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1 Introduction

Heavy Quark Effective Theory (HQET) is an effective field theory ap-
proximating QCD for problems with a single heavy quark having mass
m, when characteristic momenta of light fields are much lower than
m, and there exists a 4-velocity v such that characteristic residual
momenta kK = p — muv of the heavy quark are also small. It has sub-
stantially improved our understanding of heavy quark physics during
the last decade [1, 2]. Methods of perturbative calculations in HQET
are reviewed in [3].

In this paper, we calculate the quark-gluon vertex in the leading-
order HQET (1/m") at one loop, for arbitrary external momenta, in
an arbitrary covariant gauge, in space-time dimension d = 4 — 2e.
This allows us to take all on-shell limits (introducing additional 1/¢
divergences) directly. The general d-dimensional results can also be
used for expansion around a dimension other than 4; for example,
2-dimensional HQET was considered in the literature in some detail.

A one-loop calculation of the QCD quark-gluon vertex with a finite
quark mass m has been recently completed [4] (where references to
earlier partial results can be found). We check how the HQET result
can be obtained by taking the limit m — oo in the QCD result.

Let the sum of bare one-particle-irreducible vertex diagrams in
HQET (Fig. 1) be igot*1'*(k,¢). The “full” momenta of the incoming
quark and the outgoing one are

p=mv+k, p=mv+k, (1)

where v is the heavy-quark 4-velocity (v? = 1), and k, k' are the
residual momenta. The momentum transfer is ¢ = p' — p = &' — k.
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Figure 1: HQET quark-gluon vertex

In the HQET limit, m — oo, k ~ k' ~ ¢ ~ O(1). The heavy quark
propagator in HQET is

P41 1

k - -
S(k) 2 k-v+i0’

(2)
and the elementary quark-gluon vertex is iggt®v*.

In the leading-order HQE'T, heavy-quark propagators and vertices
do not depend on the component of the heavy-quark momenta orthog-
onal to v. Therefore, I'*(k, ¢) does not depend on k; =k — (k- v)v.
The only vectors in the problem are v and ¢, and (see [3])

Ik, q) = I'y(w,w’, )0 + Ty (w, o', ¢*)g", (3)
where
w=k-v, W=kv (4)

are the residual energies, and ¢ - v =’ — w. The functions I', and I';
can be reconstructed from the contractions

(W' — W) g, — ¢*1IH v, (W — W), — I'*g,

F’U — Q2 ) Fq == Q2 ? (5)
where
Q= (W -w-¢ (6)
is the 3-momentum transfer squared in the v rest frame.
At the tree level, I'* = v*. One-loop corrections are shown in

Fig. 2. The contribution I'# of the diagram Fig. 2a is proportional to
v*; that of Fig. 2b has both structures.
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Figure 2: One-loop vertex diagrams
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Figure 3: Longitudinal gluon insertions into quark and gluon propa-
gators

The contraction 1'*(k, ¢)q, can be simplified using the identities
shown in Fig. 3. Here a gluon line with a black triangle at the end
denotes a “longitudinal gluon insertion”; when attached to a vertex, it
means just the contraction with the incoming gluon momentum (note
that it contains no gluon propagator!). A dot near a propagator means
that its momentum is shifted by ¢. The colour structures are singled
out as prefactors in front of the propagator differences. The circular
arrow in Fig. 3b shows the order of indices in the colour structure
of the three-gluon vertex if**¢. Two last terms in Fig. 3b contain
longitudinal gluon insertions again; for them, the identities of Fig. 3
can be recursively used.
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Figure 4: Ward—Slavnov—Taylor identities for the one-loop vertex

Application of these identities to the diagrams of Fig. 2 is shown
in Fig. 4. Here the non-standard vertices of Fig. 5 are igpt® and
géfebetcon. This is, of course, just the one-loop case of the general
Ward-Slavnov—Taylor identity for the quark-gluon vertex, which is
discussed in [5, 4] in detail. The one-loop contributions to this iden-
tity are collected in Eqs. (2.28) and (2.29) of [4]. They can be easily
associated with the diagrams shown in Fig. 4. The only term which
requires some explanation is the diagram involving one-loop ghost self-
energy contribution (the first diagram in the second line of Fig. 4b).
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Figure 5: Non-standard vertices
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Figure 6: Relation between ghost self-energy contributions

It has the form /,v*, where the integral /, depends on the only vector
¢; therefore, I,,0* = (q-v)(1,4")/¢* = (W' — w)({,q")/¢*. This can be
depicted as in Fig. 6. Thus, this term corresponds to the last contri-
bution on the r.h.s. of Eq. (2.29) of [4]. Using Fig. 6, we can avoid
introducing the non-standard vertex shown in Fig. 5b.

For the contributions of the diagrams of Fig. 2a,b, we have

kg = (1= 500 ) (86) - 5),
Uk = o (S) = X)) + (ghost terms). (1)

Here —iX(w) is given by the one-loop self-energy diagram of Fig. 7:

Sw = G g @4 - 99T() (8)
i dl
Iw) = -—p / (l-v+w+i0) (12 +i0)
= 2(—2w)*PI(3 - d)l(d/2 - 1) (9)

7



Sy

Figure 7: Heavy-quark self energy

(see [9]). In what follows, we shall not explicitly write +i0 in denom-
inators. Here & = 1 — ag, ap is the bare gauge-fixing parameter. We
can see that the Yennie gauge [6] (see also in [7]) is of special interest,
since X(w) is finite at £ = —2. Moreover, if the generalization of Yennie
gauge to an arbitrary dimension is chosen as £ = —2/(d — 3) [8], then
in the Abelian case (and, in particular, at one loop), the heavy-quark
self energy vanishes [9] (see [3] for a tutorial). The two-loop HQET
self energy was obtained in [9]; the three-loop one can be calculated
using the methods of [10]. These calculations are based on integration
by parts [L1].

Using the identity (7), we can obtain the result for the diagram of
Fig. 2a without calculations:

CA ) Z(wl) — Z(w) oM. (10)

et g) = - (1- g ) =5

This result is also confirmed by direct calculation. Feynman integrals
of the type of Fig. 2a,

d4
/ , (1)
(L-o4w)n(l-v+w)e(l?)e
can always be calculated, for integer vy, v4, by applying

1 1 1 1

(v4+w(l-v+w) TV —wllvtw vt

required number of times. We note that in [12] integrals of the type
(11) with different velocities v have been examined.

Calculation of Fig. 2b requires more complicated Feynman inte-
grals. A method of their calculation is presented in Sect. 2. Results
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Figure 8: Feynman integral V

for the HQET vertex, as well as various limiting cases, are discussed
in Sect. 3. Sect. 4 contains a brief summary of the results obtained.
In Appendix A, we present general results for the Feynman integrals
of the type of Fig. 2b, for arbitrary d and powers of the denominators.
In Appendix B some issues related to the m — oo limit of scalar in-
tegrals occurring in QCD are examined. In Appendix C, we discuss
the relation between the QCD vertex at k, ¢ < m and the HQET ver-
tex. In Appendix D, we present the HQET vertex for the heavy-quark
scattering in an external gluon field in the background-field formalism.

2 Triangle integrals

2.1 Recurrence relations

We consider the class of Feynman integrals (Fig. 8)

i d4
Voo ) =25 | e

The cases vg = 0, v = 0, v; = 0 are trivial, the results are proportional
to

2 2yaj2—2 (2 — d/2)1*(d/2 - 1)
G(¢*) = (=¢*)" (d—2) ,

V(1,1,0) = Z(w), V(1,0,1)=Z(w". (13)

V(0,1,1)

When all the indices are non-zero, we use integration by parts [11],
similarly to [13, 9]. Applying the operators (9/9!) - v, (9/0l) -1, and
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(0/01)- (I — q) to the integrand of (12), we obtain the recurrence rela-
tions

100" + 211 (07 —w) + 2052% (07 =) |V = 0, (19)
[d — vy — vy — 20 + w0t 4+ 12t (¢ — 1_)} vV = 0, (15)
[d — vy — v — 209 + W0t 4+ 1T (¢ - 2_)} VvV = 0, (16)

where 0%V (vg, vy, v2) = V(vg £ 1,11, 1), etc. When constructing the
recurrence procedure we assume that all indices v; are integer.

If 1 < 0and vy # 1, we can raise vy by (15);if 1 < 0 and vy =1,
vy # 1, we can raise vy or vy by (14);if v < 0 and v, = vy = 1, we
can raise vy or vy by (16). The case v, < 0 is symmetric. If v; > 1,
we can lower it or vy by (16); the case v > 1 is symmetric. We are
left with V' (v, 1,1).

Let us take ¢/2 times (14), add w times (16) and ' times (15), and
subtract the 07 shifted sum of (15) and (16). We obtain at vy = vy =1

[%I/00++(d—21/0—2)(w+w') —2(d—u0—2)0_] Vv, 1,1)

= [1+2_(w—0_)+2+1_(w'—0_)} Vi, 1,1), (17)

where

Q=q* +4w = (W +w)* - Q7% (18)
The integrals on the right-hand side of (17) are trivial. This relation
allows us to raise or lower vyg.

Therefore, all integrals (12) can be expressed, exactly at any d,
as linear combinations of three trivial integrals (13) and a non-trivial
one, V(1,1,1) = V(w,w', Q). An implementation of this algorithm in
REDUCE can be obtained at http://wwwthep.physik.uni-mainz.de/
Publications/progdata/mzth0101/ .

2.2 Master integral

The master integral

, i d?l
V(W’W’Q):_ﬂdﬂ/ (l-v+w)l?(l-q)* (19)
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is convergent at d = 4, except for the case ¢> = 0 when it has a
collinear divergence (infrared if ¢ = 0). We shall consider the region
w < 0,w <0, ¢* <0, where no real intermediate states exist.

Using the HQE'T version of Feynman parametrization (see, e.g.,

[31)

(20)

1 oz+ﬂ 7 yP~dy
aobB ['(a (a+ by)atP
0

twice, we have

B / ddldydy
B d/2 [—yl? —y'(l — ¢q)? —2l-v—2w]3

= —20(1+¢) // dy dy =
g (yry)im [l = 2(wy +w'y) = ¢Pyy]

21)

where y and y’ have the dimensionality of inverse energy.
For e =0 (d = 4), calculating the integral in y’ and substituting
y = 1/z, we obtain
—g2-2
log e 23)2 dz

VZQO/<z+cz—w+w')<z—@—w+w')’

(22)

where z has the dimensionality of energy. Separating the logarithm as

—q _QWZ——log z— 2w —q* = 2w'z
z2(z — 2w) Q-w-—

and making the substitution z = (—¢?)/2’ in the second integral, we
obtain the representation

200 logwadz
- !v+Q—w+w%z—Q—w+w)

7 log =22~
3 / U= (23)
tQt+w-w)(z-Q+tw-w)
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which is explicitly symmetric under w <+ w’. The poles of the denom-
inators at z = @ £ (w — w’) are compensated by the corresponding
zeros of the numerators.

Finally, we obtain

QV(w,', Q) = Liy <Q++w+“') L, <Q++,+WI)
+ L <Q++w_wl) + Liy <Q%wl+“')
1 log ¥ T “ g @ —_o;: o
B THER

This expression has cuts at w > 0, w’ > 0, and @ < |w' — w|, where
real intermediate states exist.

3 HQET quark-gluon vertex

3.1 General results

Here we present the one-loop HQE'T vertex, for arbitrary d and &. The
contribution of the diagram of Fig. 2a was given in (10). For Fig. 2b,
we obtain

Ca gt W -w

a0y () = 2@ = CaraE g

I'yq. =
{20 o) [+ ewla 4 (@ - D] V(e Q)
_ [q2(4 — &) + 4w (4 + (d - 4)5)} G(q%)

+ (0= 3¢ WT0) + eI ], (25)
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2
g §
Vo = Ca g i {—Q(d _ (Wt w)

x [(d - 6)6Q* P ww + QQ*(2¢* + (44 (d — 4)¢)ww)
+ (24 (d - 3)9) Qg% | V(w, o, Q)

+ [4(d = 3)(d - 6)€gPww (@ +w)?

—2Q¢%(¢* — dww'(d — 4+ (d - 3)¢))

+QQX((d = )4+ (d - DO+ (d - 3)(4 — (d - 9E)¢?)|G(e)
— (d = 3)(d - )&% (W' + W) (WI(W) +WT(w))

— (= 3)Q2* (' — W) (Z(&") — Z(w))

+ (44 (d - )9 (" - W) (WI(W) - W'T(w))

&)(
23+ 9L +T@)] ], (26)
where  is defined in (18). We have also derived the first contraction
using (7) (Fig. 4). The second contraction vanishes in the Feynman
gauge, because the three-gluon vertex yields 0 when contracted with v
in all 3 indices. We also note that there are some cancellations in the
generalized Yennie gauge, { = —2/(d — 3), as well as in the “singular”
gauge & = —4/(d — 4) (which was discussed in [14] in connection with
the three-gluon vertex).

When the bare vertex I'* is expressed via the renormalized quan-
tities

2

@ gB)d/2 = —Nke”f [1+0(a)], a0 =all+O(ay)],

it should become ZpI'¥, where Zp = 1+ Zja/(47e) 4 - - - is @ minimal
renormalization constant, and the renormalized vertex ['# is finite in
the limit £ — 0. Retaining only the pole parts Z(w) — 2w/, G(¢%) —
1/e, V(w,w', Q) — 0, we obtain, either from (25) or from (26),

13



a+3
4

QS
dre

Ca

Zr =1+ [(a — 3)CF-|- (27)

When gol'* = gFfchlyﬂZr is multiplied by the external leg renormal-
ization factors ZQZjlﬂ, it should give a finite matrix element. Using

1 1 4 s
L4 = 1—[— <a——3)+—Tpn1] a—,
3 dre

(Zg follows from (8), n; is the number of light flavours), we arrive at

QS
dre

92, 11 4
Zo=25%252 23 = 1= Por——, Po= gcA =3 lem. (28)
This means that the heavy-quark coupling with the gluon field in
HQET is renormalized in the same way as the other QCD couplings.
Of course, this must be the case, because otherwise renormalization
would destroy gauge invariance of HQET.

3.2 ¢ parallel or orthogonal to v

In the parallel case ¢ = (W' — w)v, () = 0. The denominators of (19)
are linearly dependent. Inserting

(l—q)? =P +2w —w)(l-v+w)

1=
Wl2—w2

into the integrand, we obtain

|2 ((@'-w)?) -

1

wtw

(W) —Z(w)

w—-w

V(w,w' 0) =

exactly at any d.
The vertex I'* is, of course, proportional to v*. Therefore, we
obtain, either from (25) or from (26),

14



B Ca | X(w) — X(w)
r, = 1_<1_2(;;> S
gt £ WI(W') —wI(w)
~Ca (4m)4/2 4(w’' 4+ w) [(d -3 W —w
Iz(wl) — I(w) (wl — w)2g((wl B w)2) ] (30)

wl2_w2 w’+w

+ 2ww

It has an imaginary part, which is contained in G((w' — w)?).

The case when ¢ is orthogonal to v (W' = w, ¢* = —Q?) does not
lead to great simplifications. The contribution (10) of Fig. 2a now
contains d¥(w)/dw = (d — 3)X(w)/w. The contraction (25) is zero,
and hence I'} is parallel to v#, too. The contribution of Fig. 2b to I',
is obtained from (26) by putting ' = w.

3.3 ¢ on the light cone

When ¢? = 0, the reduction algorithm of Sect. 2.1 breaks down. All
V (v, v1,v2) with vy < 0 vanish. We can use (14) to lower vy down to
1. Let us suppose that vy > 0; otherwise, we can interchange v ¢ vy,
w > w'. The relation

[(d—vo—v) — 1) (W —w) =110 + 9w +wr1T27 —W'vy 2717V =0,

(31)

which is w’ times (15) minus w times (16), allows us to lower v down to

1. We are left with V/ (1,74, 1). Taking (16), subtracting &’ times (14)
and adding 2w’ times 1% shifted (31), we obtain at vg = 5 =1
[d — v =3+ 20 (W —w)(d -2 — 4)1+} V(l,14,1)

= [ — 200/ (v + 11T 1P 27V (1,0, 1), (32)

where the integrals on the right-hand side are trivial. Using this re-
lation, we can lower or raise vy to 0. Therefore, all the integrals
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V(vg,v1,v2) at ¢ = 0 can be reduced to Z(w) and Z(w'). For ex-
ample, for V(1,1,1) we have

(d-3)(WI(w)—-wI(Ww))
2(d — d)ww' (W —w) (33)

V(w, o', | —w|) =

at arbitrary d.
Repeating, with the new algorithm, the calculation of the diagram
in Fig. 2b at ¢? = 0, we obtain

96 1
(47)4/2 8(d — 4)ww!

x [2(d = 5+ (d = 3)(d — 9)&ww(T(w) — T(w))
— (d=3) 2+ (d— DO (W L(w) —*Z(W))|,  (34)

B g2 (d—3)¢
FZ‘UN =Cy (4773]d/2 16(d — 6)ww? (W' — w)

X [Q(d — 6w (I (w) - Z(W"))
+ (2 (d - T)Eww (w '2z< ) - W ()
24 (d— 5O I(w) — ' T(w). (35)

I')g.=Ca

Jwow
)
These results can be also obtained from (25), (26), if we expand the
numerator of (26) up to the ¢* term.

The case ¢ = 0 belongs to all the categories considered above. We
obtain, from each of the above results, I') = 0,

9 1(w)
r,=1- d—3 24 (d—3)E) Cp — (44 (d = 5)E) Cal,
G- DT 1R (=9 Cr = (44 (@ =59 )
(d-3)Z(w)
V(w,w, 0) = _T’ (36)
exactly at any d.
34 Q=0
Another interesting case is Q = 0 (¢* = —4ww’). After reducing

Vv, v1, 1) to V(r,1,1) and trivial integrals (Sect. 2.1), we can
16



use (17) to reduce vy to 0. In particular,

LT PP

1o -
Viw,w +w)_2(d—4)(w’+w) w U

for any d. Repeating the calculation of the vertex, we obtain

I 1
(47)4/2 16(d — 4)(d — 6)ww' (W' + w)?

a[-@- o)+ (- 99+

+4(d - 3) (d 4)50)0)'} ww' (W' — w)G(—dww)
+ [(4(d 3)(3d — 16)¢) (' +w)? — 4(d — 3)(d — 4)&we|
X (d— 4)(w +w)( "T(w) — wZ(w")
+ [(4(d 3)(d — 4)(d - 8)¢) (& + w)*

I')g,=Ca

—4(d - 3)(d - 4)50)0)'} (W' —w)(WZ(w)+ wI(w'))}, (38)

W 90 '3
Fovu=Ca (4m) 42 32(d — 6)(d — 8)ww?(w' + w)?

{l-o)a-9a+@- v +o)!
+4(d - 8)(2d — (d = 3)(d — 4)&)ww' (W' + w)?
+32(d = 3)(d — 8 — 38wk’ e/ G(—dw)
—[(2(a-7)(d-8) - (d—2)(d - 5)¢) (& +w)*

—4(d - 5)(d — 8—35)0)0)}

X (d - 3) (& + w) (WL (w) + &I (W)

+[(d = 5)(2(d = 8) + (d = D) +0)* +4(d — 8 — 3 )
)~ ) (@L(0) - L) (30)

o —~

x(d—3
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3.5 Quark(s) on the mass shell

If one of the quarks is on its mass shell, say w’ = 0, then

- Q+w) yQ-w 1. ,Q-w 27?
QV(w,0,Q) = 2Li, < % +log L 3 log Oto 3 (40)
at d = 4. The contractions of the vertex are obtained from (25), (26)
by setting Z(w') = 0 and then &’ = 0.

When both quarks are on shell (w =«"=0),

9 &

(47)4/28

Iyau =0, Iju,=Cy [—2(4d = 13) + (d — )] G ().

(41)
In this case, V(0,0,Q) does not appear.
It is easy to consider the cases when ¢ is parallel to v and w’ = 0,
and when ¢ =0, W' = 0.

4 Conclusion

We have obtained general expressions (10), (25) and (26) for the one-
loop HQET quark-gluon vertex. Using recurrence relations (14)—(17),
we expressed the results in terms of one non-trivial integral V(w,w’, Q)
(19) and some trivial integrals (13). For the integral (19) in four di-
mensions, we have obtained an analytic result (24) in terms of dilog-
arithms. In Sections 3.2-3.4 we have also studied some special limits
of interest.

In Appendix A we have provided some results for the integrals (12)
with arbitrary indices and in arbitrary dimension. We have also dis-
cussed, in Appendix B, how the HQET limit can be obtained directly
from the standard integrals occurring in the QCD calculation. Using
this prescription, in Appendix C we have examined the m — oo limit of
the general QCD result [4] for the one-loop quark-gluon function, and
we have found that it is in agreement with our calculation. We have
also presented the result for the background field vertex (Appendix D).
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comments on the manuscript, and to 1. Mannel and P. Osland for
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A One-loop HQET integrals

Result for the two-point HQET integral is well known [9],

i dl
(v, v) = T /2 / (I v +w)n(I2)”
= (_WHDQW(_Md_yo_bF(VOHFI;;;)FF(S)UQ_V)

(42)

For the triangle integral (12), using Feynman parameters, we arrive
at the following double integral representation:
—1)”0+V1+D22V0F(I/0 + 141 + Vy — d/2)
I'(vo) I'(v1) I'(v2)

bt Ood d -1 /V2_1 Nvog+vi+rve—d
X// ydy' y” (y+y) (43)
00

V(VOaVIaV2) =

[1 - 2wy — 2w’y — 2y otz

The symmetry (w,v1) ¢ (@', v2) is explicit.
In the special case w = " = 0, the integral (43) can be evaluated
in terms of I' functions,

V(I/o, v, 1/2) |w=w,:0: (_1)u0+l/1 Fr29v0-1 (_q2)d/2—u0/2—u1—u2 (44)

F(Vo/Q)F(d/Q— 1/0/2 — VI)F(d/Q — 1/0/2 — I/2)F(V1 + 1) +I/0/2 — d/2)
F(Vo)r(l/l)r(l/g)r(d — Vg — V1 — 1/2) '

In particular, for v; = 1 we get

V(0.0.Q) = -LEEZ A= Tk 00 a9
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In another special case, ¢* = 0, we get a hypergeometric function,

V (o, 11, v2) o= (= 1)rotritraguo(_ggyd-ro=2n 2w
XF(V0+2V1+2V2 —d)'(n/2 = vy — 1vy)
U'(vg) I'(1 + v2)
vy, 1/0+21/1+21/2—d‘ w'>-

1- =
vy + vy w

X oF] < (46)
Using simple transformations of 3F7 function, it is easy to see that
the result obeys the symmetry (w, 1) < (W', 1y), as it should. Note
that the structure of the result (46) is quite similar to that of the two-
point integral with different masses and zero external momentum, see
eq. (2.9) of [15]. When vy = vy = 1, the result (46) reduces to

Vo, D)oy = (=127 (v — d+3) I'(d/2 - 2)
y (_wl)d—uo—S _ (_w)d—uo—S - (47)

w—w

Let us represent the denominator of (43) in terms of double Mellin—
Barnes integral, expanding with respect tow and &’ (see, e.g., Eq. (3.4)
of [15]). Then, the resulting momentum integral can be recognized as

Viw+ti+ita, v+t va+0),mwso amatont2r  (48)

where ¢; and ¢y are the contour integration variables. Using (44) we
can evaluate the integral (48) in terms of 1" functions. Making a linear
substitution for the contour integration variables (1 = s+t, t; = s—t),
we arrive at the following double Mellin-Barnes representation for the
integral (12):

(_1)D0+D1+D22D0—1(_q2)d/2—l/0/2—l/1—l/2
F(Vo) F(I/l) F(I/g) F(d — Vg — V) — 1/2)

V(VOaVIaV2) =

T dww'\® [ w\?
X(%i)?_L 4 war (-55) ()
XI(=s =) I'(t —s) I'(d/2 —vp/2 — vy —t) I'(d/2 —vy/2 — vy + 1)
xU'(mp/24+vi4+va—d/2+s) '(vo/2+ s) . (49)
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B QCD integrals in the HQET limit

Here we discuss the relation of massive integrals occurring in standard
QCD calculations and HQE'T integrals. First, let us consider the two-
point integral with one massive line and one massless line,

d?l
J(vo,v;m, 0 :/ - . 50
om0 = [ G 7w 0
For general values of vy, v and d, such integrals have been examined

in [16, 17].
When we substitute p = mv + k, the massive denominator in (50)
becomes »
2m(l+ k) o+ (1 +8)?] (51)
For k < m, several regions of integration in [ are essential. When
| ~ k, we can expand the heavy propagator (51) in both k/m and
l/m, and it becomes the HQET propagator. The leading term of this
HQET contribution (called “ultrasoft” in [18, 19]) yields 1/m"° times
an HQET integral (42), which is proportional to (—2w)?*0=2" by
dimensionality. Higher terms form an expansion in k/m.

Let us subtract and add this expansion of the heavy propagator
to the exact one. In the difference, the contribution of small [ ~
k is suppressed; typically, [ ~ m. Therefore, we can expand this
integrand difference in regular series in k/m, and integrate term by
term. Integrals of all terms of the HQET integrand expansion in k/m
vanish in dimensional regularization, because they contain no scale.
Therefore, this “hard” contribution can be obtained by expanding the
exact QCD integrand (51) in k/m, and integrating term by term. It is
analytical at k = 0, by construction. The leading term is proportional

d=2w0=2v Ly dimensionality, whereas the higher terms form an

tom
expansion in k/m. This separation of J(vg,v;m,0) at k < m into
two contributions [17] is a particular case of a more general threshold
expansion [18]. Note that k plays a role of the threshold parameter,
since p* — m?

We can check these qualitative considerations, using an explicit ex-

~ mk.

pression for J (vp, v;m,0). 1t can be presented in terms of 3£ function
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of z = p*/m?* (see Eq. (10) of [16]). Note that in the HQET limit z
approaches 1,

i.e., it is at the border of convergence of the 9 F} function. Transforming
from the variable z to 1 — 2z, we obtain (see also Eqgs. (1.12)—(1.15)
of [17])

J(vo, v m, 0) = in@/2 (= 1)rotv pd=2ro-2v

[t s (e 0 )

U'(vg+2v —d)'(d/2 — v)

() '(v)
d/2—v, d—vy—v
X2F1< /d—V0—2V+]. ].—Z)}. (52)

We see that the first term here is nothing but the “hard” contri-
bution. It has a prefactor m?=2"0=2"_ The prefactor of the second I}
function is

md—2u0—2u(1 _ Z)d—u0—2u = m—uo(_Qw)d—uo—%/’

up to higher powers of 1/m. This is the HQET (“ultrasoft”) contri-
bution; in the leading order, it yields

J (v, v;m, 0) = in¥?(2m) ™ I (v, v),

where [(vg,v) is defined in (42).

The value of (2m)"J (v, v;m,0) at the singular point 1/m = 0 is
(up to a factor ir%/?) the HQET integral (42). When setting 1/m = 0,
we discard the “hard” contribution, which is proportional to m?=*=2",
because we can always choose d small enough for this contribution to
vanish. The naive Taylor expansion in 1/m is given by the HQE'T con-
tribution. Similarly, the value of J (v, v;m,0) at the singular point
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k = 0 is the QCD on-shell integral. When setting k£ = 0, we discard
the HQET contribution, which is proportional to (—2w)%"~2"  bhe-
cause we can always choose d large enough for this contribution to
vanish. The naive Taylor expansion in k is given by the “hard” contri-
bution. Neither of these naive expansions, taken separately, describes
J(vo,v;m,0) at k < . 1t is given by the sum of both contributions,
“hard” and HQET (“ultrasoft”) ones (see in [18]).

Now, let us consider off-shell three-point integrals with one massive
and two massless internal lines. For arbitrary powers of propagators,
such vertex integrals has been considered in [16] (see Eqs. (25)—(29))
and [20] (Eqgs. (4.1)-(4.5)). Using the Mellin—Barnes representation,
Eq. (4.2) of [20] (see also Eq. (26) of [16]), we see that two (of three)
arguments, pi/m? and p3/m?* (we denote p? = k3., p3 = ki,, p3 = ki)
are approaching 1 in our limit, which is at the border of convergence
of the corresponding function.

Again, as in the two-point case, we need to construct analytic con-
tinuation of this representation, in terms of the variables containing
(m? — p#) and (m? — p2). To do this inside the Mellin-Barnes rep-
resentation, we use the contour-integral version of the corresponding
formula for ;F, namely, Eq. (A7) of [20] (where we put v3 = 1p). In
this way, we arrive at

iﬂ'd/2 (_1)u0+u1+u2 md—2u0—2u1—2u2
F(VI)F(VQ)F(Vo)F(d—I/l—1/2—1/0)

LT m?—pt\*(m*—p3\'( P \"
><(27Ti)3// dsdtdu< — )( — )(‘W)

—10Q

Ji(vi, ve, vo3m) =

xI'(=s)I'(=t)I'(—u)'(d—vg— 201 — 203 — s—t —2u)
xI'(mo+m+rve—d/24+s+t+u) U'(vn +t+u) (v + s+ u) (53)

Now, we need to analyse the contributions of the poles in the
right half-plane of the contour variable w, since they correspond to
increasing powers of p3/m?. There are only two series of poles (with
j=0,1,2,..),

(i) v = j (dueto I'(-u)) and
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(i) v = d2—-w/2-vi—vy—5/2—-1/24j/2
(due to I'(d — vy — 2v1 — 2v5 — s — t — 2u)).

The prefactors contain m?=2"0=2"1=2%2 (case (i)) and m™" (case (ii)).

The series (i) yields the “hard” contribution. The HQET (“ultrasoft”)
contribution is given by the series (ii), whose leading term is j = 0.
These two contributions are related to the singular limits 1/m = 0 and
k= ¢ =0 in a way similar to the two-point case.

Picking up this leading HQET contribution, we arrive at a double
Mellin-Barnes representation (in terms of the remaining contour inte-
grals over s and ¢), where the kinematical variables involved yield (in
the limit m — oc) the HQE'T variables,

m? — pi 2w m*— pi —2w

— — .
m —p% V_q2’ m,/—p% Vaul'a

After introducing the new contour variables (s +¢)/2 and (s — t)/2
we see that the resulting Mellin—-Barnes representation is equivalent to
(49), so that

Ji(v1,ve, vo3m) = iﬂd/2(2m)_"°V(V0, V1, V3) .

Therefore, the HQET integrals can be formally obtained directly
from the standard loop integrals, by picking up the formal Taylor
series in 1/m which has no prefactors containing m to the power de-
pending on d. Such prescription is similar to some other prescriptions
in dimensional regularization. For instance, considering the massless
limit of the integral (50) we need to represent the result in terms of
the functions of the variable m?/p?, and then discard the contribution
containing m 2% (see Eq. (11) of [16]). We have also demonstrated
that the HQET contributions are equivalent to the “ultrasoft” ones,
in the language of the threshold expansion [18]. In other words, in
the cases considered the exact result is given by the sum of two con-
tributions. The first one is given by a formal Taylor expansion of
the integrand in the small parameter of the threshold expansion (the
“hard” contribution). The second one is nothing but the HQET series
in 1/m.
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C QCD vertex at m — oc

If we substitute the “hard” parts of all scalar integrals into the QCD
vertex, then, in the limit £ — 0, ¢ — 0, we just get the on-shell
vertex at ¢ = 0. Corrections to this limit are regular expansion terms
in k/m, q/m. Since we do not consider 1/m suppressed terms here,
these corrections can be omitted.

If we substitute the HQET parts of all scalar integrals (see Ap-
pendix B), we should obtain the HQET vertex, which was calculated
in Sect. 3. In order to make a strong check of both the results of [4]
(where the one-loop quark-gluon vertex was calculated in arbitrary
gauge and dimension) and of the present ones, we consider here the
HQET limit of the QCD vertex [4].

Using the standard decomposition of the quark-gluon vertex [21]
(see also in [22, 4]), it can be split into longitudinal and transverse
parts,

4 8
=" NLE+ > nTl, (54)

where A; and 7; are scalar functions depending on kinematical vari-
ables, whereas L! and 1} are vectors which also involve Dirac matrices
(see Sect. 11D of [4] for further details).

We substitute

pr=-mv—Fk—q, py=mv+k, p3=q.

At the leading order in 1/m, the initial and final quark spinors obey
pu = u. Therefore, we can sandwich ['* between the projectors (¢ +
1)/2, and use
p+1 Ny§+1 _Pp+1 Ny§+1
2 2 T2 U2

With the required accuracy, there are three independent structures:

LY = v* 4+ O(1/m),

1
I = ¢! — (' = w)g" + O(1/m), T3 = Sy ]
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The others are
LY = 4m*LY + O(m), LY = —2mL{+0O(1), L§= 0(1),
T8 = mly +01), TV =2m*T) + O(m),
1y = O(m), T¢=0(), TF=0(m), T§=mll+0(1).

According to Appendix B, the HQET-relevant “ultrasoft” parts of the
scalar integrals are

nk =0, nr2s=0, nroz=G(¢%),

Z(w) Z(w')
nK12 = y MR11 = ,
2m 2m
V(w,w', Q) 1 Z(W) — Z(w)
= 1% = ,
n¥1 om nNe2 (2m)? o —

where the notations ¢;, £;; and 7 are defined in Sect. 11A of [4].
Therefore, at the leading order (1/m") the HQET limit of the QCD
vertex (54) yields

(M + Am* g — 2mAz) LY + (mry + 2m*ry + 73) 14 + (75 + m7s) 1% .

Using the results for A\; and 7; listed in [4], we have obtained that
at the order 1/m° the coefficient of the chromomagnetic structure 7%
vanishes, whereas those of L] and 73 reproduce the results (10), (25)
and (26), for arbitrary d and &.

Thus the QCD vertex at small k, ¢ is equal to its on-shell value at
k = g = 0 plus the HQE' vertex, up to 1/m corrections. We can refor-
mulate this statement: the QCD vertex in the on-shell renormalization
scheme is equal to the HQET vertex in the on-shell renormalization
scheme, up to 1/m corrections. In QCD, the on-shell renormalization
subtracts from the one-loop correction its value at k = ¢ = 0. In
HQET, the on-shell renormalized vertex equals the bare one, because
its value at k = ¢ = 0 vanishes.

D Background-field vertex

The background field formalism [23] is convenient for considering heavy
quark scattering in an external gluon field. In this method, the vertex
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(Fig. 1) with the background gluon differs from the ordinary one. The
diagram of Fig. 2a still gives (10), because the quark-gluon elementary
vertex does not change. The contraction of the three-gluon vertex with
a background gluon momentum contains no ghost terms, just the first
difference in Fig. 3b. Therefore,

Ca

2o (S) = ().

ngu =
This is also confirmed by a direct calculation. For the other contrac-
tion, we obtain
v, =C 973 ! {Q(w'-l—w) [292 7 (d - 8)EQ*Q* — dEQQ*¢?
bV = A (47)4/2 84222 1 1
— (16 + (d* — 18d + 40)£)£QQ*ww’
—(d—3)(d — 9)&* QP — d*E2Q* *wu
— 8(5d — 12)£2Q2w2w'2} V(w,w' Q)
+ | =802 + (4(2d - 7) - (d - 9)§)EQ*Q”
—8(d — 3)(2 — (d — 5)E)EQQ*ww’ + 4(d — 3)(d — H)E*QgPww’
—16(d — 3)(d — 6)€2Q%w*w"?|d(¢?)
+2(d = 3)E[ (24 )P (W T(w) + W T())
+2(4 4 (d — 4w (W? — W) (WT (W) — wI(W))
— (1 4+ 92+ (d - 6)ws) ¢ (WI(w) + wI(w))
= (@ 4+ (64 (=5 (WI() + T}
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