribution to the
s-channel discontinuity of the backward quark-gluon scattering amplitude.
The doubled lines represent Reggeized quark and gluon, and the blobs —
PPR vertices.

two-loop contribution to the discontinuity, one of them has to be taken in
the Born approximation and another one in the one-loop approximation.
An important point is that since Born amplitudes are real, only real parts
of one-loop amplitudes are essential for the calculation of the discontinuity.
Therefore required amplitudes are determined by Reggeized quark and gluon
contributions. Moreover, we can use AS'G/ instead of (A%/G,)*, as imaginary
parts of the amplitudes are not important.

The amplitudes with ¢-channel quarks can be obtained by evident substi-
tutions from (2.4). Using (2.5), (2.6) for the process G + Q — Q' + G’ we
have with required accuracy:

2

ge 9 - GG ) 5 anx (2 y , Cr S
AgQ = _—q2u(pQ/)t t {egqeg/ [1 +wB(g?) (252 ) 4+ Eln _—(12>}

+ (@)Y faleia) + (cca)és] | ulpa) (3.1)
where ¢ = (pg — pcr)-

In the following in the amplitudes at the right hand side of (2.13)
we denote Reggeized gluon and quark momenta ¢; and g2 respectively,
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q1 + g2 = ¢, and Reggeized gluon colour index 7. Since ¢1 >~ q11, g2 ~ q2.1,
everywhere below we omit the sign L at ¢; 2, so that ¢; means ¢;,, ¢ =1,2.

Amplitudes for processes AB — A’B’ with gluon exchanges with our
accuracy are written as

g’ 25 S
ALE = 50 (140 m =5 ) T 32)
a7 4

where I'y, , and I';, 5 are Reggeized gluon vertices, which can be found in
[12]. In the direct channel we need quark—gluon scattering amplitudes. For
the process G + @ — G1 + Q1 (see the left part of Fig. 2a) we obtain

2¢°s

G - p1 .
AGE = T Teaie )t ule) { - (G eq)
1

x [1 +wM(g?) (68” +857 + 065 +1n %)}
11

Mgé})} : (3.3)

+w (g)(D - 2) >
q7

where T o are colour generators in the adjoint representation, ¢1 = (pg, —
pe)i, Og represents the one loop corrections to the Quark—Quark—Reggeon
vertex,

m _ 1]t . B . 2+e
o = 2L+“/’(1 )W) =W+ 9+ 55 E T2
ny 1+4+e¢
T 2N (1+e(1+2e))_Fc(1+2e)(3+2e) ’ (34)

ny is the number of quark flavours; 58 *) and 58 +) represent helicity conserv-
ing and helicity violating corrections to the Gluon—Gluon—Reggeon vertex;

06" = %E YA -+l =21+ - g5 +96()1<1+:)26>+(32+2€>

L (1+¢€)+¢? }
N.(1+€e)2(1+26)(3+2¢)]

a-) _ ¢ - ny
ba = 2(1+6)(1+2e)(3+26)( 1+NC(1+6))'

Note, that in order to obtain Ag;gl (see the right part of Fig. 2b) from (3.3)
one has to change p; to ps besides evident substitution of symbols .
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Figure 3: Schematic representation of the two-particle contribution to the
cross channel discontinuity of the backward quark-gluon scattering ampli-
tude.

In addition to presented amplitudes, in the crossed channel we need gluon-
gluon and quark-antiquark forward scattering amplitudes (see Fig. 3). The
first (see the left part of Fig. 3a) is written as

G1G1 2928 r r * *
AGE =" GlGTélé{(ecleG)(eéleé) (3.5)
x [1+w<1)(qf)( 2057 4+ 264~ Mln—)}
—Q1
(eZ,

((eg ), a)eqm) + (eg,a)(cca)(e
a7

—M(g})(D -2) ), Do

and the second (see the right part of Fig. 3b)

2
a7 S

X {1 +w®(?) (258) +1n %)} .
-7

Before to start with calculation let us show that only a colour triplet state
survives in the discontinuity, due to cancellation of contributions of all other
colour states in the direct and crossed channels. In fact, this cancellation
has the same nature as in leading order [6]. The matter is that if a one-
loop contribution is taken for one of the PPR vertices in Figs. 2 and 3, then
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all other vertices must be taken at NLO in Born approximation. Therefore
either both lower, or both upper vertices are Born ones. Let us consider the
first case. Since upper parts of the diagrams Fig. 2a and Fig. 3a are equal,
contributions to M + M, from the lower lines enter as the sum

tG Zu o, )i (po,) t — Z 2 tG1 (e~ ) Ts o —%_trtG. (3.7)

Here we have omitted terms with leftmost p; because of the reason explained
above, and have taken the same Lorentz and colour indices of the gluons G’
and G as we don’t write their wave functions. It’s easy to see that lower lines
of Fig. 2b and Fig. 3b give in sum the same result. Since U projects the
t-channel quark-gluon state on a colour triplet, it means that contributions
of another colour states cancel in the sum of the direct and cross channels.
The case when both upper vertices are Born ones can be considered quite
analogously. One can come to the same conclusion seeing that sum of contri-
butions of Fig. 2a and Fig. 3b, as well as Fig. 2b and Fig. 3a, is proportional
t&t7. It is not difficult to understand that the cancellation of colour states
different from triplet is not restricted by considered diagrams and by the
two-loop approximation, but is a general property of NLA, as well as LLA.

Since we have shown that only a colour triplet survives in the ¢-channel
we can write

PEY ST AR (ABE) = o' V(1) s a1 MPulpg),  (38)

PP

With the amplitudes listed above calculation of M(?) is straightforward. Di-
viding it into two pieces, M) = Mg) —I—M(GQ), one of which contains one-loop
corrections for a quark channel, and another for a gluon channel, we obtain

2 _60 C S
M (q_> _F{<25£1)+ Fln—> eqhobey
@ %) 4id Ne ™ —a3 e
+ 5((11)[ég(e*glq2) + (GGQQ)é*G/]} ) (3.9)

and

1 -
ME = (L) o { o o e (587 4607+ o= e
4347 ¢

a3 1
N.D -2 A A sk
et ’[eGq2q1<eG,q1>+<equ>q1q2eG,]}. (3.10)
1
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Integration over the phase space element d®s = dP~2¢,/(2s(27)P~2) is quite
simple. The integrals are well convergent at large |gz|, so that the integration
region can be expanded to infinity. For convenience of a reader we present
necessary formulas in Appendix A. As a result, we obtain for the two-particle
contribution to A,

AP = % [P0 @ (3.11)
= 2N.Xp {2C’F5§1) + N7 (58“ - 12—_6658‘)) - 2%\7658)
Jr%% <1n_it+\111> Jr% <1n_it+\111+2i€>} o)
+Xr {cFagU + N, 6(1%26) 5g—>} g,
where

T —2¢)T2(1 + 2¢)
Ar = T(1+eT(1+36)T2(1 —¢) (312)

and
Uy =9(1—2€)+ (1 +3e) — (1 +2€) — (1 —€). (3.13)

4 Tree-particle contribution to the
discontinuity

Let us denote intermediate particles in the unitarity condition (2.13) P; and
their momenta k;, j = 1+3. Just as before, only limited transverse momenta
are important. As for longitudinal ones, let us put (without loss of generality)
as ~ 1, that is for the direct process G + Q — Q' + G’ a particle P5 is
produced in the fragmentation region of the initial quark (note that for the
crossed process G + G — Q' + Q' it is the region of G fragmentation). Then
B1 4+ (B2 >~ 1, i.e. at least one of particles P;, i = 1,2, is produced in
the gluon fragmentation region. Let it will be P;; then 87 ~ 1, but s
can vary from (B3 ~ 1 (that means P, as well as P, is produced in the
gluon fragmentation region) to B2 ~ |k3,|/s (it means ag ~ 1, i.e. Py is
in the quark fragmentation region). Of course, the same can be said with
substitution 1 < 2. Note that region 1 > 3; > |k? |/s is usually called
multi-Regge, or central region for a particle P;. But this region does not
require separate consideration, because amplitudes for production of P; in
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any of fragmentation regions are applicable in it. Actually, natural bounds
for domains of applicability of these amplitudes are a; < 1 for the gluon
and §; < 1 for the quark fragmentation regions. Therefore, it is sufficient
to consider two regions: 1 > 3; > /|k? |/s and 1 > a; > /|k? |/s. For
a brevity, we will say that in the first (second) case there are two particles
in the gluon (quark) fragmentation region. Moreover, the symmetry with
respect to o «» [ in the definition of the regions permits to consider only
one of them. Indeed, as regards the inverse reaction (Q' + G’ — G + Q) the
names of the regions must be changed; therefore their contribution to the
discontinuity are related by the substitutions Q < @Q’, G < G’ and complex
conjugation. We will consider the gluon fragmentation region.

In this region amplitudes in the right hand side of the unitarity relation
(2.13) can be written, in accordance with our agreement about denotations,

as
AP P2Ps _ 25,

AB - 2 {PIPZ}AF;B,B (4~1)
ai
and R
ARt = F{PlPQ}Aq—gQFPSB (4.2)
2

for gluon and quark exchanges respectively, with the same vertices I'p, 5 and
I'p,p as for the elastic amplitudes, but taken now in Born approximation
only. Therefore, as well as in the two-particle contribution, only ¢-channel
colour triplet does survive in positive signature, since

2
PO S T, (Cpe) = —PO Y Thq (Th o) = ~ 07 ulna)
Ps Ps
(4.3)
The vertices I p, p 1, and I'(p, p,}4 can be found in Refs. [12] and [13]
respectively. Actually, they can be easily calculated, since are given by Born
amplitudes for processes A + R — P; + P», where R is either a gluon (for
F’E PPs} ) with momentum g;, colour index r and polarization vector pa/s
(p1/s) for a particle A with predominant momentum components along p;
(p2), or a quark (for I'yp, p,34) With momentum g2 and omitted quark wave
function. An important point is that corresponding light-cone gauge (see
(2.3)) must be taken not only for real gluons, but for virtual ones as well.
Note that the hermitian property of Born amplitudes gives the relations

r o t
(F{Plpz}Q') =Toimpy (Cprye) =Taqrryd’s (44
which we use in the following.
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Let us denote

> (TimrgaTa e ~ TinryeTy mey )t = 6'upe )t Fa . (45)
Py P

The particles P; and P, can be two gluons (G1G2), quark and gluon (Q1G3),
and quark and antiquark (Q1Q2). Evidently, only the first (second) term in
the left hand side of (4.5) contributes in the first and third cases (in the second
case). Using that the phase space element d®; in the gluon fragmentation
region looks like

dﬂldﬁQ dDiledD72k2
4Sﬁ1ﬁ2 (27T)2D—3 ’

with the help of (4.1)—(4.3) we obtain the contribution of this region to A
(2.13) in the form

2 2\1—2¢ D—-2p. gD—-2
I € (—q ) dﬁldﬁg d k/’1d k2 A A
ARG = B / i a2 Fago68:6(1 — By — [B2)

co(on T )o(s, BB a1

where ¢; and g2 are the momenta of ¢-channel gluon and quark respectively,
q1 + g2 = q. As it was already pointed out, total three-particle contribution
can be written then as

d®3 = 0(1 — 51 — f2) (4.6)

AP = AP L ABDG (G - @y, (4.8)

where A = 7°ATy% Note that logarithms of s appear in AgB)G from inte-
gration over 3; of those terms in Fz which don’t turn into zero at §; — 0.
It is always possible to rewrite Fz as a sum of terms which turn into zero
either at 81 = 0, or at B3 = 0. For the first (second) of them the limitation
B > k2, |/s (B2 > \/|k3|/s) can be taken away; at that the change of
variables k1, = B1l11 (koo = B2l21) turn out often to be useful, and we meet
integrals

1
ds;
[ G-sr = gmp e v, G9)
NCAT z

where § is proportional to €.
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Calculation of integrals without In|k? | does not represent a problem.
The list of basis integrals is presented in Appendix B. Contrary, two of in-
tegrals with In|k?, | can not be expressed in terms of elementary functions
at arbitrary e. Besides of the integral Iy (see (4.18)) encountered already in
the calculations of the two-loop gluon Regge trajectory, here we meet a new
nontrivial integral I (see (4.19)) which is considered in Appendix C.

In the following we will use Eqgs. (4.5), (4.7), (4.8) and the denotations:

kic = (ki — Bipa) L, kigr = (ki — Bipqr) L, k12 = —ko1 = (Bok1 — Bik2) L .
(4.10)
It’s easy to understand that k;4 (i = 1,2) is transverse part of k; with respect
to pa, p2 plane, multiplied by 4.
Since the integration in (4.7) is symmetric with respect to exchange k; <
ks, we will systematically omit in Fz contributions antisymmetric relative to
this exchange, without further reminding.

4.1 Fragmentation into two gluons

The vertex for production of the gluons G1, G2 with colour indices i1, i2 by
the initial gluon G can be written as

I‘T{‘Gng}G = 92 {(TGTT)Z'”'2 [,yul/(le) - ,YHV(]{;12)] eiuezu + (1 - 2)} )

where 5
Y (p) = 2 [61829"" (eap) — Prep” — Bapted] . (4.11)

The vertex for a quark exchange can be taken in [13]. Using Sudakov
parametrization and omitting terms with rightmost p, we have for it

Potcicn = ~0lpe) {112 [t — oty erpen + (10 2)}, (112)
where

v 1 7 v
Yo = = (51%@"& - Qka/) Y1
iqQ

v 2 Vi v v
Mz = 12 [ﬁlﬁwi ki — By kY — ﬁ2kfﬂl} : (4.13)
12

Note that lower indices of v#¥-vertices in (4.12) are determined by sequences
of colour matrices in corresponding group factors, and square brackets in fyﬁg]
emphasize its antisymmetry with respect to the permutation 1 < 2, as well
as its relation with the colour factor [t*1¢*2].
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As was pointed already, only the first term in the left side part of (4.5)
does contribute in the case of two-gluon production. Putting there the ver-
tices (4.11) and (4.12) and performing summation over spin and colour of
intermediate gluons, after simple colour algebra we obtain for the two-gluon
contribution to Fg

FE = R [ hr6) — o)) (5 —afi) + Q2] (@

One should pay attention that all terms in (4.14) correspond to planar dia-
grams. It is an important property of a colour triplet state in the ¢-channel
which strongly simplifies calculations.

The convolutions entering in (4.14) give

Ol = s ec2alhon) + 10— 2Bkdl (419
T4
+45102(ecki1g)p + B152[6:1(D — 2) — 4](€Gp)]%1@’} ;
_4 .
VW(P)WGZ] = kQ—I)Q{ﬁlﬁQ(Q — B1682(D — 2))(ecp)ki2 (4.16)
12

—2012(egkia)p — (1 — 25152)(k12p)éc} .

We obtain the two-gluon contribution in AP)C by substituting (4.14) in (4.7)
and performing integration. Note that if we integrate over all phase space
n (4.7), we have to take into account equivalence of produced gluons by the
factor 1/2!. With account of the quark fragmentation region according to
(4.8) we obtain, denoting the contributions related to the terms 7, (p)y4 in
F99 (4.14) as Ay

N? 2 3 )
Al?*klg—c{2 |:— +\I/2+1n—t+ —Xr + = (Io+11):| Q

4 e 142
2¢ 4
rg b
Aiouky, = 3 { [1 T2 E —1In _t - \IJ] ) ] _%26 A} s A2k, = 05
Apgk,q = ]\;CXF{ [ln—Jr\I/JrQE6 1f26+ i—on +12€)(3+26)] o)
TGy 26)(14i (1 + 26) é} ’ (4.17)
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where

62(7(12)1726 dD72k1dD72k2 q2 q2

Io=——F3 (D—2) / 2 — V212 — w5 In————,  (4.18)
Iem kP (kv — @)1k (k2 —q)3 (k1 — k2)7
62(_q2)1—26 dD_ledD_2k/’2 (kl _ k2)2 q2

L=~ 2 (D—2) /k2 e — 2 k2 (ko — zlnkikz (4.19)
Iem 1J_(1 Q)J_ 2J_(2 Q)J_ (k1 2)J_

Here and below we use denotations

Uy =2[(1) — (1 +26)], W =p(1—2€)+1h(143¢) — (1 +€) —p(1) + Us.
(4.20)

The contribution A% of fragmentation into two gluons to AP s

ASY = Ajgurye + Atouy, + Aok - (4.21)

4.2 Fragmentation into quark and gluon

Let us denote particles produced in the gluon fragmentation region (); and
G5 and their momenta k; and ko respectively. The vertex F{Ql G1}G can be
obtained by crossing and appropriate substitutions from T'¢/q, @,y (4.12).
We will represent it as

Tiquane = —g%alkn) {1907 (18 — vfon] €, + 26 [ + 9] €30}
(4.22)
where 7, V[gy and 75 are obtained from 1y, yf5 and 731 respectively
by substitutions
1 Bo kig e k12
- —, — ——, kg —= ——, kia = ——, ko — —5—, (4.23

o b1 P g e b 2B ) (4.23)
and convolution with efs. The vertex Lo,y can be found in [12] and
represented as

g = 0ipa)2 {t”t’”( W (ko) + Lu(kigr))
+H1 (L u(k12) u(k1g)) febu(kr), (4.24)

where Baiy — 2
2P — 4D
LM (p) = ;72. (4.25)
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In the case of quark-gluon production only the second term in the right hand
side of (4.5) does contribute. Using vertices (4.22) and (4.24), we obtain for
the quark-gluon contribution to Fg after summation over spin and colour

¢
F§% = —p Z Lu( [Ccﬂcz + C3t756 + Clleoy i (4.26)

where ij takes on values 1Q’, 2Q)’, 12 and

' 1 ’ 1 1 1
1Q" _ 2Q° _ 12 _ .
CG2 = Z 5 CG2 = Z (1 + —02) s CGQ = 4—62 ;
/ 1 / 1 1 1
1 2
CQg = 1’ 028 = ANZ’ 02127' = v (1 - 7\72) ) (4.27)
1 1
1Q" _ 2@ 12
iy =0, Gy =—7, Cldy =7

Note that the term Cég/LM(krgQ/)v& here corresponds to a non-planar di-
agram and leads to a complicated integral. Fortunately, it is cancelled by
respective contribution from quark-antiquark production, as we will see in
the next subsection.

For the products L, (p)v, we have after some algebra:

Lu(p)ve = ICQLPQ{Q&@(D — 2)(eck1c)p — Ba(D — 6)pk1céa — 2eckiap} ;
1G
Lu(e1s = (5D = 2) = Dpha -+ 4lkuap) Yoo s
12
Ll = a { (2 1) oo+ (9a(D ~2) = )echac)i (429

+ 6—(k2GP)éG +aealtac |
2

The quark-gluon contribution to A% is given by (4.7) with (4.26) instead

of Fg. Denoting A, ,.;; the contributions proportional C% , in (4.26), af-

ter integration we obtain for them with account of the quark fragmentation

region according to (4.8)

1 3 — 2¢ S 5 A
Ago1or = =32 — WUy —In— — —Xp — = (] I
G21Q 4{ {1+2e 2—Iln— — o Xr 2(0-1- 1)}9 }

1 ] 3 — 2
Agaiz = ——=Xr{—2|ln> + 04~ —
G212 = Nz F{ {nfr +e 1+2e] 1+2e }
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1 3 3 A
A2G~1Q’ZXF{2 [lnit+\ll+—67)}}Q,

1 3 — 2 1 A
Asgoq = 5 Xr {2 [27 - —} } Q; Asga2 = 0; (4.29)

1 2 s N R
A[GQM@'Z{Q [m*z”’ﬁln_—t?ih] °- 1+265}’

1 3 3 14 2 .
A[G21~12=1Xr{2[1n%+111+—— ]Q+ ‘ 5}.

€ 1+ 2 1+ 2¢

The contribution Aga.2¢/ is not presented here, since it is cancelled with
respective contribution from quark-antiquark production, as was pointed out.

The quark-gluon contribution to Ag?’) is given by

AGC = " Apnyy, i§=1Q, 2Q,12; mn=G2, 2G, [G2] . (4.30)

ij,mmn

4.3 Fragmentation into quark-antiquark pair

As well as in the two-gluon case, only the first term in (4.5) exists. We
denote momenta of particles ()1 and @) in the gluon fragmentation region kq
and kg respectively. The vertex I'7 (01 0,1 CAn be obtained by crossing and

corresponding substitutions from I't) (o .,y (4.24):

F?Ql Q216 — g2ﬂ(k1)%{thT (L(le) - L(k12)) (4.31)
749 (L k) + L(kQG))}U(kQ) ,

where . 26, )
—peg +201(pea
L(p) = o . (4.32)
The vertex I'g/¢g, g,} can be obtained from [13]; a direct calculation does
not encounter difficulties as well. We have

Pongiqy = ¢ [@(k )t ¢! u(k‘) (P )t°As (4.33)
—u(p@ )ty u(k1) - 9(k2)t°Bo 6q.q] »

where g, ¢ shows that the last contribution exists only when an intermediate
quark has the same flavour as the initial one, and the values A, and B, can
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be written as

— 53152
A7 =
ki

R R 209 R g
('Yi — (k1 + k?)L%) ; B7 = % <’7i + (k1 ﬁQ/)Lﬁ) .
(4.34)
By substituting the vertices (4.31) and (4.33) into (4.5), after summation
over spin and colour states of intermediate particles we obtain for the quark-

antiquark contribution to Fg

FgQ = Z |:Cf4jt7“ (/%1%[1(/{?1']‘)]%270) Aa — Cg’ygkl%L(kij)]AﬂgBa} 5

ij

(4.35)
where ij takes on values 1G, 2G, 12 and
N, N, N,
C}4G = —<nsr, CiGZ——TLf, 012 = ——Nnf; (4.36)
8 8 4
1 1 1 1
CIG:_ CQG:_ 1 . 012:_.
B Tynz B Ty + N2 )’ 4

Taking into account, as usually, external Dirac spinors, we obtain

ir <k1ﬁ—2L(p)]%2’Ya> A7 = 26162 ((k12p)éG — (ecki2)p + (1 — 45152)(€Gp)i€12);
S P2kiy
kB LR = s (2mmD deephe (437

—Bo(D — 6)lrgpéc — 2égg§fle/}.

The quark-antiquark contribution to A is given by (4.7) with (4.35) in-
stead of Fg. As have been mentioned above, in Fg we also have a term
corresponding to a non-planar diagram. In (4.35) it stands with the coef-
ficient C%“. Note, that C%¢ = Cég/ (see (4.27)). Moreover, comparing
the first equations in (4.28) and the second in (4.37), one can see that the
substitution

kigr — —kag', ke — —kic (4.38)

turns 701%1 (ﬁg/s)L(kzgg)l%gB” into B1L,(kag')v6s with opposite sign. Note
that for the quark-antiquark contribution g2 in (4.7) is equal Pl — ki1 —
ko1 = Paq— k1gr — kag. At the substitution (4.38) it turns into B2q + kagr +
kig = k11 + koo — pay, that is just the t-channel quark momentum for the
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quark-gluon contribution. An important point is that the theta-functions in
(4.7) can be omitted for the contributions of the nonplanar diagrams due to
convergence of integrals, after that the substitution (4.38) does not influence
on the integration region. Therefore these contributions cancel each other.

Performing integration and denoting A4.;; and Ap.;; the contributions
to (4.35) proportional C}Llj and C’g respectively, we obtain with account of
the quark fragmentation region according to (4.8):

N, -2 1 A 4¢? 5\
Aa1e= ?"fxr{l T2 (1 T1-)(B+ 26))9_ (1—€2)(1 + 2€)(3 + 2¢) 5}’

Agog=As1a; Asi2=0;

1 3—2 X 1 A 2 .
AB&G:—{?[-—E—i—‘%—i—ln%—%——h}Q ‘ 5};

AN? 1+2 — 2 142

1 3 — 2¢ S 1| 4 2¢ 4
Apiy = ~-Xp{—2 ~In—-U¥-=|0— S
B2 = F{ [1+26 - JQ 1+2e‘€} (4:39)

Therefore, the quark-antiquark contribution to Ag?’) can be written as
APC =2A 416 + Apac + Apaa + Apac, (4.40)

where Ap.og = —Aga2.2¢, as it was shown above. Because of cancellation of
these contributions in

AP = ATY L AGQ 1 AQQ (4.41)

Ap.o¢ is not presented in (4.39), as well as Aga.og/ in (4.29).

5 Two-loop correction to the quark trajectory

The total discontinuity A is given by the sum of the contributions of two- and
three-particle intermediate states in the unitarity relation. The two-particle

contribution A'? is given explicitly by (3.11). All necessary contributions

to A?’ (4.41) are calculated in the preceding section. They are given by
(4.21)and (4.17) for fragmentation into two gluons, by (4.30) and (4.29) for
fragmentation into quark and gluon, and by (4.40), (4.39) for fragmentation
into quark and antiquark. Now we can compare the calculated discontinuity
with the form (2.11) required by the quark Reggezation. First of all we
note coincidence of the terms with Ins. Actually this coincidence must be
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expected, since it is required by the quark Reggeization in LLA, which was
already checked on this level. Much more important is that the calculated
discontinuity has the same helicity structure as Ag (2.11), with the same
coefficient at the structure £. It is a serious argument in favour of validity
of the Reggeization hypothesis in NLA. Then comparing coefficients at the
structure Q we obtain

@ _ Xr(1+e) N 11 I
v’ = CF{ i 2B+ T\t

TXr | Xe(ll+7e)
2¢  2(1+2€)(3+ 2¢)

+2p (=5h +90) = 9L - O+ 2= X)L+ - v(1 +20]
C1+Xr (1 Xr)(3e))}

—Xr[(1 +e) — (1 +2¢)] +

€ 2(1+ 2¢) (5.1)

where Xr is given by (3.12), Iy and I; are defined in (4.18) and (4.19).

The two-loop corrections to the quark Regge trajectory jo = 1/2+67(t) is
determined by Egs. (2.9), (5.1) at arbitrary space-time dimension D = 44 2e.
Unfortunately, at arbitrary D the integrals Iy and I; can not be written in
terms of elementary functions. In the limit ¢ — 0 we have for them (see
Appendix C)

1 4
Ip=-+1502(1) &+ 0(), h=-—+6v2(1)&+0(7), (52)

where ¢(?) means the second derivative of the 1-function. With this result
and with the proportion 1(?)(1) = —2(3, where ¢, is the Riemann Zeta-
function, from Eq.(5.1) we obtain for the two-loop correction up to non-
vanishing at ¢ — 0 terms

(2 _ 2_ KE N 404 2 26 — N1
6T Cr {ﬁoe c + N¢ 57 (s ny o7 + (CF c) 6¢3 ¢,
(5.3)
where 11 2 67 5
= _NC —_ = s K = - — Nc - q )
fo=1 3" (18 42) 9"

in agreement with the result of Ref. [16].
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6 Summary

In this paper we have checked compatibility of the quark Reggeization hy-
pothesis with the s-channel unitarity by the explicit two-loop calculations
and have found in the case of massless quarks the two—loop correction to
the quark trajectory at arbitrary space—time dimension D = 4 + 2e¢. The
e—expansion of the correction gives the result obtained in [16]. We have cal-
culated the two-loop s—channel discontinuity of the backward quark-gluon
scattering amplitude with positive signature keeping non-logarithmic terms
and have proved that only a colour triplet part of the amplitude does survive
at NLO as well as at LO. It was shown that the calculated discontinuity has
a form required by the Reggeization hypothesis. The two—loop correction to
the trajectory has been obtained from comparison of the calculated disconti-
nuity with the Reggeized form. In the case of massive quarks the trajectory
can be found by the same method, since all necessary quantities for such
calculation are known.

The cancellation of contributions of colour states different from triplet in
positive signature is not restricted by the two-loop approximation, but is a
general property of NLA. Therefore in this approximation, as well as in LLA,
real parts of amplitudes with positive signature are completely determined
by Reggeized quark contributions.

Note that testing of the quark Reggeization performed up to now is rather
limited. Even in LLA self-consistency of the hypothesis was shown only in
a particular case of elastic quark-gluon scattering, although in all orders of
as. In NLA it is tested in the same process only in order . A possible way
of more strict testing and, in principle, a complete proof is examination of
"bootstrap" conditions on the Reggeized quark vertices and the trajectory
in QCD. These conditions appear from comparison of Reggeized form of
discontinuities of amplitudes with quark exchanges with the discontinuities
calculated with use of the s-channel unitarity.

We have used dimensional regularization for both infrared and ultraviolet
divergences and the bare coupling constant g = g,u¢, so that besides of
infrared poles in € our result contains the ultraviolet poles. To remove them
it is sufficient to express the bare coupling through renormalized one. In the
MS renormalization scheme

. grT(1 —€)
g =gult {1+50W} ) (6.1)

where g, is the renormalized coupling at the normalization point p.
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A Appendix

For convenience of a reader we list here the integrals encountered at the

calculation of AgZ). Note that everywhere below we use Euclidean transverse
momenta and omit the transversality sign.

) dP—2k ki ) 7T(D72)/2
Ji = =q" e Xp; Al
= [ T Ay
i dP—2k k' s i s
. dD72k qz 3 .
Jy= | ——r——— ==J7; A3
= [ e~ —
; dP2k ¢’ S 3, 1 .
i R S— 1 A E—— A4
1= [ e = 3% (A4

dD_2k klkmq' 1 qkql 6kl .
- - TLq _9ey+ 2 )i, (A
%= [y eue>(q2< )+ 4)J1 (A.5)

Remind that

p o PA+ar(—¢) P —-29T%(1+2¢)
T TA+20 0 T T TA4or(1+39r21—¢)’
Uy =¢(1 4 3€) + (1 — 2€) — (1 + 2¢) — (1 —€). (A.6)

B Appendix

Apart from I (4.18) and I (4.19), considered in the next Appendix, integrals
required for calculation of AS’) can be transformed to ones listed below. Using
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the denotations (A.6), (4.20) and

(D-2)
= €2(g2)1-2¢ ;
we have
dkP=2) dp(P—2) éq(kq)p o
Ky = 2 2 2.2 2 = €Gq;
A(T) k%(k — q)*p*(p — q)
dk(P=2) gp(P=2) eak)(k —@)p 1
K2:/ r i (ea )(2 h Q)p N +(ecq)
A(T) k%(k — q)*p*(p — q) 2(1 + 2¢)

dkP=2dpP=2  nk(k — §)p s
K3 = 2 2 2.2 z In 2
A(T.) k2(k —q)?p*(p—q)*  (k—p)

o1 5 S

dkP=2dpP=2)  Gn(k — §)kp s
Ky = 2 2 2.9 5 In 2
A(T) k2 (k —q)?p*(p—q)?*  (k—p)

L1 X s
=éag {511 — ?F +In —J ;

K /dk<D2>dp<D2> (eck)kp
5 A2 Kk2(k —p)2p2(p — q)2
1 Xr
= — 2 q— 1 _—
(GG(J2 + (eGQ)( +€)) (1+26),
- /dk<D—2>dp<D—2> (eck)(k = D)~ d)
‘T AT)? Kk —p)p(p - q)°
(s A1 2 Xr .
= (eGq4 + (eGQ)e > (1 — 6)(1 + 26),
k(D=2 gp(D~2) échp®
K; = =écq Xr;
! / AT?2 RE-p2ip -2 170
/dk(D_2)dp(D_2) éckp? o ®
= n
® AT KXk -p)?p2(p—q)?  (k—p)?

1
égq{lnitwL\Il\Ingr—} Xr;
— €
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= —ZéaG Xr; B.1
AT? R(k—p2pP(p—g2 29070 (B.10)

_ /dk<D—2>dp<D—2> catbp)p—q) s
v AT)? k> (k—p)*p?(p—q)?  (k—p)?

1 s 3
=——¢qq|lIn—+V¥V -V — | Xr. B.11
QG(]{n—ﬁJr 2+2€ r ( )

/dk(D_Q)dp(D‘” éa(kp)(p —q) 1
) =

C Appendix

At arbitrary D # 4 the integrals Iy (4.18) and I; (4.19) can be expressed
only through infinite series. They belong to the class of integrals which was
studied particulary in [17]. The first of them has already appeared in the
calculation of the two-loop correction to the gluon Regge trajectory [18§],
where its limit at ¢ — 0 was found:

I / dD72k1dD72k2 q2 | q2
= n
’ ATO? Kk — @)2k3(k2 — q)2 (k1 — k2)?
1
= —+150P 1)+ 0(P). (C.1)
€

Here I'. and A are given in (A.6) and (B.1); 1)(®) means the second derivative
of 1. We have obtained the limit of the second integral:

/ dP=2k,dP—2k, (k1 — ko)? | ¢

I, = n
! ATOE Kk —2k3 (ks — @) (k1 — ka)?

- _é + 60 (1) € + O(Y). (C2)

Below some details of the calculation are given.
Representing the integral as

d
L= —1) e
_ dD72k1dD72k2 (q2)u
" _/ AT)? Bn— PR - flta — k1 (&

we have from Eqgs. (1), (4), (9) of [17]:

Iv) = 2626_11/_(&)26)6‘2(1,1e+y)G2(1,y)

><(l/(l/—l)ginéS(e—1,b,26—V,l/—1—€)) , (C4)
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where

Ml+e—a)
I(a)
(C.5)
The function S(a,b,c,d) is defined by Egs. (17), (16) and (10) of [17]:

Gg(al, ag) = Gl(al)Gl (a2)G1(2 + 26 — vy — ag) , Gl(a) =

_ mcot(mc) 1 b+ec
S(a,b¢,d) = H(a,b,c,d) ¢ be

F(a+¢,—b,—c,b+d)), (C.6)

where

Fl14+a)T’A+0)T(14+c)T1+dT1+a+b+c+d)
Frl+a+c)FA+a+dT(1+b+c)T(1+b+d)
(C.7)
and F'(a, b, c,d) is expressed through the generalized hypergeometric function
3F22

H(a,b,c,d) =

- a_b71
F(a,b,c,d) = 3F» [ H“C e ;1} —1. (C.8)

The limit b — 0 in (C.4) can be easily taken. We can use also for this purpose
Eq.(12) of [17] and obtain with our values of parameters

v(v — 1);21(1)5(67 1,0,2e —v,v —1—¢) = S1(v) + Sa2(v), (C.9)

where

FBe—v)I(1+v) wvv—-1)
L(el(2e—1)  2e—v '

S1(v) = meot[n(2e — V)] (C.10)

3e—1—-v
1)(6*1)(1/*26)

With these denotations we have

Sa(v) =v(v — F(1—-¢2e—v,v—2¢,v—2). (C.11)

L= d% (So()(51(¥) + S2(¥))) v=0 , (C.12)
where
So(v) = € 2 T%(e)l(2e —v)I'(1 =2+ v)['(1 — v +e) (1)

- (T)22e—1 F(3e —v)T'(1 4+ v)T(1 + 26 —v)
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We need to know S;(0) and S;(0), ¢=0-+2. For i = 0,1 they are easily
obtained from (C.13), (C.10):

3

50(0) = 2e —

1
e, S50 =500) (5 + - va)

€(2e —1) I'(1+ 3e) _
3 T(A+4+er(l+2e)’
2m

57(0) = S4(0) <1/)(1) =91+ 3¢) + i + m> *

S1(0) = 27 cot[2me] (C.14)

1
2e’

where Xr is defined in (A.6), ¥ and ¥y in (4.20). To find S2(0) and S%5(0)
we use the integral representation

1

L ra +d / B
F(a,b,c,d) = 1+F(d)F( +c+b dz (1 — )
0
1
X /dz 270711 — )t (1 — za)e (C.15)

0

which follows from the standard representation for the hypergeometric func-
tions. Performing integration over x by parts three times we obtain

So(v) = (36_1_1/)(

v n €
1—2e4+v 2—2+v

+e // drdz 2' 72V (1 — x)”%(l - zx)16> , (C.16)
0
o et 520) = (120 0RO 22
S2(0) 1 €

55(0)1_3€+(3e1)<

where

1—2 4(1—¢)2 +e(Ji+ Jz)) , (C17)

11
d
/ dedz 2172 1nz£(1 —zx)7i7e,
00
1

—

Jo = /dz dx 2"~ In(1 — x)di(l — zx)"1TE. (C.18)

T

(=)

0
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The integral J; can be easily found:

1 (1 —€e)I'(2 — 2¢) (P(2 — 3€) — (2 — 2¢)) '

J1= =2 " T(2-3¢ ¢

(C.19)

For the integral Ja, replacing d/dx by (z/x)d/dz in the representation (C.18)
and integrating over z by parts we obtain in the limit € — 0

_ )
Jy o~ 6—21 +14+901) +e <5 — M (1) + @) : (C.20)

Using in (C.12) the results (C.19), (C.20), (C.14) and (C.17) we get the final
result (C.2).
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