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Introduction

Two years ago the kernel of the BFKL equation [1] was obtained in the next-to-
leading order (NLO) [2, 3] for the case of forward scattering, i.e. for the momentum
transfer ¢ = 0 and the singlet colour representation in the ¢-channel. This long
awaited event had led to the appearance of a number of papers (see, for instance, [4]
and references therein) devoted to the problem of possible applications of the NLO
result in the physics of semi-hard processes.

An important way of development of the BFKL approach became the general-
ization of the obtained results to the non-forward scattering [5]. For singlet colour
representation in the t-channel, the generalized approach can be used directly for
the description of a wide circle of physical processes. The generalization for non-
singlet colour states is also of great importance, especially for the antisymmetric
colour octet state of two Reggeized gluons in the ¢-channel. This case is especially
important since the BFKL approach is based on the gluon Reggeization, although
the Reggeization is not proved in the NLO. Therefore, at this order the Reggeiza-
tion is a hypothesis which must be carefully checked. This can be done using the
“bootstrap” equations [5, 6] appearing from the requirement of the compatibility
of the gluon Reggeization with the s-channel unitarity. In the BFKL approach the
scattering amplitude for the high energy process A+B — A’4 B’ is presented as the
convolution of the impact factors ® 4,4 and ® g/ 5, which describe the A — A’ and
B — B’ transitions in the particle-Reggeon scattering, and the Green’s function
G for the Reggeon-Reggeon scattering. The bootstrap conditions for the impact
factors are already checked both for the gluon and quark scattering, for helicity con-
serving and helicity non-conserving amplitudes [7, 8]. We remind that the impact
factors are infrared finite [9] for colourless particles only. Considering scattering
amplitudes at the parton level, one needs to use an infrared regularization. We
use the dimensional regularization, which is commonly adopted. Remarkably, the
bootstrap conditions for the impact factors are satisfied at arbitrary space-time
dimension D = 4 + 2e.

The kernel of the BFKL equation in the octet channel must also satisfy the
bootstrap condition (which is called “first bootstrap condition”). This condition
was checked (also for arbitrary D) in the part concerning the quark contribution
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kernel in the NLO is expressed in terms of the two-loop gluon trajectory, the one-
loop effective vertex for the gluon production in the Reggeon-Reggeon collisions
(RRG-vertex) and the two-gluon production contribution. The last contribution
was obtained recently [11]. Since the two-loop gluon trajectory [12] and the one-
loop RRG-vertex [13] are already known, it seems that the bootstrap condition
could be checked. But in the bootstrap equation [5]

2 D2 D2
g>Nt / d°2q / d° @m0, s - Wy (2
= ——— K Q,q2;q) =w () w7 (t), (0.1
Q(QW)Dfl q12(q1 . q—')2 q22(q2 o (T)2 ( 4) ( ) ( ) ( )

where ¢ is the coupling constant, N is the number of colour, ¢ is the transverse
momentum transfer, ¢ = —g2, K®® is the one-loop contribution to the non-
forward octet kernel, w® and w® are the one- and two-loop contributions to
the gluon trajectory, the integration over the transverse momenta ¢i 2 is singular.
Therefore, in order to check at least the terms finite for e — 0 in w® in the R.H.S.
of Eq. (0.1), one needs to know the kernel in regions of singularities at arbitrary
€ (because, for example, the region of arbitrary small §1 does contribute, so that
(5712)6 cannot be expanded in powers of €). Unfortunately, the kernel with such
accuracy is not known yet, although for the gluon trajectory [12] and for the two-
gluon contribution to the octet kernel [11] the integral representations for arbitrary
D are known. The problem is in the one-gluon contribution or, in other words, in
the RRG-vertex. Let us note that, from now on, we will talk only about the gluon
part, i.e. consider pure gluodynamics, since the quark part of the vertex is known
at arbitrary D [14]. Instead, in the gluon part firstly only the terms finite for € — 0
were kept [13], but in the process of calculation of the forward BFKL kernel, it was

understood that in this kernel the RRG-vertex at small transverse momenta k of
the produced gluon must be known at arbitrary D. After this, the vertex at small
k was calculated [15] at arbitrary D. Later the results of [13, 15] were obtained by
another method in [16]. But for the verification of the bootstrap equation (0.1) it
must be known at arbitrary D in a wider kinematical region. Therefore it became
clear the necessity of the knowledge of the RRG-vertex at arbitrary D, especially
taking into account that it can be used not only for the check of the bootstrap, but,
for example, in the Odderon problem in the NLO and so on.

In this paper we calculate the RRG-vertex in the NLO and its contribution
to the non-forward BFKL kernel at arbitrary D. In the next Section we calculate
the amplitude of the gluon production in the multi-Regge kinematics for gluon-
gluon collisions. The RRG-vertices are defined and calculated in Section 3 and the
one-gluon contribution to the BFKL kernel in Section 4.
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The RRG-vertex can be obtained from the amplitudes of the gluon production in
the multi-Regge kinematics (in other words, in the central kinematical region) at
collisions of any pair of particles. We will consider the gluon-gluon collisions and use
intermediate results obtained in [13] for this process, which are valid at arbitrary
D. We will use the denotations pa and pp (pas and pp/) for the momenta of the
incoming (outgoing) gluons, k and e(k) for momentum and polarization vector of
the produced gluon; g1 = pa —pas and ¢2 = ppr — pp are the momentum transfers,
so that k = g1 —q2. All the denotations are the same as used in [13], except that for
the momentum of the produced gluon, which was called pp there. The kinematics
is defined by the relations

§>> 81~ 82> |t ~ |t2] (1.1)
where
s=(pa —|—p)3)2 , s1=(par + k:)2 , s2 = (ppr + k)2 ,  tia= lﬁ,z . (1.2
In terms of the parameters of the Sudakov decomposition
k=pBpa+aps+ki, ¢ =Bipa+aipe+qi, (1.3)

the relations (1.1) give

-2 -2
1>>5%ﬂ1>>*0[12q?1, 1>>a%70¢2>>ﬂ22q?2,
siRSsa, Saxsf, 1_52:7]&%@. (1.4)
s

Here and below the vector sign is used for the components of the momenta trans-
verse to the plane of the momenta of the initial particles pa and ps.

Since we are interested in the RRG-vertex, we will consider the amplitudes with
conservation of the helicities of the scattered gluons (helicity non-conservation in
the NLO is related with the gluon-gluon-Reggeon vertices only, which are already
known at arbitrary D [13]). This amplitude can be presented in the form (cf. [13])

c ]- ]- C *
Ay 3 =2s¢°TS, ETd = T2 5 e (k) A* (g2, q1) (1.5)

c2cC1 t2

where Ty, are matrix elements of the colour group generator in the adjoint repre-
sentation and the amplitude A* in the Born approximation is equal to C* (g2, q1):

I "
D - _ p 7 o
Al = C* (@2, q1) = —qil — @2} + f (K* —2¢7) — f (K> —2¢7).  (1.6)

It was shown in [13] that at one-loop order the amplitude can be presented as
the sum of three contributions, which come from integrations over the momenta of
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of the particle A, the central region and the region of fragmentation of the particle
B. Correspondingly, we represent A" as

AP = AR AR A A (1.7)

Born

where for the contribution of the fragmentation of the particle A, we obtain from
Eq. (63) of [13]

— I%(1+¢) (—2) . .
no_ I 2 /1 =2\€ 2 2
AA - C (q27q1)g (ql ) F(4+2€) 62 3(1+€) + € I} (18)
where g = ¢2NT'(1 — €)/(47)**¢. In the derivation of (1.8) from Eq. (63) of [13],
we have used the relations

6%)\ GTX};\ <6Laa’ — (D — 2)%) =0 s 6%)\ 6201‘;\ 6Laa’ =—-1 s (19)
€1

for the polarization vectors ey and ey of the particles A and A’ with the definite
helicity A in the D-dimensional space-time. The analogous relations exist for the
particle B. Evidently, the contribution from the fragmentation region of the particle
B can be obtained from (1.8) by the substitution @ — s .

The contribution of the central region is given by Eqs. (77), (80) and (81) of [13].
At this step in [13] was not yet made an expansion in e. Let us pay attention
that in these formulae the anti-symmetrization with respect to the substitution
pB <— —pp’ must be done. The formulae (80) and (81) of [13] can be greatly
simplified and the contribution A%, with accuracy up to terms proportional to k*
and therefore not contributing to (1.7), can be presented as

2
A= 29N g { (C“(qz,m) - 2k:273“>

(2m)P

4(D - 2) poyp%
s

pP
Iga(ql) - 2t1 -B IgA
t1 S

X {Sltlﬂm —

P
+4k2%[§ — 2t1[3A + k2[3 — 2[2(q1):|
1

p
4PH {8182151152[5 + —512“ (F = to)ua — 2621, 2A I
S1
. B “EP\ Tt
7]92252[3 — k2 (2[2(q1) + 1 I3A) — t2[2(q1):| — 2 (g”p — 2}2—) |:1TS2I??A
2

K2 0% po PAp% . N .
+2(0 - 0 Bhag )] - a0 - 9% [ gove — 2P
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where " "
_Pa P
S1 S92

pH (1.11)
and S is the operator of symmetrization with respect to each of the substitutions
pa «— —pa and pp «—— —pp and anti-symmetrization with respect to the substi-
tution

pPA < DB, Qe —q . (1.12)

The I's in Eq. (1.10) are the integrals introduced in [13]:

1 b pHL .. phn
I#l Hn == d d _ ,
20 =3 / 8 s e e

Kn

b 1/ ") P .
i (P2 +ie)[(p+ q1)2 + ie][(p + k)2 + ie]

1 . mHn
£ S Y p p
84 i (p* +ie)[(p+ )2 + ie][(p + pa)? + ic]

wm_1 D 1
=3 / S S IR P [ PRy RS o s I e
_1 /[ b 1
fia =35 / @ (P +ie)(p+ q1)? +ie][(p + q2)? + ie][(p + pa)? + ig]
Is = l/de !
i (P2 +ie)[(p + q1)? + iel[(p + q2)? + i€][(p + pa)? + iel[(p — pB)? + ic]
I* = l/de (p+ ql)u
> (p® +ie)[(p+ @) + iell(p + q2) + ie][(p + pa)? + icl[(p — pB)® +ie] |

In the representation (1.10) the transversality to the momenta k* (which guarantees
the gauge invariance of the amplitude) of the first three terms with square brackets
is evident, while the transversality of the last three terms can be easily checked
with account of the anti-symmetrization (1.12).

The integrals with two or three denominators (I5 7 '#n, T4 Hn  JET ") were
calculated in [13] at arbitrary D, whereas for the other integrals the expansion in €
was used. It occurs that, in the multi-Regge kinematics (1.1), the integral Iil) can
also be calculated at arbitrary D, as it is shown in Appendix A. Unfortunately, the
integrals Iya, Is and I cannot be expressed in terms of elementary functions at
arbitrary D. It is possible, however, to perform the integration over the longitudi-
nal variables in the Sudakov decomposition for p and to express them in terms of
the same (D — 2)-dimensional integrals over p, which appear in the two-gluon con-
tribution to the kernel [11]. This is done in Appendix A, where, for completeness,
the integrals with two and three denominators are also given.
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will be used below, are the following:
d>+2eg,
Tia= /1—:1:/771+€F 1—6)
| e
(1 —I)E2+fr(k1 + @) (k1 —ak)?  (Fy+ @)% (k- F)? ]
d*2 gy 1
SYEA- -
1=z ] #% T - B[ - )R + a2 — )]
1
X - T = - L]
<(k1 —ak)? (R - R)? )
d2+2ek1 1 (El _ ﬂ1)2(l—€'1 _ 3)2
£3 = Ttre pery—s pury ln e —y s
TP =) R R - @) (R - @)? F2 R

d2+26k1 1
I3 = / 5= = y 1.14
PET O R (k- )2k — 3)? e

as well as Z4p, which is obtained from Z44 by the substitution ¢ «— —g2, and Z%,
L5 and Z¥, the first of which differs from the integral Zs by the factor (k1 —q1)" and

the other two from L3 and Ts, respectively, by the factor ki, in the corresponding
integrands.

Using the results of the Appendix A, one gets

" "
AL = §2 {_2t1t2.7:§ + 7asC*(q2, 1) + 2t1TAI;—A - 2t2TBZ—B} , (1.15)
1 2

where

L o\(12)\2
F§:I§+£§+%ln(—s( k) )I“

s1(—s1)sa(—s2) ) 2

Tas = {@f— +taTun + ?(53 (@) {% In (51(?;51)) +2¢9(€) — ¥(2¢) — (1 —¢)

1 t1(3 + 14€ + 8¢%) — t2(3 + 3e + €2)
2¢(1 + 2€)(3 + 2¢) t1 —t2

+%<(2+6)t2—6t1>>} } + {A<—>B} ,

.7:5—255311n<§((¢2)2>13,

+

2 —31)32(—32)
= (01754 Zim) + @y [ (2222 ) -
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26 (1+20)0(20)(3+2¢) L\ L8 — ¢

K (tz(tl +t2) —et1(t1 — tz))

(t1 —t2)3

+%((2+6)t26t1>:|> +(A<—>B)} ,

rg =ra(A+«— B). (1.16)

Here and below A «— B means the substitution (1.12). The amplitude 4* must
be anti-symmetric under this substitution. The amplitude (1.15) has this prop-
erty since C*(qz2,q1) (Eq. (1.6)) and FE (Egs. (1.16)) change their sign under this
substitution.

Note that in all physical regions we have si1s2/s = EQ, so that

n (s E? N
1 ((81(—S1)52(—s2))> : (1.17)

Below we will work in the physical region of the s-channel and use this relation.
The total amplitude A* is defined by (1.7), (1.8) and (1.15) and can be repre-
sented as

" "
A“ = C“(q27ql) (1 +§2r) +§2 {_Qtltzfg =+ Qteri—A — 2t27’BZ;—B} s (118)
1 2

where

T = "Tas — %% (3(1 + 6)2 + 62) (((Tf)é + (q‘22)6> (]_.19)

and ras, 74 and rp are defined in (1.16). The gauge invariance of the amplitude (1.5)
follows from the properties of the amplitudes (1.8) and (1.15):
ku AL =k Ay =k ALy = 0. (1.20)

The first two of these relations follow evidently from the transversality of C* (g2, q1)
(Eq. (1.6)), whereas the last of them is not so trivial and is fulfilled due to the
equality:

2k, Fl = f_ = |—t1Fs — Tup — ?253 (@)t (%m (%)
+(1 — €) — h(e) + ¥(2€) — 1/1(1))} - {A — B} , (1.21)

which is derived in the Appendix B. The amplitude can be written in an ex-
plicit gauge invariant form if we use an analogous relation, also obtained in the
Appendix B:



. 3 (e) 1 s1(—s1)s2(—s2)
2(m+a)u 75 =1, = {_tlff’ — i - I(20) {(q ) (iln <s(——s)t§)

FY(1 =€) —9(e) +¢(2€) — 1/1(1))

Gy (g (2L — D) rva-g-ve)|f+{a—s}.

(1.22)
Since the general form for FE is
Fe=r_Kkl +r (@ +aq)", (1.23)
we can express _ and r in terms of f_ and f, :
fA@—3)—fk fol@ = 3) = f (@ + @)°
ry= : r_ = e (1.24)
8(4735 — (11q2)?) 8(0° 3 — (132)°)
Rewriting then (1.23) as

n I n n
Fe=r_k' —r, |C*q2, @) + 201 (ﬂ — IE)} + f; (Z—’f +%> (1.25)

S1 S2 2

and using this equality in the expression (1.15) for A%, we obtain the explicitly
gauge invariant form for the amplitude A":

A* = C*(q2, 1) (1 + G°re) + PHG* 2tita rp | (1.26)

where the terms proportional to k* were omitted and

ro = {tltg (r+ + %) +toTup + ;;3 (@)° {% In (81(_251)) + 20 (€) — ¥(2e)

t

1 2

2¢(1 + 26)(3 + 2¢) (3(1 M A

t1(3 + 14e + 8¢%) — t2(3 4 3e + €2)
t1 — to

+%<(2+e)t2 —etlﬂ } + {A<—>B} :

. t1+¢ 7.
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LS L -/ L t2 (1+2€)(3+2€) Ltl _t2 N

+(t1§7t2)3 (t2(t1 +t2) — ety (t — tz))

+%<(2+6)t26t1>:|)}+{/1<—>3}. (1.27)

The functions r,, F5 and Zs4p entering Eq. (1.27) are given by (1.21)-(1.24), (1.16)
and (1.14), respectively.

2 The Reggeon-Reggeon-gluon vertices
Since the production amplitude must not have simultaneously discontinuities in the

overlapping channels s1 and s2, it cannot be a simple generalization of the Regge
form for the elastic amplitude. Instead, it has the form [13, 17]

() ()]
1) (F) ]
AE)T @@ @) e e

where w; = w(t;) and we have chosen k? as the scale of energy, since with this
choice the one-gluon contribution to the BFKL kernel is expressed through the
RRG-vertex in the simplest way [18]. I'(t;; k?) are the helicity conserving gluon-

8¢° A" = D(t1; K*)D(t2; k2) {

ek

¥

VY

gluon-Reggeon vertices; they depend on k* as on the energy scale [18]. R* and L*
are the right and left RRG-vertices, depending on ¢i and g>. They are real in all
physical channels, as well as I'(¢;; EZ)

In the one-loop approximation we have

wlt) = O0) = 7" T (@)°

(2.2)

Ttk =g (1 +1W E2)> , (2.3)

where )
PO R =7 T (1) [0 = 501) = 3001 =0

1
2
strren 1, (E)) »

N | —

414+ e)(1+26)(3+2¢) q?
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29 {A“ — C*"(q2,qn) |:F(1)(t1; E2) + F(l)(tQ; ]?) + Y (81(_81)>

2 (]_52)2
w2y s2(—s2) w1 + wa 0 s(—s)(l?)2
o () = (e |}
_ pK w " p\ W1 — W2 51(_51)52(_32)>
—RM 4 LM+ (R* L In 2! , 2.5
T ( s(—s)(k2)? (29

where now w; = w®(t;). Since in the physical region of the s-channel the rela-
tion (1.17) holds, the combinations R* + L* and R* — L* are determined by the
real and imaginary parts of the L.H.S. of Eq. (2.5) in this region. Using (1.18) and
comparing the imaginary parts in (2.5), we obtain:

2 —2 nkt
I%M — LM = L { |:2t1t21§4 + (C“(QQ, th) — 4751[2)

w1 — w2 S1

w (trts7s - ELO) @) —[A—B]\ . (2.6)
T'(2¢)
We can express Z§ in term of Zs by comparing the imaginary parts of (1.25). In
this way we obtain from (2.6) the explicitly gauge invariant expression:

295" T%(e) rove | (Q12)C*(q2, ) + 237G P
RM — LM = =2 — § —C"(qe, k%) + — ——
W1 — W { (q2 ql)F(Ze)( ) q12q22 — (qqu)z
=2 527 F2 € AN €/ > 7 T2\€E[ > —
X {qqukzlﬁ F(Q(Eg (@) (@k) — (@) (@k) — (k) (qlqz))” - (2.7)

Evidently, the same result is obtained from the imaginary part of (2.5) if the rep-
resentation (1.26) for A* is used.

The integral 73 (see (1.14)) cannot be expressed through elementary functions
at arbitrary D. For € — 0 we have (see [13] or Appendix C)

Iy 1 |:(—¢12q¢22)e—1 N (612132)571 N (q—'22l_€'2)e—1:| . (28)
el (k?) (@)e (a@?)e
Using this expression we obtain from (2.7)
4g9° 1
e T oy g (L) .
R oo O e a) (o + () (2.9)

for € — 0, in agreement with [13] (see also [18]).
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limit the main contribution to the integral Zs (see 1.14) comes from the region
ki1 >~ q1 ~ @2, so that in the integrand the replacement

1 L2
1 g-tte (2.10)
kf Q2 2
can be made. After this we have gently
T2 72ye—1
5~ (e) (k%) (2.11)

L'(2e) g2

and using this result we see that only the first term in curly brackets in (2.7) does
contribute, so that in the limit £ — 0 at arbitrary ¢ we obtain

2952 FQ(E) 72\€
bt =21 CF(ge, k 2.12
R w1 —(UQC (q2q1)r(26)( ) ’ ( )

in agreement with [15, 16].
The real parts of (2.5), with account of (1.18), give

R+ L* = 29 [C* (g2 1) (1 + 5°F)

P P
+3° {2t1t2(1§ + L)+ 2t177A9—A - ZtQTBS—B}] ) (2.13)
1 2

where Ig and Efgf differ from the integrals Zs and L3 defined in (1.14) by the factors
(k1 — qv)!] and ki1'], respectively, in the corresponding integrands,

2 -2 2
_ q1 4z —2 (o)
= Is — L 7.
T { D) (Zs 3) — s LB + 20 (26)

(@2 {ln (i—) (1) +26()

1
(1 =€) =20(20) + 5rs ey

‘ (ﬁ(ll—}—?e)—k%( ’“i% ™ 4(£22@2§§)3>]}+{A<—>B}, (2.14)
Fa = —G2q2(Ts — L3) + G2 Tun
FE(;< 2)c ( (f) ¥(1) - <e>+¢<1—e>+¢<2e>)
—@§;(<§)6>2<1+2$<3+2€>H< 2 <f7q3(“”6“ *ai <q‘q:f—_§>2
—R2g? 427%(;2% q})QFH + [A<—>B]} : (2.15)
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rB = fA(A — B). (2.16)
As well as R* — L, we can present R* 4+ L" in the explicitly gauge invariant form.
It can be done using the real part of (1.25) to express Z' and L4 in terms of Ts,

L3 and Z44,5. We obtain:
J— m ) ) =2 52150 —92 _.2152
(713)C* (g2, q1) + 237 T3P [ql LAY

RF 4+ LM =29 C*M(q2, 1) + G° —— ——
(@ a) 2@ @)

~a (@GP Zos + [ ((’“2)6 () (6(0) — ¥ (1~ )

+(@) (@) (ln <q’i?> — (1) —(e) + (1 — €) + 1(2€) ))}

O (@2, [—%143 s (““2)6 (¥(e) ~ (1~ )

L2\e 1 @i+ E2512
+(q2 ) — 1h(2€) + L 2 (114 7€) + 26 ——s
(ql ) {d)(f) U)( () 2(1 i 26)(3 + 26) (q12 _ q22( 6) E(q12 _ q22)2
__RaEE Lopr_ O TE (1) 470
(@7 - )3 D(2e)(1+26)(3 +2¢) |7 — G5
2 72 2 2 7.2
2 @ —k =2 oo + @ —2k _
2 41 —k:2q12q22 1(6123622)3 }) _g2 (A — B)} . (2.17)

e
R vEEr
The same result is obtained from the real part of (2.5) if for A" the representation
(1.26) is used.
The integrals Zs, L3 and Zsa,p defined in (1.14) cannot be written in terms of

elementary functions at arbitrary e. For ¢ — 0 we have, with accuracy up to terms

vanishing in this limit (see Appendix C):

I e L [ (@@
5 3 — 272 | 2 75 6
192 | € k

a°q
1 1 —»12];,‘2 € 2 -‘12
qrk? | € qs qs
5272\ € 2 72
+-L [ig (q{’j T _9p (1 -z } : (2.18)
qRk? € dy 2 7
1 (—»22)5 _ 2(—»12)e 71_2 (?12
Ii >~ — 2L (1 - = 2.1
4B 7z [ p + a2z ) (2.19)
where ”
L(z) :/ %mu —1). (2.20)
0
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RM4 LM =2g {C“(qz,ql) (1 +7 [—Elg - éln(l?) - %hﬂ <g> %
e g (W - g ( )
+7>u—2§ [ﬁ (T(@ - ) + & (@ —F)) + (11%
_ (7;}2 412;;222) (@ + & — 212;’2)> In (%2)] } : (2.21)

in agreement with [13], taking into account the difference in the energy scales
(see [18]) and the charge renormalization (remind that in all formulae above the
bare charge ¢ is used).

The limit k¥ — 0 at arbitrary D can be also considered without difficulties. The
value of the integral Is in this limit is known [15]. In the s-channel physical region

I (e) (k )E '

Iy ~ 721 — )F 2o [W(e) — (1 — €) +in]. (2.22)
Therefore from (C.2) and (2.11) we obtain
Ts—£a~ O E) o o). (2.23)

I'(2¢) G2

The integral Zsa (see (1.14)) is finite at k — 0 and can be calculated in this limit
by standard methods. We have

Zun = L@ 0 - vz, (224
Using (2.23) and (2.24), we obtain from (2.17)
R+ 1 = 200% (g2, ) (1 S IO e>1> . @)

that agrees with [15, 16], taking into account the difference in the energy scales
(see [18]).

3 The one-gluon contribution to the BFKL
kernel

The complicated analytical structure (2.1) of the RRG-vertex is irrelevant for the
calculation of the contribution of the one-gluon production to the BFKL kernel at

15



because only these parts interfere with the leading order amplitudes, which are real.
Therefore, with the required accuracy, the production amplitude can be presented
in the same form as in the leading order:

wi w2
S1 1 d S2 1
Aoz = ZSF?;,A <ﬁ> E EA ’YclcQ(Q1,Q2) <§) E ?;B , (3.1)
where w; = w(t;), k2 is used as the energy scale and
1 *
Veres (a1,02) = 5 Toye, (k) (R + 1) . (32)

The contribution of the one-gluon production to the BFKL kernel for non-forward
scattering with momentum transfer ¢ and irreducible representation R of the colour
group in the ¢-channel is [18, 5]

GR) /= = 1 (cich|Pr|cach) d d *
K:R}({G) (q17 q2; C?) = (27[.)D71 Ing Z Veiea (q17 Q2) (Vc’lcfz (qg ) qé)) 3
d,\

(3.3)
where ng is the number of independent states in the representation R, the sum is
performed over colours and polarizations of the produced gluons and

an=q-q, G=q—q. (3.4)

The most interesting representations R are the colour singlet (Pomeron channel)
and the antisymmetric colour octet (gluon channel). We have for the singlet case

1)

dcyer

(c1€1[Pr]cach) = W n=1, (3.5)
and for the octet case
. ferer efese
(c16)|[Psleach) = e L ng=N>—-1, (3.6)

N
where fupe are the structure constants of the colour group. The vertex (3.2) is
explicitly invariant under the gauge transformation
e’ (k) — (k) + k"x , (3.7)
so that we can use the relation
S e M w)el) (k) = —g - (3.8)
A

Substituting (3.2) in (3.3), using (3.8) for the sum over polarizations and

)*_ N2(N? - 1)
1€ - 9

) Tcdlcz (Tcd’lc’z> = N(N2 - 1) 3 fclcgcfcgcécTcdlcg (Tg ’2 D)

’
cicy Yeac)

(3.9)
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Y

R 29 [Culghs @) (R + L)* + Cu(q2, 1) (R + L)

G(R)/ = =
KNG, @3 @) = —

8(2m)P—1
—29C,u(q2, 1) C* (g2, 41)] (3.10)
where for the singlet (R = 1) and octet (R = 8) cases
N
a=N, s =5 (3.11)

Cu(q2,q1) is defined in (1.6), the sum (R + L)* is presented in two different forms
in (2.13)-(2.16) and (2.17), (R'+ L')* is obtained from (R+ L)* by the substitution

G—d=0-7, G—0=6-0 (3.12)
The convolution over the vector indices in (3.10) is easily performed with the help
of the relations

22212 | 21252
2 @+ g
Crulg2, q1)C" (g, q1) =2 (q - T) ,

22 | =2
+ 7
Culga, 1)P* = %572(12 1. (3.13)
In general case the convolution does not lead to noticeable simplifications, so that
it has no sense to rewrite (3.10) in unfolded form. But at § = O there is a huge
simplification due to the equality

Cu(a2 @) [(@3)C* (g2, 1) + 2673 PH] = 0. (3.14)
For this case we obtain
K5he (@, 3:0) =
g’cr {671211“22
@m)P=t | k2

Har 0 - vea))] - 1 i | e

o (~zn + i (S -va-a)

© T(2€) (1+ 2€)(3+ 2€) a2 — a2

K@ 2 2y o @’ —7q5 K’ 2, 2
F =7 B(@ + G ) —2k7) +€ = SN T TS = 247+ ¢ —k
(q? —QQ2)3( (@ 2) ) (@2 —d3) (@72 _Q22)2( ! : )
2
g CrR
+W{A — B} . (3.15)
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In this Appendix we give the expressions of the integrals relevant for this paper,
among those having the general form of Egs. (1.13). The integrals with two or three
denominators were already calculated in [13] at arbitrary D. Those with four and
five denominators were calculated in Ref. [13] in the e-expansion. Unfortunately, it
is not possible in general to express them in terms of elementary functions at ar-
bitrary D. It is possible, however, to perform the integration over the longitudinal
variables in the Sudakov decomposition for the integration variable p and to express
the result in terms of (D — 2)-dimensional integrals over p. As an illustration of the
method, we will show in some details the steps involved in the calculation of I il) for
which it turns out that, in the multi-Regge kinematics (1.1), the complete integra-
tion can be performed. For the remaining integrals with four of five denominators,
we will merely list the results.
Let us start from the integrals with two or three denominators:

_1 D 1 _ w1 —¢) T%(e) o
L(a) = Z/d P T i E . 2429 TEaW ) A
iz _ l D p“py _ 1 € wov_ 2 uv
L) = i/d PP+l + o +iel 43+ 2¢) [2(% Ja'd =y }12@’
(A.2)
_1 D 1 14 2¢e Ix(q2) — Ia(qn)
=3 / ! Pt a)? rielp+k)? i < t1 —to a3
3
p_ 1 D p* _ wD(q) = Ia(g2)
=3 / “r i)+ a)? tiElllprkE+ie 7 -t
kH t1 1+e€
+m [?12((11) + <t2 - t1> I2(q2)} , (A4)
w1 [ b ptp” _ g™ tl(q) —t2la(g2)
h=3 / P vriolp+ra)? +iellp+R2 +ie  4(1+o t1 —ta
G Ia(q) = Ta(g2) | KMaY +RVq —tala(q) +[(1 4 )t — et2)]T5(q2)
2 tl — t2 2(1 + 6) (tl - t2)2
k" E” HIz(q i 1t2 t1 —t2)*
MOETAE {_e(l iqe; " (t? - 1t+te + 2 : )12(‘12)} ’ (A.5)

e — 1 de p“pl’pp
’ i (p? +ie)[(p + q1)* + ie][(p + k)? + ie]

v v v talz(g2) — ti1l2(q1)
_ uy p up P W

t1a(q1) — [(2+ e)ta(tr — t2) + 15]12(q2)
I+ B +20)(h — 1)
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TR 2(83 4 2€) (1 — t2)

tila(qu) — [t2 + (1 + &) (t1 — t2)]12(q2)
2(3 + 26)(t1 — t2)2

+ (qi‘ql”k” +a'k g + k“ql”qf)

+(q1“k"k”+k“q1”k”+k“k”qf>

o 23 I2(q1) —[2653+(2 + €) (f1 — t2)(2t2 + (1 + €)(t1 — t2))]I2(g2)
2(1 + 6)(3 + 26)(t1 — t2)3

+kukukp{ 3[t712(qn) — t512(g2)]

€1 +6)(3+2¢)(tr — t2)*

3(3 + €)t3 L 3t 1,1
Cle(T+e)(B3+26)(tr —t2)3 | (t1 —t2)? \2(3+2€)  e(1+e¢)

+t1it2 <_4(3J1r26) +%+i)} 12([12)} : (A-6)
_l D 1 __1+26 12(q1)
for = / L RS (PRI E s [ ey, Es Bl G

" P\ L2(q1)

IgA:?/d P+ a) +ielp+pa)® +ie <q5+ e> t

(A.8)
Let us consider now integrals with four or five denominators. As anticipated
above, we will show in some detail how to calculate I il) and simply give the final
results for the remaining integrals.
The integral under consideration is
o_1 / P ! .
o (p? +ie)[(p + @1)? + €] [(p + pa)® + ie][(p — pB)? + ie]

The Sudakov decompositions for the integration momentum p and for q; are

(A.9)

2
S
p=0pa+aps+p1, ¢ EPA_pA’:pr—q?lpB‘FqlJ_- (A.10)

After changing the integration variables to a, # and p, and using
dPp = %da dpdP%p, (A.11)

we perform the integration over the variable a by the method of residues. This
leads in the multi-Regge kinematics to the following result

](1) B 7.r/l dﬁﬁ2/ dD72p
R A P25+ B2 + B(1 = B)(—s — ie)]
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s )y 0 ) PG BT+ B - B)GA(F+ B )+ AL B)(—s2 —ie)]
(A12)

The first integral in the R.H.S. of the above equation can be manipulated as follows:

(1) — dD—2p
[ } /dﬂﬁ/ P+ Ba)% P2 + B(1 — B)(—s —ie)]

:W/ p+6h / ﬁ(l—ﬁgl_ﬁ)D( Ds—ie)

1_ )D 5
B /“2p+q1 / 5*2 (—s—ie)’ (A19)

where the first equality follows from the change of varlables p— Bpand B — 1—0,
while the last approximated equality holds since in the s — oo limit s + 52 = s.
Then, the integral over 3 can be performed:

(1-— (1-p)P°-1 'ap
/Odﬂ 6+ﬂ /'B 6+,8 +/0 5+ 5

:/Oldﬁ(lﬁ)D5l+/o B (1) — (D — 4)—1—111(6), (A.14)

B b+
where § = §2/(—s — ie) is a quantity tending to zero and 1 (z) is the logarithmic

derivative of I'(z). After performing the integration over p,, we obtain for {I il)}

1
the following result:

7T2+6 —€ 2 € e _
] -9 o [

sty F(

S_;ie) +9-9 -] . (A1)

In the last expression, the terms —ie which appears in the argument of the logarithm
fixes the prescription for the analytic continuation of this function to the region of
positive s. In the following, this term will always be omitted in the final results, but
it should be understood to accompany —s, —s; or —sa every time these quantities
appear in the argument of the logarithm. The second integral in the R.H.S. of
Eq. (A.12) can be decomposed as follows:

L _
{14 ] . / " / (F+ B3[P + B~ ) 2][52—!—5(1—[3)(—52—2'5)]
ab-
77'('—/ dﬁﬁ /—»gp_‘_ﬁql) [P2+/3(1—,3) ]
aP=2p
_W_/ e /52 B+ Bq)2P%+ B — B)(—s2 —ie)] (A.16)
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integral in the R.H.S. of the above equation has the same structure as {Iil)}
1

(see Eq. (A.13)) and does not need to be calculated. The first one can be easily
evaluated by the usual Feynman parametrization technique. The final result for

{Iil)} is then
2

] - T R (5 vv0-va-a] . qan

Combining Eqgs. (A.15) and (A.17), we obtain the final result for Iil)

M= 7|-2+51;$ —€) 11:253 (G2)¢ [ln (:_5,52) +ap(1) — w(g)} ) (A.18)

The same procedure described for the calculation of I il) can be applied for the
integrals 44, Is and I, except that for them the integrations in the transverse
space cannot be performed in complete way. We list here the final results:

7_{_24—5 —€ 2 € 21
Iyn = — 1;(11 ) {5(56; (@)
x <ln (:—2) F (1 =€) — 20() + ¢(ze)> +I4A] , (A.19)
s — % [m (%) Ts + L3 —15} : (A.20)
7_{_24—6 —€ _ 72
I?—q1157 LITA—HD%LL?B—FiFS ) {ln (7(_(51;()f52))15£515 )
(A.21)
where
dx A>Tk z
= / / (1 {[(1 — ) + a(Ry + @)) (R — wk)?

1
(k1 + @)2 (k1 — 5)2] 7

/d:p/d2+25k 1 ( x> B 1 )
T (1 =€) k2[(1 — 2)k? + z(kr — @1)2 \ (k1 — 2k)2 (k1 — k)2

T :/ / d* >k (k1 — q1)"] z® _ 1
’ Lz ) w1 =€) B2[(1— 2)k3 + a(kr — @)\ (k1 — k)2 (k1 — k)2 )
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Q3 — pere—y pry 111 prg—
Y AR N ) K2(k1 — @)2(k1 — @)? \ k2 k2

o :/ d2+2ek1 kl‘i n <(El _ _‘])2(]_6'1 - —»2)2>
CJ TS ORE - @) - @) R E ’

I _ d2+26k1 1
3 — 1+€1-‘(1_)—»2—» _‘2—¢ _’27
7T €) ki(kv — @) (k1 — 2)
2+42¢ ey B
T — / i , (A.22)
TP =) B (k- @) (R - @)
I4p in the expression for It (Eq. (A.21)) is obtained from I44 by the replacements

pa < pp and ¢ «— —q2. In the multi-Regge kinematics these replacements
imply that Iup = Isa(s1 — S2,q1 «— —@2).

B Appendix
In this Appendix we derive the relations (1.21) and (1.22). Let us consider first

Eq. (1.21). From the definition of F¥ given in the first of Egs. (1.16) and from the
expression for It given in Eq. (A.21), we obtain

1o S pr _owlaa ol ) 1 s(=s1)(=s2) \ 1u
Fs = m2+HD(1 —€) l:lh Is—p B +PB S 15]+2 In s)s15 ¢ . (B.1)

If we contract both sides of the above equation with 2k, we get

2kuf5 = m |:(t1 — t2)]5 — 85—1[4A + 5?2143 +I£1) _ I£2):|
i ((())()) E(;; <@2)61 _@2)51> L _Wg} . B2

where we have used the relations

2 1
1P -1
2

2
Rl = hath = 210 (@ZW - (q’f)“) + 127 (B3
If) in Eq. (B.2) is obtained from Lil) by the replacements pa «—— pp and q; «——
—q2. In the multi-Regge kinematics these replacements imply I, f) =1 il)(tl —
t2,s2 — s1). Using Eqgs. (A.18)-(A.20) and the third of Egs. (1.16) in the R.H.S. of
Eq. (B.2), it is easy to obtain the relation (1.21).

Let us consider now the relation (1.22). Starting again from Eq. (B.1) and
contracting both sides with 2(q1 + g2)., we get

S

A + @)uFy = A=)

(th+t2)T5 + 2Lia+ 2Lp — 1) — 1P + 2L
S S
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T \41 ) —\42 ) —e\v ) Tkl T2 L3
2 K (—s)s1s2 } LF(QE) K ) J
(B.4)
where we have used the relations

]il) + I£2)

— Iy +t1l5,
D) 1+ 1t1ls

(g1 + q2)ulg =

(@14 @)uTE = 5 1 (<q (@) 2(15’2)“) +itlhr (@)

In the previous expressions a new integral appeared

1 D 1
== [ d .
T / PTo+ a2 +iell(p + 4202 + l[(p + pa)® + iel[(p — pB) + ie]
(B.6)
It can be evaluated using the procedure illustrated in Appendix A for the integral

If). The result is

I 77T2+61“(1 —¢) T2(e) (Ez)gfl {ln (((‘i) +(e) — (1 —e€)| . (B.7)

S I'(2¢) —31)(—82)

Using Egs. (A.18)-(A.20), (B.7) and the third of Egs. (1.16) in the R.H.S. of
Eq. (B.4), it is easy to obtain the relation (1.22).

C Appendix

In this Appendix we consider the ¢ — 0 limit for the integrals Z3, Zs4a and for the
combination Zs — L£3. The definitions of these integrals are given in (1.14). The
integral Z,p, whose expression for ¢ — 0 is given in Eq. (2.19), can be obtained
from Z44 by the replacement qi «—— —@b.

Let us start from Z3. This integral was calculated in the Appendix II of Ref. [13]
to the order €®. We report here its expression

1 [1 7237 1 T2k’ 1 kK
Ty = == |-+ | L2 )|+ +1 e —+ln &
qi74q5 | € k2 2k2 QQ k2 9
1 (q—»12q—¢2)e 1 (q—»12l_€'2)e—1 —»2k2)e 1
== + =3\e (72
€l (k)e (@) L)e
where the last approximated equality holds with accuracy O(e

The combination of integrals Zs — L3 can be expressed in terms of the I5 and
73, according to Eq. (A.20):

5 n (—o)k”
Is — Ly = e (1 —¢) fo ((—91)(—92)) ©
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-5
T2 eD(1—¢)

S T I S S A G L - W e B G [
G’ LQ+€1 <(_51)(_52)>+ . (( s1)(= 52))+

Is =

} (C.3)

T
3
1 1 1 (=s1)(=s2)q7 1.5 ( (712
q2k2 [ € (—s)d; 2 ( s q2 s
_ _ —2 —2
L [%—I—lln(( 51)( fg)q2)+lln2(( quQ> < %)}
qrlk? | € € (—8)d; 2 (=8)a? a5
where

L(z) = / -1y (C.4)

Using in (C.2) the expression for Z3 given in the first line of Eq. (C.1), we get

2 2 —2 22 2
%—@:—% %+lln CAICCR I R L I
q"qs" | € € k2 k2 6

(@]

N 1 1 (q2g2\° =° 1 [1
TR e\ g "% | T |e
142 a’k

L l(‘f;]_‘;2 —12—2L 1—‘T—22 (C.5)
g2k [\ & 2 @’ /

where the last approximated equality holds with accuracy O(e) and we have used
In(—s) = In s — 4w and the analogous relations for s; and sz, valid in the s - channel
physical region.

Finally, let us consider Z44. According to (A.19), it can be written in the
following way:

Laa = m
T2 oven (=s1)
T )(q 7) [ln (?> + (1 —€) = 20(e) + w(%)} - (C.6)

The integral I;4 was calculated in the Appendix TTT of Ref. [13] to the order ¢":

S1 1 2 2 (—31)512 2 2
T ) Iyn = 5_12 |:€—2 + - In (7@,22 —In" g5 + 21nq1 In(—s1)
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Using this expression in the R.H.S. of Eq. (C.6) together with the expansion to the
order €° of the second term in the R.H.S. of the same equation, we get

1] 1 1, 5 1.9.5 2. P -2
Tia = =5 {——2+—1nq12—|— bl Y Al Y S N CRIY ) <1_ %)}
qy € € 2 € 6 I
1@ —2@) 7 ity
v (L A T o (-2 cs
(1‘12 |: €2 6 + q—'12 ) ( )

where the last approximated equality holds with accuracy O(e).
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