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h

Þ ßàáâáãäá

�ZZ«`_bpkY\^ ]Z«bp\c pbeY\fYbp`Y\^ \ fb«\¯`Z[p`YY²å åkakf[`a\Z[\f
åkb[\¯`Zfbæb Z«b^r bqake]çè`æbZ^ p bfa`Z[YbZ[\ Z`°kak[a\Z² Y`«\Y`c�
Ybæb a`ebYkYZk p °a\Z][Z[p\\ _a]æ\å a`ebYkYZbp ^p«^`[Z^ b_Ybc \e é`Y�
[ak«¬Y²å \ pZ` `è` _k«`f\å b[ °b«Ybæb a`ê`Y\^ °abq«`g Zbpa`g`YYbc
Y`«\Y`cYbc _\Ykg\f\ ëìrírmîh �b gYbæ\å Z«]¯k^å ækg\«¬[bY\kY ek_k¯\
]_k`[Z^ °a`_Z[kp\[¬ p p\_` gk^[Y\fk ïbZYbpYbc a`ebYkYZð \ _p]å pbeg]�
èkçê\å a`ebYkYZbp

H(y, p, t) =
p2

2
+ω2 cos(y)+V (y, t) , V (y, t) = ε1 cos(y−Ω1t)+ε2 cos(y−Ω2t) .

(1)�beg]è`Y\` Z¯\[k`[Z^ Z«kq²g ε1, ε2 � 1 r ¯kZ[b[² |Ω1|, |Ω2| > ω Y` bq^�ek[`«¬Yb p²Zbf\`r gbæ][ \g`[¬ fkf b_\Ykfbp²` [kf \ akeY²` eYkf\ \
°a`_°b«kæk`[Z^r ¯[b a`ebYkYZ² Z\Z[`g² ïìð Y` °`a`fa²pkç[Z^h�Z«bp\gZ^ åkb[\¯`Zf\c Z«bc bZYbpYbæb a`ebYkYZk Z\Z[`g² ïìð Yke²�
pk[¬ bZYbpY²g åkb[\¯`Zf\g Z«b`gh � bZYbpYbg åkb[\¯`Zfbg Z«b` Y`bq�åb_\gb p²_`«\[¬ [a\ ¯kZ[\¸ p`aåYçç ïdkek y pakèk`[Z^ Zp`aå] p > 0ðrZa`_Yçç ïdkek fb«`q«`[Z^ð \ Y\±Yçç ïdkek pakèk`[Z^ ZY\e] p < 0ðh�k±Yb °b_¯`afY][¬r ¯[b p bqè`g Z«]¯k` Y`Z\gg`[a\¯Ybæb pbeg]è`Y\^
akeg`a² wu, wm

\ wl ñ[\å ¯kZ[`c Z«b^ gbæ][ q²[¬ Z]è`Z[p`YYb ake«\¯�Y²g\ ïe_`Z¬ \ _k«`` w = p2/2ω2 + cos y − 1 q`eakeg`aYb` b[f«bY`Y\` b[Y`pbeg]è`YYbc Z`°kak[a\Z² °b ñY`aæ\\ð ë¤r£rlîhòkf[\¯`Zfb` b°a`_`«`Y\` ê\a\Y² \ZZ«`_]`gbc ¯kZ[\ bZYbpYbæb Z«b^
gb±`[ q²[¬ p²°b«Y`Yb _p]g^ Z°bZbqkg\hó`ap²c ô b[²ZfkY\` g\Y\gk«¬�Ybæb Tmin

°`a\b_k _p\±`Y\^ ïT `Z[¬ \Y[`apk« pa`g`Y\ g`±_] ZbZ`_Y\g\gbg`Y[kg\ °`a`Z`¯`Y\^ baq\[bc ]Z[bc¯\pbc dke² y = πðr °bZ«` ¯`æb gkf�Z\gk«¬Yb` b[f«bY`Y\` b[ Y`pbeg]è`YYbc Z`°kak[a\Z² p²¯\Z«^`[Z^ °b
dbag]«` wmax ≈ 32 exp(−ωTmin) ëìîh �[babc Z°bZbq ô °bZ[ab`Y\` pp`_`Y�Ybæb p akqb[` ëõî [kf Yke²pk`gbæb Z`°kak[a\ZYbæb b[bqak±`Y\^r fb[bab`
°a\q«\±`YYb b°\Z²pk`[ _\Ykg\f] Z\Z[`g² pq«\e\ Z`°kak[a\Z² p gb�
g`Y[² °abåb±_`Y\^ °b«b±`Y\^ ]Z[bc¯\pbæb akpYbp`Z\^h �[g`[\gr ¯[b

m



Yk °akf[\f` p[babc °][¬ °a\pb_\[ f é`«\ eYk¯\[`«¬Yb q²Z[a`` °`apbæb
\ °b[bg] \Z°b«¬e]`[Z^ ¯kè`h� YkZ[b^è`` pa`g^ pb°abZ b fbaa`f[Ybg °bZ[ab`Y\\ Z`°kak[a\ZYbæb
b[bqak±`Y\^ \ b akeg`akå bZYbpYbæb åkb[\¯`Zfbæb Z«b^ gb±Yb Z¯\[k[¬
Yk_`±Yb a`ê`YY²g [b«¬fb _«^ Z\gg`[a\¯Ybæb p²Zbfb¯kZ[b[Ybæb pbeg]�
è`Y\^ ε1 = ε2 = ε, Ω1/ω = −Ω2/ω = λ � 1 h�\a\fbpr \Z°b«¬e]^ Zpbcfa\[`a\c °`a`fa²[\^ a`ebYkYZbp \ ZpbcZ[pk Z[kY_ka[Ybæb b[bqak±`Y\^
°bfkek« ïZgh ëìîðr ¯[b p ñ[bg Z«]¯k` Z`°kak[a\ZYb` b[bqak±`Y\` \g``[p\_

w̄ = w +W sin(x) , x̄ = x+ λ ln
32

|w̄|
mod 2π , (2)

æ_` kg°«\[]_k b°a`_`«^`[Z^ p²ak±`Y\`g
W = 8πελ2e−πλ/2 (3)

\ akeg`a² pZ`å [a`å ¯kZ[`c Z«b^ b_\Ykfbp²

wu = wm = wl ≈ λW

(

1 +
4δ

λ

)

, 0 ≤ δ ≤ 1 . (4)

�åb_^èk^ p °bZ«`_Yçç dbag]«] °b°akpfk 4δ/λ b¯`Y¬ Z«b±Yb ekp\Z\[b[ W \ λ ïZgh ake_`« ¤ Y\±`ð \ b°a`_`«^`[Z^ ]Z«bp\^g\ °`a`fa²[\^ a`�ebYkYZbp Yk fakç Z«b^h 
«^ qb«¬ê\å eYk¯`Y\c λ� 1 `ç bq²¯Yb °abZ[b°a`Y`qa`ækç[r Yb °a\ Y\efb¯kZ[b[Ybg pbeg]è`Y\\ \«\ qb«`` kff]ak[Y²å
akZ¯`[kå [kf °bZ[]°k[¬ Y`«¬e^ \ pbeY\fk`[ [a]_Yk^ ek_k¯k °bZ[ab`Y\^ \
kYk«\ek fka[\Y² akZ°b«b±`Y\^ a`ebYkYZbp Yk °`a\d`a\\ Z«b^h �[g`[\gr
¯[b Z«]¯kcr fbæ_k ¯kZ[b[² Ω1,Ω2

Z\Z[`g² ïìð ^p«^ç[Z^ Y\ef\g\ pZ[a`�
¯k`[Z^ a`_fb \ °b[bg] bY Y` °a\p«`fk« f Z`q` qb«¬êbæb pY\gkY\^ \ZZ«`�
_bpk[`«`ch �_Ykfbr ZakpY\[`«¬Yb Y`_kpYb Z\[]ké\^ ekg`[Yb \eg`Y\«kZ¬
p Zp^e\ Z bqYka]±`Y\`g kYbgk«¬Yb Z\«¬Ybæb p«\^Y\^ Yk dbag\abpkY\`
bZYbpYbæb åkb[\¯`Zfbæb Z«b^ [kf Yke²pk`g²å p[ba\¯Y²å ækagbY\f \ p
Z«`_]çè`g ake_`«` g² akZZgb[a\g b[YbZ^è\`Z^ Zç_k dkf[²h

ö ß÷øùäúãûá üýùþøãäÿä à �á�ýùý÷ùä�ãøþ
ø÷ø�ùý�áãää

�k¯k[²` p ë¤r£î \ZZ«`_bpkY\^ bqè`æb Y`Z\gg`[a\¯Ybæb pbeg]è`Y\^ Z\�Z[`g² ïìð Zake] ±` °bfkek«\r ¯[b p Z°`f[a` Z`°kak[a\ZYbæb b[bqak±`Y\^
°bg\gb ækagbY\f °`ap\¯Y²å ï̂ pYb påb_^è\å p ækg\«¬[bY\kY ïìðð ¯k�
Z[b[ Ω1,Ω2

°a\Z][Z[p]ç[ [kf±` p[ba\¯Y²` Z ¯kZ[b[kg\ Ω+ = Ω1 + Ω2
\

¤



Ω− = Ω2 − Ω1
h 	è` qb«`` Y`b±\_kYY²g bfkek«Z^ [b[ dkf[r ¯[b p Z\«]

ñfZ°bY`Yé\k«¬Ybc ekp\Z\gbZ[\ b[ ¯kZ[b[² ïZghïmðð _k±` b¯`Y¬ Z«kq²`r
Yb Y\efb¯kZ[b[Y²` p[ba\¯Y²` ækagbY\f\ °a\ Y`fb[ba²å ]Z«bp\^å gbæ][
°akf[\¯`Zf\ °b«YbZ[¬ç b°a`_`«^[¬ akeg`a fkfbc�«\qb ¯kZ[\ åkb[\¯`Zfb�
æb Z«b^ ï°b_abqYbZ[\ p ë¤r£rlîðh � ñ[bg Z«]¯k` Z`°kak[a\ZYb` b[bqak±`Y\`
ñ[bc ¯kZ[\ Z«b^ gb±Yb °a`_Z[kp\[¬ p b_Yb¯kZ[b[Ybc dbag` ïíðr Yb påb_^�è\c p Y`æb °kakg`[a λ ]±` Y\fkf Y`«¬e^ Z¯\[k[¬ qb«¬ê\gh �Z` p²æ«^_\[[kfr fkf q]_[b q² Y`[ _p]å p²Zbfb¯kZ[b[Y²å pbeg]èkçè\å ækagbY\fr k
`Z[¬ b_Yk Y\efb¯kZ[b[Yk^ ïñ[b °a`_°b«b±`Y\` °b«]¯\«b °b«Yb` ¯\Z«`Y�Yb` °b_[p`a±_`Y\` p akqb[` ë£îð \ _«^ p²^ZY`Y\^ akeg`abp åkb[\¯`Zfbæb
Z«b^ Y`bqåb_\gb ]g`[¬ Z[ab\[¬ \ kYk«\e\abpk[¬ Y\efb¯kZ[b[Yb` Z`°kak�
[a\ZYb` b[bqak±`Y\`h
ó`apk^ [a]_YbZ[¬ Zp^ekYk Z [`gr ¯[b kg°«\[]_² p[ba\¯Y²å ækagb�

Y\f ekakY`` Y`\ep`Z[Y²h �[abæk^ [`ba\^ e_`Z¬ °bfk b[Z][Z[p]`[r Yb p ak�
qb[` ë¤î °a`_«b±`Y °a\q«\±`YY²c °b_åb_ \ a`fbg`Y_bpkY² Z«`_]çè\`
kYk«\[\¯`Zf\` p²ak±`Y\^ _«^ kg°«\[]_ Z`°kak[a\ZYbæb b[bqak±`Y\^
W+

\ W−
Yk Z]gg` \ akeYbZ[\ °`ap\¯Y²å ¯kZ[b[r Zbb[p`[Z[p`YYb¸

W+ =
4π

3
a+ε1ε2

[

1

λ1
2

+
1

λ2
2

]

eπλ+/2

sinh(πλ+)
λ2

+(λ2
+ − 2) , (5)

W− = −
πa−ε1ε2

cosh(πλ−/2)

∣

∣

∣

∣

[

1

λ2
1

−
1

λ2
2

∣

∣

∣

∣

]

, (6)

æ_` bqbeYk¯`Yb λ1 = Ω1/ω, λ2 = Ω2/ω, λ+ = (Ω1 + Ω2)/ω, λ− = (Ω2 −
Ω1)/ω

\ pp`_`Y² °b_æbYb¯Y²` fbñdd\é\`Y[² a+
\ a− h � akqb[` ë£î °b�fkekYbr ¯[b dbag]«² ï£ðrïlð p`Z¬gk Y`°«båb Zbæ«kZ]ç[Z^ Z ¯\Z«`YY²g\

_kYY²g\r `Z«\ °a\Y^[¬ a+ = 0.473 \ a− = 1.35 r åb[^ °a\ab_k ñ[\å °b°ak�pbf bZ[k`[Z^ Y`^ZYbch �kg ±` °a\p`_`Y² bq«kZ[\ eYk¯`Y\c °kakg`[abpr p
fb[ba²å \g`YYb p[ba\¯Yk^ ækagbY\fk °b«YbZ[¬ç b°a`_`«^`[ akeg`a wup`aåY`c ¯kZ[\ bZYbpYbæb åkb[\¯`Zfbæb Z«b^h �kg`[\gr ¯[b Yk °akf[\f`
Yk\qb«¬ê\c \Y[`a`Z °a`_Z[kp«^ç[ \g`YYb pY`êY\` ïp`aåY^^ \ Y\±Y^^ð
¯kZ[\ Z«b^r °bZfb«¬f] bY\ b°a`_`«^ç[ °`a`fa²[\` ZbZ`_Y\å a`ebYkYZbp
\ ]¯kZ[p]ç[ p bqakebpkY\\ æ«bqk«¬Ybæb åkbZkh�kf b[g`¯k«bZ¬ p²ê`r kff]ak[Yk^ bé`Yfk akeg`ak Z«b^ [a`q]`[ eYk�
Y\^ fka[\Y² pek\gYbæb akZ°b«b±`Y\^ a`ebYkYZbp Yk `æb fakçh �kfk^
fka[\Yk gb±`[ q²[¬ °b«]¯`Yk q`e ¯\Z«`YYbæb b[²ZfkY\^ [ak`f[ba\c _p\�±`Y\^r `Z«\ \ep`Z[Y² [kf Yke²pk`g²` a`ebYkYZY²` \Ypka\kY[²r °bZ[ab�
`Y\` fb[ba²å _«^ Z\Z[`g² ïíð bqZ]±_k`[Z^ Y\±`h

£



� �á�øãýã�ãûá äãàýùäýã÷û

�`°kak[a\ZYb` b[bqak±`Y\` ïíðr fkf \ ê\abfb \ep`Z[Yb` Z[kY_ka[Yb`
b[bqak±`Y\` �\a\fbpkr °a\Yk_«`±\[ f f«kZZ] [kf Yke²pk`g²å ^pY²å
b[bqak±`Y\c °bpbab[k p\_k ëíî

J̄ = J − ξ
dQ(θ)

dθ
, θ̄ = θ + 2πν(J̄) , (7)

æ_` J, θ °`a`g`YY²` _`cZ[p\`�]æb«r ν(J) ¯kZ[b[k Y`pbeg]è`YYbæb _p\±`�Y\^ \ Q(θ + 2π) = Q(θ) p bqè`g Z«]¯k` ^p«^`[Z^ [a\æbYbg`[a\¯`Zf\g°b«\Ybgbgh �keYbZ[Y²` ]akpY`Y\^ ïõðr fkf \ep`Z[Ybr pb pZ`å b[Ybê`Y\�
^å ñfp\pk«`Y[Y² Y`°a`a²pY²g ]akpY`Y\^g ikg\«¬[bYk Z pbeg]è`Y\`gp dbag` [b«¯fbp¸

θ̇ = ν(J) , J̇ = −ξδ∗(t)
dQ(θ)

dθ
, (8)

æ_` δ∗(t) = [1 +
∑

n≥1
cos(nt)]/2π ô °`a\b_\¯`Zfk^ _`«¬[k�d]Yfé\^ ëìríîh�`°kak[a\ZYbg] b[bqak±`Y\ç ïíð b[p`¯kç[ ekp\Z\gbZ[\

Q(θ) = cos(θ) , ν(J) =
λ

2π
ln

32

|J |
, (9)

p [b pa`g^ fkf _«^ Z[kY_ka[Ybæb b[bqak±`Y\^ \g``g
Q(θ) = cos(θ) , ν(J) = J . (10)

�k°bgY\gr ¯[b fka[\Yk akZ°b«b±`Y\^ é`«²å a`ebYkYZbp ïν(Jn) = n �é`«b` ¯\Z«bð Yk dkebpbc °«bZfbZ[\ J, θ _«^ b[bqak±`Y\c ïoð \ ïìnð Z]è`�Z[p`YYb ake«\¯Ykh � Z[kY_ka[Ybæb b[bqak±`Y\^ akZZ[b^Y\` g`±_] a`eb�
YkYZkg\ δJn = Jn+1 − Jn

Y` ekp\Z\[ b[ Jn
ïb[Zç_k p[bab` `æb YkepkY\` ô

b_Ybab_Yk^ gb_`«¬ðr k ] Z`°kak[a\ZYbæb b[bqak±`Y\^ ekp\Z\[h	Z«\ \g`ç[ g`Z[b bé`Yf\
δJn � Jn , λ� 1 , (11)

[b Z`°kak[a\ZYb` b[bqak±`Y\` «bfk«¬Yb ïp bfa`Z[YbZ[\ a`ebYkYZk Jn
ð

°`a`åb_\[ p Z[kY_ka[Yb` ïñ[b[ dkf[ q²« \Z°b«¬ebpkY p ëìî °a\ p²pb_`dbag]«² ï¤ððh� akqb[` ë�î \Ypka\kY[bg °ba^_fkm YkepkYk d]Yfé\^ _\Ykg\¯`Zf\å
°`a`g`YY²å \ pa`g`Y\ p\_k

Sm(J(t), θ(t), t, ξ) = r0(J) +

m
∑

n=1

ξn

n!
Gn(J, θ, t) , (12)

l



_«^ fb[babc p_b«¬ \Z[\YYY²å [ak`f[ba\c Z\Z[`g² ï�ð p²°b«Y`Yb ]Z«bp\`
D

Dt
Sm(t) = O(ξm+1) . (13)

� °bZ«`_Y`g p²ak±`Y\\ D/Dt ô bqbqè`YYk^ °ab\epb_Yk^r akpYk^ Z]gg`bq²¯Ybc °ab\epb_Ybc \ bq]Z«bp«`YYbc akea²pkg\ fbg°bY`Y[² ëoîh
ó`a\b_\¯`Zf]ç baq\[] \ b[p`¯kçè\c `c a`ebYkYZ °a\Y^[b bqbeYk�

¯k[¬ b[Ybê`Y\`g é`«²å ¯\Z`« N : M r æ_`M ô ¯\Z«b \[`aké\c b[bqak±`�
Y\^ Yk N °`a\b_bp baq\[² ëíîh � ë�î °bZ[ab`Y² \Ypka\kY[² °`ap²å [a`å
°ba^_fbp Z[kY_ka[Ybæb b[bqak±`Y\^r b°\Z²pkçè\` é`«²`M = 1 \ _abq�Y²`M = 2, 3 a`ebYkYZ²h �kg ±` °bfkekYbr ¯[b p`«\¯\Y² pZ`å påb_^è\åp ïìíð Z«kæk`g²å ZbåakY^ç[Z^ Yk \Y[`apk«kå pa`g`Y\ g`±_] [b«¯fkg\
\ °a`[`a°`pkç[ Zfk¯fbbqakeY²` \eg`Y`Y\^ [b«¬fb p gbg`Y[² [b«¯fbph
�«`_bpk[`«¬Ybr bq²¯Yk^ °ab\epb_Yk^ b[ Sm(t) p ïìíð pZç_] akpYk Y]�«ç \ ]Z«bp\` ïìmð Yk_b °bY\gk[¬ fkf bæakY\¯`Y\` Yk p`«\¯\Y] akea²pk
°`apbæb ab_k Z[]°`Y¯k[bc d]Yfé\\h
ób[`Yé\k«² ] Z\Z[`g ïoð \ ïìnð b_\Ykfbp² Q(θ) = cos(θ) \ ñ[b °be�pb«^`[ °`a`°\Zk[¬ °b«]¯`YY²` p ë�î Zbb[Ybê`Y\^ p dbag`r b_\Ykfbpb

°a\æb_Ybc _«^ bqb\å ñ[\å b[bqak±`Y\c¸

G1(J, θ, t) =
r′0(J)

2 sin(πν(J))
cosΩ , (14)

G2(J, θ, t) =
a′1(J)

4 sin(2πν(J))
cos 2Ω , (15)

G3(J, θ, t) =
r′′′0 (J) + 3a′2(J)

16 sin(3πν(J))
cos 3Ω − 3

r′′′0 (J)) + a′2(J)

16 sin(πν(J))
cosΩ . (16)

� °bZ«`_Y\å dbag]«kå ê[a\å bqbeYk¯k`[ °ab\epb_Y]ç °b J \ \Z°b«¬eb�pkY² ekp\Z\gbZ[\

Ω = θ + (π − t∗)ν(J) , a1(J) = r′0(J) cot(πν(J)) ,

a2(J) = a′1(J) cot(2πν(J)) , (17)

æ_` 0 < t∗ ≤ 2π ô «bfk«¬Yb` pa`g^ g`±_] [b«¯fkg\h�²ak±`Y\^ ïì¤ð�ïìlð \Ypka\kY[bp °`ap²å [a`å °ba^_fbp Zb_`a±k[
gk«²` eYkg`Yk[`«\h 
«^ \å °b_kp«`Y\^ Yk_br Z«`_]^ °a`_«b±`YYYbg] p
akqb[` ëìnî 
]YY`[bgr�`cYæbg \ �`c«babg g`[b_] ï
��ðr akZ°ba^_\[¬Z^
påb_^è\g p dbag]«] ïìíð \Ypka\kY[bg Y]«`pbæb °ba^_fk r0(J) ï[b¯Y``r

õ



`æb °`apbc °ab\epb_Ybc r′0(J)ðh �fkek«bZ¬r ¯[b p²qba r′0(J) Y` gb±`[ q²[¬Z_`«kY ]Y\p`aZk«¬Y²g bqakebg \ ekp\Z\[ b[ Ybg`ak m h 
�� ô \Ypka\�kY[ °ba^_fkm °akp\«¬Yb °`a`_k`[ [b°b«bæ\ç [b«¬fb 	Zpb\å	a`ebYkYZbp
Z M = m r fb[ba²` p°`ap²` °b^p«^ç[Z^ \g`YYb p ñ[bg °ba^_f` \ b[p`�¯k`[ ek 	Zpbç 	̄ kZ[¬ dkebpbæb °abZ[akYZ[pk ï°b_abqYbZ[\ p ë�îðh �kê\
\ZZ«`_bpkY\^ °bfkek«\r ¯[b °a`_«b±`YY²` p ë�î _«^ Z[kY_ka[Ybæb b[bq�
ak±`Y\^ fbYfa`[Y²` ekp\Z\gbZ[\ r′0(J) gb±Yb \Z°b«¬ebpk[¬ \ _«^ Z`�°kak[a\ZYbæb b[bqak±`Y\^ ïíðh �b¯Y²` akZ¯`[Y²` dbag]«² p \Zåb_Y²å
°`a`g`YY²å w, x _«^ ñ[bæb Z«]¯k^ °a\p`_`Y² p óa\«b±`Y\\h�[g`[\gr ¯[b \Ypka\kY[² Z`°kak[a\ZYbæb b[bqak±`Y\^ °`ap²å _p]å
°ba^_fbp S1

\ S2
q²«\ p°`ap²`r YkZfb«¬fb Ykg \ep`Z[Ybr pp`_`Y² p ëlîh� YkZ[b^è`c akqb[` g² _bqkp«^`g f Y\g S3

\r ]¯\[²pk^ [a]_Yb_bZ[]°�
YbZ[¬ _«^ abZZ\cZfbæb ¯\[k[`«^ °]q«\fké\\ ëlîr °a\pb_\g °b«Y]ç \Y�
dbagké\ç °b pZ`g [a`g \Ypka\kY[kgh


 �ø�ø�÷ýà�áãäá ùá�
��÷ý÷øà �ù�þøüø
�úá÷ý ä ýãý�ä�ý äãàýùäýã÷øà


«\[`«¬Yb` °a^gb` \[`a\abpkY\` b[bqak±`Y\^ ïíð °bepb«^`[ Ykc[\ ake�
g`a² pZ`å ¯kZ[`c bZYbpYbæb åkb[\¯`Zfbæb Z«b^ \ °abZ«`_\[¬ \å ekp\Z\�
gbZ[¬ b[ p`«\¯\Y kg°«\[]_² W \ ¯kZ[b[² λh �g`Z[` Z [`gr åb[`«bZ¬q² Y` [b«¬fb Z]è`Z[p`YYb bq«`æ¯\[¬ ñ[b[ °abé`ZZr Yb \ ]g`[¬ °akp_b�°b_bqYb °abæYbe\abpk[¬ `æb a`e]«¬[k[²h �Z°b«¬ebpkY\` °a\p`_`YY²å p
óa\«b±`Y\\ dbag]« ïìhìðôïìhmð _«^ \Ypka\kY[bp Z`°kak[a\ZYbæb b[bq�
ak±`Y\^ p Zb¯`[kY\\ Z fa\[`a\`g °`a`fa²[\^ a`ebYkYZbp °a`_bZ[kp«^`[r
°b Ykê`g] gY`Y\çr bq` ñ[\ pbegb±YbZ[\h�å ]_bqYb °ab_`gbYZ[a\abpk[¬Yk fbYfa`[Ybg °a\g`a`h� akqb[` ë£î \ZZ«`_bpk«kZ¬ Z\Z[`gk ïìð p Z«`_]çè`g _\k°kebY` °kak�g`[abp

ω = 1.0 , 0.01 ≤ ε1 = ε2 ≤ 0.5 , 8.0 ≤ Ω1 ≤ 18.0 , Ω2 = −10.0 . (17)

�\Z«`YY²c Z¯`[ \ Z°`f[ak«¬Y²c kYk«\e Z`°kak[a\ZYbæb b[bqak±`Y\^ °b�fkek«\r ¯[b Yk\qb«`` Z\«¬Yk^ p[ba\¯Yk^ ækagbY\fk Yk Z]gg` ¯kZ[b[ pbe�
Y\fk`[ °a\ Ω+ = Ω1 + Ω2 ≈ 3.0 h óa\ ñ[bg `` pf«k_ p kg°«\[]_] Z`°kak�[a\ZYbæb b[bqak±`Y\^ p`aåY`c ¯kZ[\ Z«b^ p Y`Zfb«¬fb Zb[`Y ake °a`p²�
êk`[ Z]ggkaY²c pf«k_ b[ °`ap\¯Y²å ¯kZ[b[h ób ñ[bc °a\¯\Y` bq�`f[bgYkê`æb _k«¬Y`cê`æb akZZgb[a`Y\^ Z[kY`[ b[bqak±`Y\` ïíð Z d\fZ\abpkY�Y²g °kakg`[abg λ = 3.0 \ °bY^[Ybr ¯[b °b°akpfbc 4δ/λ p dbag]«` ï¤ð

�



°a`Y`qa`æk[¬ Y`«¬e^h j]_`g akZZgk[a\pk[¬ [b«¬fb p`aåYçç ¯kZ[¬ Z«b^ Z
ê\a\Ybc wu

\ Yk bZYbpkY\\ dbag]«² ï¤ð pp`_`g p`«\¯\Y]

Du(W ) =
wu(W )

λW
, (18)

fb[bak^ ^p«^`[Z^ Ybag\abpkYY²g akeg`abg ñ[bc ¯kZ[\ ëìîh � p²Zbfb¯k�Z[b[Ybg °a`_`«` ïλ → ∞ð Du(W ) °`a`Z[k`[ ekp\Z`[¬ b[ W \ Z[a`g\[Z^
f [b±_`Z[p`YYbc `_\Y\é`h

�\Zh ì¸ �bag\abpkYYk^ ê\a\Yk ïì�ð p`aåY`c ¯kZ[\ bZYbpYbæb åkb[\¯`�Zfbæb Z«b^ Z\Z[`g² ïìð fkf d]Yfé\^ kg°«\[]_²W Z`°kak[a\ZYbæb b[bq�
ak±`Y\^ ïíð °a\ λ = 3.0 h
�k a\Zhì °a\p`_`Yk °b«]¯`YYk^ ¯\Z«`YYb \[`a\abpkY\`g b[bqak±`�

Y\^ ïíð ekp\Z\gbZ[¬ Du(W ) ï̄ \Z«b \[`aké\c _«^ fk±_bc [b¯f\ a\Z]YfkakpYb 108ðr fb[bak^ Zb_`a±\[ gYbæb akea²pbph �`fb[ba²` \e ñ[\å ake�a²pbp b[¯`[«\pb p\_Y²r _a]æ\` _«^ Zpb`æb bqYka]±`Y\^ [a`q]ç[ ]p`�«\¯`Y\^ gkZê[kqkh �kfk^ Z[a]f[]ak p akgfkå Zbpa`g`YYbc _\Ykg\f\
bq�^ZY^`[Z^ [`gr ¯[b Z abZ[bg W °ab\Zåb_\[ °bZ«`_bpk[`«¬Yb` akea]�
ê`Y\` \Ypka\kY[Y²å fa\p²å Z \aaké\bYk«¬Y²g\ ¯\Z«kg\ pakè`Y\^ \
bqakebpkY\` Yk \å g`Z[` [kf Yke²pk`g²å 	fkY[ba�[babp	ëììîh 	Z«\ [kfk^
fa\pk^ ^p«^`[Z^ æakY\é`c g`±_] bZYbpY²g åkb[\¯`Zf\g Z«b`g \ q«\�
±kcê\g f Y`g] a`ebYkYZbg �¸� Z`°kak[a\ZYbæb b[bqak±`Y\^r [b °a\ ``

o



akea]ê`Y\\ °ab\Zåb_\[ Z«\^Y\` ñ[\å bq�`f[bp \ akeg`a Z«b^ °a\akZ[k`[Yk fbY`¯Y]ç p`«\¯\Y] ô dkebp²c bq�`g °a\Zb`_\Y\pê`æbZ^ a`ebYkYZkh�b¯Yb` eYk¯`Y\` kg°«\[]_² b[bqak±`Y\^ W r °a\ fb[babg ñ[b °ab\Zåb�_\[ ]_bqYb Yke²pk[¬ °babæbp²g \ bqbeYk¯k[¬ ¯`a`e W (N : M)�kf b[g`¯`Yb p ëìîr gkfZ\gk«¬Yb` ]p`«\¯`Y\` akeg`ak °ab\Zåb_\[ °a\
°`a`fa²[\\ bZYbpYbæb Z«b^ Z é`«²g a`ebYkYZbg Z`°kak[a\ZYbæb b[bq�
ak±`Y\^ ô Yk a\Zhì p\_Y² _pk [kf\å Z«]¯k^ p bfa`Z[YbZ[^å eYk¯`Y\c
W ≈ 1.81 · 10−5 ïa`ebYkYZ l¸ìð \ W ≈ 1.45 · 10−4 ïa`ebYkYZ £¸ìðh �kZZgb[�
a\g °b_abqY`` °`ap²c \e Y\åh

�\Zh í¸ ókakg`[a² Z`°kak[a\ZYbæb b[bqak±`Y\^W = 1.83·10−5 \ λ = 3.0 h�«`pk ô p`aåY^^ ¯kZ[¬ bZYbpYbæb åkb[\¯`Zfbæb Z«b^ Zake] ±` °bZ«` `æb
°`a`fa²[\^ Z é`«²g a`ebYkYZbg l¸ìh �°akpk ô \Ypka\kY[² a`ebYkYZbp
ïZp`aå] pY\eð l¸ìr ìo¸mr ìm¸í \ õ¸ìh
�k «`pbc °b«bp\Y` a\Zhí °bfkekY bZYbpYbc åkb[\¯`Zf\c Z«bc Zake]

°bZ«` [bæbr fkf f Y`g] °a\Zb`_\Y\«Z^ é`«²c a`ebYkYZ l¸ìh � åkb[\¯`�
Zfbg gba` p\_Y²r p ¯kZ[YbZ[\r bZ[abpf\ ]Z[bc¯\pbZ[\ a`ebYkYZbp ìo¸mr
ìm¸í \ õ¸ìh �k °akpbc °b«bp\Y` a\Z]Yfk YkY`Z`Y² «\Y\\ ]abpY^ \Ypk�
a\kY[bp ñ[\å ¯`[²a`å a`ebYkYZbpr °bZ[ab`YY²` °b dbag]«kg ïìhìð�ïìhmðóa\«b±`Y\^ ïa`ebYkYZ ín¸m e_`Z¬ Y` °a`_Z[kp«`Yr °bZfb«¬f] «\Y\\ `æb
\Ypka\kY[k °`a`Z`fkç[Z^ Z «\Y\^g\ \Ypka\kY[bp ìm¸í \ õ¸ì \ a\Z]Ybf
°b«]¯k`[Z^ Y`fakZ\p²cðh
� °bgbè¬ç fka[\Y² akZ°b«b±`Y\^ \Ypka\kY[bp gb±Yb p²°b«Y\[¬

Y`fb[ba²` bé`Yf\h �kfr Ykc_`YY²c °b gkfZ\gk«¬Ybc ba_\Yk[` æakY\¯Yb�
ìn



æb \Ypka\kY[k l¸ì Ybag\abpkYY²c akeg`a p`aåY`c ¯kZ[\ bZYbpYbæb Z«b^
akp`YDu ≈ 3.06 °a\ [b¯Ybg eYk¯`Y\\ mhình �\Y\^ \Ypka\kY[k ìo¸m °bepb�«^`[ bé`Y\[¬ akeg`a Z«b^ _b °`a`fa²[\^ \ °b«]¯k`[Z^ p`«\¯\Yk ìhm¤ °a\
[b¯Ybg eYk¯`Y\\ ìh£mh óbZ«`_Y^^ bé`Yfk bfke²pk`[Z^ Z]è`Z[p`YYb qb«``
æa]qbcr ¯`g °a`_²_]èk^ \ ñ[b gb±Yb bq�^ZY\[¬ Z«`_]çè\g bqakebgh�Ypka\kY[²r fkf \ «çqb` _a]æb` kYk«\[\¯`Zfb` b°\ZkY\`r °a\Yé\°\k«¬�
Yb Y` gbæ][ °`a`_k[¬ åkb[\¯`Zf]ç fbg°bY`Y[] _p\±`Y\^ ïp ¯kZ[YbZ[\r
]¯`Z[¬ ê\a\Y² åkb[\¯`Zf\å Z«b`p a`ebYkYZbpðh �² p²°b«Y\«\ \eg`a`�
Y\` Y` Yk fakçr k pY][a\ bZYbpYbæb Z«b^r æ_` p«\^Y\` ñ[bc fbg°bY`Y[²_bZ[k[b¯Yb p`«\fb \ °b«]¯\«\ \Zfk±`YY²c a`e]«¬[k[h �k a\Zhí °a`_Z[kp�
«`Y² _pk ZbZ`_Y\å é`«²å a`ebYkYZk ïY\±Y\c õ¸ì \ p`aåY\c l¸ìð \ °b[b�
g] gb±Yb Zfkek[¬r ¯[b ñ[b[ a\Z]Ybf d\fZ\a]`[ gbg`Y[ \å °`a`fa²[\^h�\_Ybr ¯[b ñ[\ a`ebYkYZ² a`efb Y`b_\Ykfbp²r¯[b ^p«^`[Z^ °a^g²g Z«`_�Z[p\`g b[g`¯kpê`cZ^ p ake_`«` m Y`b_Ybab_YbZ[\ Z`°kak[a\ZYbæb b[bqak�
±`Y\^ ïYk°bgY\gr ¯[b ] Z[kY_ka[Ybæb b[bqak±`Y\^ pZ` é`«²` a`ebYkYZ²
b_\Ykfbp²ðh �kêk q«\±kcêk^ ek_k¯k ô °abZ«`_\[¬ _\Ykg\f] °`a`fa²�
[\^ é`«²å a`ebYkYZbp l¸ì \ £¸ìr ZakpY\pk^ a`e]«¬[k[² °a^gbæb Z¯`[k \
kYk«\ek fka[\Y² akZ°b«b±`Y\^ «\Y\c \Ypka\kY[bph

�kg`[Yb p²ê` p`aåY`c æakY\é² a\Zhí akZ°b«b±`Y² a`ebYkYZ² Z`°k�
ak[a\ZYbæb b[bqak±`Y\^ ï°b °ba^_f] ZY\e] pp`aåð ìõ¸mr ìì¸ír ìl¸m \ £¸ìh
ób g`a` abZ[k p`«\¯\Y² W \å dkebp²` bq«kZ[\ q]_][ 	[bY][¬	p bZYbp�
Ybg åkb[\¯`Zfbg Z«b`r °a\¯`g °a\Zb`_\Y`Y\` f Y`g] é`«bæb a`ebYkYZk £¸ì
pYbp¬ q]_`[ Zb°abpb±_k[¬Z^ qb«¬ê\g Zfk¯fbg ï°akp²c Z«]¯kc Yk a\Zhìðh�k a\Zhm °bfkekYk Z\[]ké\^ °a\W = 6.7 ·10−5 Y`°bZa`_Z[p`YYb °`a`_
bq¬`_\Y`Y\`g bZYbpYbæb Z«b^ Z a`ebYkYZbg ìõ¸mh � °bgbè¬ç \Ypka\kY�
[bp gb±Ybr fkf \ p²ê`r °b«]¯\[¬ bé`Yf] akeg`ak Z«b^ _b °`a`fa²[\^ \
p`«\¯\Y] b±\_k`gbæb Zfk¯fkr bq` ñ[\ p`«\¯\Y² ake]gYb Zbæ«kZ]ç[Z^ Z_kYY²g\ a\Zhìh �ZZ«`_]^ pek\gYb` ak»°b«b±`Y\` \Ypka\kY[bp p bfa`Z[�
YbZ[\ eYk¯`Y\^ W = 6.7 · 10−5 \ °a\g`Y^^ fa\[`a\c °`a`fa²[\^ a`eb�YkYZbp gb±Yb [kf±` °a`_°b«b±\[¬r ¯[b °`a`fa²[\` _b«±Yb °ab\ebc[\
p \Y[`apk«` 6.0 ·10−5 < W < 7.5 ·10−5 ô [b¯Yb` eYk¯`Y\` bfkek«bZ¬ akpYb
W (17 : 3) = 6.954 · 10−5 h �\_Yb [kf±`r ¯[b _b °`a`fa²[\^ Z a`ebYkYZbg
ìì¸í `è` _k«`fb ïbYb Z«]¯\[Z^ °a\ W (11 : 2) = 9.009 · 10−5 r Zgh a\Zhìðh�k a\Zh¤ °a`_Z[kp«`Yk Z\[]ké\^ °`a`_ bq¬`_\Y`Y\`g bZYbpYbæb Z«b^
Z b¯`a`_Y²g é`«²g a`ebYkYZbg £¸ìh �k fka[\Y` \Ypka\kY[bp °a`_Z[kp�
«`Y² bqk é`«²å a`ebYkYZk ïpp`aå] £¸ìr pY\e] l¸ìð \ °b[bg] g² æbpba\gr
¯[b a\Zh¤ b°\Z²pk`[ °bZ«`_Yçç Z[k_\ç p \å °`a`fa²[\\h �_`Z¬ [kf±`
]_k«bZ¬ ]fkek[¬ \Y[`apk« 1.35 · 10−4 < W < 1.5 · 10−4 r pY][a\ fb[babæb
q²«b Ykc_`Yb °babæbpb` eYk¯`Y\` W (5 : 1) = 1.453 · 10−4 h�²ê` g² bæakY\¯\«\Z¬ `_\YZ[p`YY²g eYk¯`Y\`g ¯kZ[b[² λ = 3.0 \

ìì



�\Zh m¸ ókakg`[a² Z`°kak[a\ZYbæb b[bqak±`Y\^W = 6.7 ·10−5 \ λ = 3.0 h�«`pk ô [a\ åkb[\¯`Zf\` [ak`f[ba\\¸ Y\±Y^^ ^p«^`[Z^ bZYbpY²g åkb[\�
¯`Zf\g Z«b`gr _p` p`aåY\` `Z[¬ åkb[\¯`Zf\` Z«b\ a`ebYkYZbp ìõ¸m \ ìì¸í
Z`°kak[a\ZYbæb b[bqak±`Y\^h �\[]ké\^ Y`°bZa`_Z[p`YYb °`a`_ °`a`fa²�
[\`g bZYbpYbæb Z«b^ Z a`ebYkYZbg ìõ¸mh �°akpk ô \Ypka\kY[² a`ebYkYZbp
ïZY\e] pp`aåð l¸ìr ìõ¸m \ ìì¸íh

�\Zh ¤¸ ókakg`[a² Z`°kak[a\ZYbæb b[bqak±`Y\^W = 1.44·10−4 \ λ = 3.0 h�«`pk ô _p` åkb[\¯`Zf\` [ak`f[ba\\¸ Y\±Y^^ ^p«^`[Z^ bZYbpY²g åkb[\�
¯`Zf\g Z«b`gr p`aåY^^ `Z[¬ åkb[\¯`Zf\c Z«bc é`«bæb a`ebYkYZk £¸ì Z`°k�ak[a\ZYbæb b[bqak±`Y\^r Z\[]ké\^ Y`°bZa`_Z[p`YYb °`a`_ \å °`a`fa²�
[\`gh �°akpk ô \Ypka\kY[² a`ebYkYZbp ïZp`aå] pY\eð £¸ìr ìl¸mr ìì¸í \ l¸ìh

ìí



akZZgb[a`«\ _\Ykg\f] b_Ybæb ñ[k°k °`a`fa²[\^ é`«²å a`ebYkYZbp Z`°k�ak[a\ZYbæb b[bqak±`Y\^ ïíðh �ZZ«`_bpkY\^r °b�p\_\gbg]r Z«`_]`[ °ab�
_b«±\[¬ \r p ¯kZ[YbZ[\r °abZ«`_\[¬ °`a`åb_ b[ Y\ef\å ¯kZ[b[ f kZ\g°[b�
[\¯`Zfbg] °a`_`«] λ → ∞ h j²«b q² °b«`eYb [kf±` °a\bqa`Z[\ b°a`_`�«`YY²c b°²[ p \Z°b«¬ebpkY\\ ñdd`f[\pYbæb fa\[`a\^ °`a`fa²[\^ a`eb�YkYZbp °a\g`Y\[`«¬Yb f bqZ]±_k`gbc °abq«`g` \ Yk]¯\[¬Z^ qb«`` kff]�
ak[Yb Ykåb_\[¬ °babæbp²` eYk¯`Y\^ °kakg`[ak b[bqak±`Y\^ W (N : M)h

� �ýÿ��úáãäá

�e _kYY²å °a`_²_]è`æb ake_`«k p\_Ybr ¯[b 
�� ô \Ypka\kY[² b¯`Y¬
Y`°«båb °`a`_kç[ [b°b«bæ\ç 	Zpb\å	a`ebYkYZbp \ ñ[b °bepb«^`[ \Z°b«¬�ebpk[¬ \å _«^ °b«]¯`Y\^ Yk_`±Y²å bé`Ybf akeg`abp bZYbpYbæb åkb[\¯`�
Zfbæb Z«b^h � °bgbè¬ç \ep`Z[Ybæb fa\[`a\^ °`a`fa²[\^ a`ebYkYZbp �\�
a\fbpk \ fka[\Y² pek\gYbæb akZ°b«b±`Y\^ \Ypka\kY[bp ]_k`[Z^ Ykc[\
\Y[`apk« eYk¯`Y\c °kakg`[akW r 	°b_bea\[`«¬Y²c	p Zg²Z«` pbegb±Yb�
æb bq�`_\Y`Y\^ bZYbpYbæb åkb[\¯`Zfbæb Z«b^ Z q«\±kcê\g f Y`g] a`�
ebYkYZbg �¸� Z`°kak[a\ZYbæb b[bqak±`Y\^h 
«^ b[²ZfkY\^ [b¯Ybæb b[�
p`¯kçè`æb ñ[bg] Zbq²[\ç °babæbpbæb eYk¯`Y\^ W (N : M) _bZ[k[b¯Yb°abp`Z[\ ¯\Z«`YYb` \ZZ«`_bpkY\` «\ê¬ pY][a\ ]fkekYYbæb \Y[`apk«kh

�kg`[\gr ¯[b p²¯`a¯\pkY\` °b«Ybc fka[\Y² \Ypka\kY[bp Yk dkebpbc
°«bZfbZ[\ Y` pZ`æ_k bq^ek[`«¬Ybh 
«^ °a\q«\±`YY²å bé`Ybf _bZ[k[b¯Yb
q²pk`[ Ykc[\ _«\Y² \ pek\gYb` akZ°b«b±`Y\` °a\Yk_«`±kè\å ake«\¯�
Y²g a`ebYkYZkg b[a`efbp Yk «\Y\\ x = 0 r fb[bak^ ^p«^`[Z^ _bg\YkY[YbcïYk Y`c «`±k[ é`Y[a² pZ`å a`ebYkYZbpðh�Zbqb Yk_b °b_¯`afY][¬r ¯[b pbegb±Yb` \Z°b«¬ebpkY\` \Ypka\kY[bp
Yk ñ[bg Y` fbY¯k`[Z^ \ bY\ gbæ][ ZbZ[kp\[¬ bZYbp] _bZ[k[b¯Yb °ab_p\�Y][bc [`ba\\h � óa\«b±`Y\\ g² ek°\Z²pk«\ Sm(w, x) p \Zåb_Y²å °`a`�g`YY²å w, xr Yb gb±Yb °bZ[ab\[¬ °ab\epb_^è\` d]Yfé\\ F(I, x) fkYb�Y\¯`Zfbæb °a`bqakebpkY\^ f _a]æ\g °`a`g`YY²g I, ψ \ Ykc[\ \Ypka\kY[
Sm(I) fkf d]Yfé\ç [b«¬fb Ybpbæb _`cZ[p\^ I h �[br pb�°`ap²år ekg`[�Yb ]°abèk`[ \ZZ«`_bpkY\` Zkgbæb \Ypka\kY[kr °bZfb«¬f] «\Y\^ ]abpY^
_b°]Zfk`[ ^pYb` °a`_Z[kp«`Y\` p p\_` I(w, x) = const h �b�p[ba²år ñ[b°bepb«^`[ °bZ[ab\[¬ ækg\«¬[bY\kY² fbYfa`[Y²å a`ebYkYZbp \ Ykåb_\[¬r
Yk°a\g`ar ¯kZ[b[² _p\±`Y\ch �bb[p`[Z[p]çèk^ [`åY\fk _«^ Z[kY_ka[�
Ybæb b[bqak±`Y\^ b°\ZkYk p ë�îh�g`Z[` Z [`gr [`ba\^ 
�� ô \Ypka\kY[bp Y\fbæ_kr f Zb±k«`Y\çr Y`
q²«k °a`_g`[bg pY\gkY\^ °abd`ZZ\bYk«¬Y²å gk[`gk[\fbp \ °b[bg] °a\
\å °bZ[ab`Y\\ qb«¬ê]ç ab«¬ \æak`[ ñ«`g`Y[ ]æk_²pkY\^ ï\g`YYb [kf q²�

ìm



«\ Ykc_`Y² °a\p`_`YY²` p óa\«b±`Y\\ ]Z[akY^çè\` bZbq`YYbZ[\ ekp\�
Z\gbZ[\ r′0(w)ðh �[b bqZ[b^[`«¬Z[pb ¯a`ep²¯kcYb ek[a]_Y^`[ °ab_p\±`�Y\` p qb«`` p²Zbf\` °ba^_f\m h 
a]æ\g °a`°^[Z[p\`g ^p«^`[Z^ °abæa`Z�Z\pYb pbeakZ[kçè`` Z abZ[bg m ]Z«b±Y`Y\` kYk«\[\¯`Zf\å p²ak±`Y\ch� «\[`ak[]a` ïZghëír�îð ]±` b[g`¯k«kZ¬ pbegb±Yk^ Zp^e¬ ñ[\å dkf[bp Z[`gr ¯[b p g`[b_` 
�� ]Z[akY^ç[Z^ pZ` °b«çZk pZ`å a`ebYkYZbpM = m\ \Ypka\kY[ Sm

bfke²pk`[Z^ kYk«\[\¯`Zfbc d]Yfé\`c pb pZ`g dkebpbg
°abZ[akYZ[p`h �°b«Y` pbegb±Ybr ¯[b b[fke b[ [a`qbpkY\^ [kfbc æ«bqk«¬�
Ybc kYk«\[\¯YbZ[\ °bgb±`[ bq«`æ¯\[¬ a`ê`Y\` bqZ]±_k`g²å °abq«`g
ë�îh �kg`[\gr ¯[b °a\g`a °bZ[ab`Y\^ \Ypka\kY[k °`apbæb °ba^_fk _«^
Z«]¯k^r fbæ_k \e pZ`æb Z¯`[Ybæb gYb±`Z[pk é`«²å a`ebYkYZbp Yk_b q²«b
]Z[akY\[¬ bZbq`YYbZ[\ «\ê¬ ] Y`Zfb«¬f\å ZbZ`_Y\å Zb_`a±\[Z^ p ëìíîh�_Yk \e é`«`c YkZ[b^è`c akqb[² ô `è` ake °a\p«`¯¬ pY\gkY\` \Z�
Z«`_bpk[`«`c f g`[b_] 
�� °bZ[ab`Y\^ a`ebYkYZY²å \Ypka\kY[bpr fb[b�
a²cr °b Ykê`g] gY`Y\çr ekZ«]±\pk`[ _k«¬Y`cê`æb Zbp`aê`YZ[pbpkY\^
\ akep\[\^h
�p[ba æ«]qbfb °a\eYk[`«`Y jh�h�\a\fbp] \ �h�hj\q`a_bad ek bq�

Z]±_`Y\^ \ Zbp`[²h �kqb[k ¯kZ[\¯Yb °b__`a±kYk �bZZ\cZf\g dbY_bg
d]Y_kg`Y[k«¬Y²å \ZZ«`_bpkY\c ïæakY[ nì�ní�ìl�mlðh

�I@F>�BG@B
�I@ KBIM�� @GM=I@=G?= >?>�I=�BG@� � !


«^ dkf[\¯`Zfbæb °bZ[ab`Y\^ \Ypka\kY[bp Z`°kak[a\ZYbæb b[bqak�±`Y\^ ïíð ]_bqYb pbepak[\[¬Z^ b[ J, θ f °a`±Y\g °`a`g`YY²g w, x \ °b�[bg] pb pZ`å dbag]«kå _kYYbæb óa\«b±`Y\^ ê[a\å beYk¯k`[ °ab\epb_�
Y]ç °b w h �qYka]±\«bZ¬r ¯[b °a^gb` \Z°b«¬ebpkY\` dbag]« ïì¤ð�ïìõð pb[Ybê`Y\\ ñ[bæb b[bqak±`Y\^ Z\«¬Yb ek[a]_Y`Yb \e�ek p²¯\Z«\[`«¬YbcY`]Z[bc¯\pbZ[\ °a\ °bZ[ab`Y\\ «\Y\c ]abpY^ \Ypka\kY[bph ób«b±`Y\`
\eg`Y\«bZ¬ f «]¯ê`g]r fbæ_k pg`Z[b w q²«k pp`_`Yk Ybpk^ °`a`g`YYk^p\_k

z(w) =
λ

2
ln

32

|w|
.

�[bq² fka[\Yk a`ebYkYZbp Yk dkebpbc °«bZfbZ[\ w, x °b«]¯\«kZ¬ °ak�p\«¬Ybc Z«`_]`[ °b«b±\[¬ påb_^è\c p ïìõð gbg`Y[ Ykq«ç_`Y\^ t∗ akp�Y²g 2π hóa`_«b±`YY²` p ë�î _«^ °b_kp«`Y\^ gk«²å eYkg`Yk[`«`c p Z«]¯k`
Z[kY_ka[Ybæb b[bqak±`Y\^ fbYfa`[Y²` ekp\Z\gbZ[\ r′0(w) bfkek«\Z¬ °a\�æb_Y² \ _«^ Z`°kak[a\ZYbæb b[bqak±`Y\^ ïíðh � Ykê\å bqbeYk¯`Y\^å

ì¤



\g``g _«^ \Ypka\kY[k °`apbæb °ba^_fk
r′0 = sin z ,

_«^ \Ypka\kY[k p[babæb °ba^_fk

r′0 = sin2 z sin 2za =
2 sin 2z − sin 4z

4
,

\ _«^ \Ypka\kY[k [a`[¬`æb °ba^_fk

r′0 = sin2 z sin2 2z sin 3z =
1

16
(sin z + 3 sin 3z − sin 5z − 2 sin 7z + sin 9z) .

�\±` p²°\ZkY² °b«Y²` p²ak±`Y\^ °`ap²å [a`å \Ypka\kY[bp Z`°kak�
[a\ZYbæb b[bqak±`Y\^ ïíð

S1(z(w), x) = e−2z/λ

[

sin z +
λ

2
cos z

]

+
W

64

[

1 +
λ2

4

]

cos(x− z) , (1.1)

S2(z(w), x) = 16e−2z/λ

[

sin 2z + λ cos 2z

1 + λ2
−

sin 4z + 2λ cos 4z

2(1 + 4λ2)

]

+

W

2
sin z sin 2z cos(x− z) − λe2z/λ

(

W

16

)2

cos 2z cos 2(x− z) , (1.2)

S3(z(w), x) = 4e−2z/λf0(z) +
W

2
sin z sin2 2z sin 3z cos(x− z)−

3λe2z/λ

(

W

32

)2

sin z sin 2z(2 + 3 cos 2z + 3 cos 4z) cos 2(x− z)+

λ

6

(

e2z/λ

512

)2

W 3[f1(z) cos 3(x− z) − 3f2(z) cos(x− z)] . (1.3)

� °bZ«`_Y`g p²ak±`Y\\ pp`_`Y² bqbeYk¯`Y\^¸

f0(z) = g(z)+3g(3z)−g(5z)−2g(7z)+g(9z) , g(n z) =
2 sinnz + nλ cosnz

1 + (nλ/2)2
,

f1(z) = λ(27+35 cos 2z+49 cos 4z+81 cos 6z)+14 sin 2z+14 sin 4z+18 sin 6z ,

f2(z) = λ(23+51 cos 2z+69 cos 4z+49 cos 6z)+10 sin 2z+22 sin 4z+14 sin 6z .�g`Z[Yb ekg`[\[¬r ¯[b °a\ p²°b«Y`Y\\ ]Z«bp\c ïììð \Ypka\kY[² Z`°k�
ak[a\ZYbæb b[bqak±`Y\^ °`a`åb_^[ p \Ypka\kY[² Z[kY_ka[Ybæb b[bqak�
±`Y\^h

ì£
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