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AnHOoTanus

JlaeTcst mOCe10BaTENIbHBIN BBIBOJ, ONIEPATOPHOM (HDOPMBI pe-
MIEHUS BOJTHOBOTO YPABHEHUA JIJ1d BapH}KeHHOﬁ YaCTHUIIBI B IIPO-
HU3BOJIBHOM BHEITHEM 3JICKTPOMATrHUTHOM IIOJIE. HOHy‘{eHHbIe BbI-
pazKeHud MoryT 6I>ITI) HUCIIOJIB30BAHbI [JId PELICHUA .HIO6I>IX 3a-
Ja4 KBAaHTOBO JIEKTPOAVMHAMUKHN BO BHEIIHUX IIOJIAX B PAMKaX
KBa3UKJIACCUIECKOrO OnepaTopHoro merona. OcobeHHoCTH mpu-
MEHEHHSA 9TOr0 MeTOAA JEMOHCTPUPYIOTCSA HA IIpUMeEpe IPOLecca
MaJIOyIJIOBOTO YIIPYTOro paccesinusi (DOTOHA, BHICOKOM YHEPTUM B
MPOU3BOJIBHOM JIOKAJIM30BAHHOM 3JIEKTPUYECKOM Tmojie . Bmep-
BbI€ 9Ta 33/1a4a pelreHa 0e3 HCIIOIb30BAHUS IPEIIOIOXKEHUsS O
HGHTp&JIbHOﬁ CHUMMETPHUU IIOTEHINAJIa BHEIITHET'O IIOJIA.

Operator representation of the wave function
of a charged particle in an external field

and its applications
V.M. Katkov, V.M. Strakhovenko
Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

Abstract

Consequent derivation is given for the operator form of the solution
to the wave equation of a charged particle in an arbitrary external elec-
tromagnetic field. The expressions obtained can be used for solving any
problems of QED in external fields within the quasiclassical operator
approach. To demonstrate the features of this method, the process of
small-angular elastic scattering of high-energy photons in an arbitrary
localized electric field is considered. For the first time, this problem is
solved without using the assumption on the spherical symmetry of the
external field potential.
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1 Bsenenne

Tounblii yyer BIUSIHUS BHEIIHETO TIOJIs Ha, TPOIECCHl KBAHTOBOM 3JIE€K-
rpopuaamuky (KD/1) ymo6Ho npoBoauTs B ipeacrasiernu @appu. Psin
TEOPUU BO3MYILUECHUN 110 B3aUMOAEHCTBAI0O KBAHTOBAHHBIX 110/ 3apd-
JKEHHBIX YaCTUIl U (DOTOHOB BBITVISIUT B 3TOM IIPEJACTABICHUU TOUHO
TaKKe, KaK U JJId CBOOOTHBIX YaCTHII, €CJIU 3aMEHUTb CBOOOTHBIE BOJI-
HOBBIE (byHKIuY (1 hyHKunu ['prHa) Ha pelIeHus COOTBETCTBYIOMIMX
ypaBHeHW BO BHenHeM mojie. OrpaHudenns P UCIOIb30BAHUNA TAKO-
T'0 TIOJIX0/1a CBSI3aHBI C T€M, UTO TOYHBIE PEIIeHUs BOJIHOBBIX YPaBHEHU
W3BECTHBI TOJBKO B HECKOJBKUX CIEIUAJBHBIX CIYUasiX U TPEICTABJIS-
10T cOD0¥t JOCTATOYHO CJIOKHBIE (DYHKITUH, ITO 3ATPYIHSIET ITPOBEIECHNE
JaJbHERINNX pacyeToB.

OTU OTpaHUYEHU TIPEOJOTIEBAIOTCS B PAMKaX BIEPBBIE CHOPMYIIH-
poBanHOro B |1| KBaszmkaccmaeckoro omeparopHoro Meromza (KOM)
pemenns 3amad K9/l B mpucyTcTBUM BHEITHEro mojsd. B gaabHeit-
mem KOM 6bL1 ycremHo wucCmosib30BaH B omnucanwmu mporeccoB K1
ISl MHOTUX (DU3UYECKH WHTEPECHBIX KOH(MUTYPAIWi BHEIITHErO TOJIst
(cM.,manpumep, [2] u nuTupoBanHyo Tam suTeparypy). Ncxoqabm Mo-
vmenrom KOMa siBjisieTcst npejicTaBjieHre PeIleHrsl BOJHOBOI'O ypaB-
HEHWS B ONEPATOPHOIl (hopMe, CIIpaBeIUBOI JJisl JIIOOOTO BHEIIHETO
mosisi. Ucnone3ys 9Ty hopMy, MBI TTOJIydaeM JJIsi KBaIpaTa MATPUIHO-
T'O JIEMEHTA, XapaKTepPMU3yIOIIero MpPOoIecc, BhIPaKeHNe, NMEIOIIEee B
CpeJIHEr0 OT IIPOU3BEIeHUsI HEKOTOPHIX omnepaTopoB. CremyomuM ia-
roM $IBJISIETCS HaJylexkariee npeobpasoBanue (meperpyninnpoBKa) BXO-
JSIUX OIEpAaTOPOB W 3aTeM — BbIYuC/IeHue cpenuero. Ilepsrie gBa
stana KOMa sgBISIOTCS HOCTATOYHO yHWBEPCAJIBHBIMHU, KOTJA OT Xa-
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paKTepa BHENTHETO TOJST MOTYT 3aBUCETH YCJIOBUS TPUMEHUMOCTH TIO-
JIyIaeMbIX BBIpAXKEHUil, HO He cama ux ¢opma. Ha sTame ycpeaueHus
XapaKTep BHEIIHErO MOJIA, HAIIPUMeED, HaJIW4Yne CHHTYJIAPHOCTH B CIIy-
Jae KyJIOHOBCKOT'O IIOTEHITHAJIA OKA3bIBAETCA BaxKHBIM. OIHAKO 1 31€Ch
MbI UMEEM J1€JIO JIUIIb C ABYMA BO3MOXKHBIMU CUTYalIUAMU, OJHA U3 KO-
TOPBIX MOXKET PEan30BATHCA B JIOKAJM30BAHHBIX IOTEHITHAIAX C CY-
[IECTBEHHOMW HEOIHOPOIHOCTHIO, B YaCTHOCTH, B KYJIOHOBCKOM ITOJIE JIJIst
MaJIbIX TPUIEJBHBIX TTAPAMETPOB, a APYTras — BO BCEX OCTATHHBIX CJIY-
4Yasix, B YaCTHOCTH, B TIOCTOSIHHOM BHEIITHEM TIOJIE U JAXK€ B KYJIOHOB-
CKOM TIOJIE JIJISI TOCTATOYHO OOJIBIINX TTPUIEIBHBIX TaPaMeTPOB.

B paszgene 2 macrosimeit paboThl BIIEPBEHIE TAETCS MTOCTIEI0BATEh-
HBIN BBIBOZ, OIIEPATOPHOM (DOPMBI peIieHrsl BOJHOBBIX YPABHEHUN I
3apAXKEHHON YACTHUIHI B IPOM3BOILHOM BHEIIHEM 3JIEKTPOMATHUTHOM
moJjie U 00CY2KJIaf0TCS BOIPOCHI TIEPErPYIITUPOBKY OMEPATOPOB B Ma-
TPUYHBIX d7eMerTax. Ha KaxkJjoM 3Tare JaeTcs OIEeHKa TOYHOCTU WC-
moJib3yeMbix npubsimkenuii. [Ipobiiema ycpeHerus pacCMOTPEHA B pas-
Ienie 3 Ha TMpPUMEpE MPOIECcCca YIPYroro paccesHusi (hPOTOHA BBICOKOM
SHEPTUU B JIOKAJN30BAHHOM 3JIEKTPUYECKOM ToJie . Jlo cux mop 3Ta 3a-
Iada He perraiachk ¢ momombio KOMa u ¢ Touky 3peHns 3TOro moaxomaa
nMeeT 0coOBIl MHTEpeC, T.K. B Hell peaju3yiorcsa obe aJbTepHATHBHEBIE
CXEMbI YyCPEIHECHUA. HaMI/I TIOJIYy9€HO BbIPDa2KE€HUE IJjId aMILJIUTYIbl 3TO-
T'0 TIPOIeCCa, CIPaBEJJIMBOE BO BCel 00JACTH Tepenad UMITYabca A,
MaJIbIX 110 CPaBHEHMIO ¢ 3Heprueil ¢porona w. Ilpu 3rom He npegmosia-
TaeTCsd MEHTPAIbHAS CUMMETPUS TTOTEHI[NAJIa, BHEIITHETO TIOJIE.

2 OmneparopHas popMa penieHns BOJTHOBBIX
yPaBHEHMII 1 MATPUIHBIE 3JIEMEHTbI

BonuoBeiM ypaBHEHMEM [T 9aCTHUI] CO CIUHOM () SBJISIETCST ypaBHEHUE
Kineitna-T'opmona:

(z% — eAO(r)>2 Y ="H*p; H=\P2+m2 (1)

P-p—cA(r), p=—iv. A*=(A"A)
T

TIe
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rae A¥ — 4-moTeHIMa BHEITHETO 3JIEKTPOMATHUTHOTO TOJIS, € — 3apsi]
JaCTUIBL. 37€Ch U Jajiee UCIOIb3yeTcs cucrema exumuui] h = ¢ = 1.
Bynem noka mpeamonarats, uto 4-morermman A He 3aBUCHT OT Bpe-
menu. Ecnu anekrpuueckoe none E = —9Ay(r)/dr orcyrcrsyer, To
ypasHetrue (1) umeer 1Ba TOUHBIX OIIEPATOPHBIX PEIIEHMUSL:

PF) = exp(FiHL)|0 > (2)

KOTODBbIE COOTBGTCTByIOT IIOJIOZKUTEJIBHO W OTPULATE/IBHO YaCTOTHBIM
cocrostausiM. Cocrosiaue |0 > ¢opmanbHO HpeacTaBisgeT coOOH BOJ-
HOByI0 (pyHKIMIO B MoMeHT Bpemenu ¢ = 0. TlomguepkHem, 4TO 3TO
COCTOSTHTE AOCOJIOTHO TPOW3BOJBHO W BHIOMPAETCS B COOTBETCTBUU C
peraemoii 3aja4eii. B nprucyTCTBUYM 3JIEKTPUYECKOTO TIOJISI YPaBHEHUE
(1) MOXKHO pemarh MEeToJOM MOCIE0BATENbHBIX Tpubmkennit. Tis
storo mpezacrasuM (1) B Buzme L) = 0, e omeparop L

L= <i2 H— V(r)) (iﬁ - V(r)) +[H, V()]

ot ot
= (2 -n-ve) (i + - ve) - peve)

3gecb  V(r) 0003HAYAET IOTEHIMAJBHYK) SHEPIHI0  YaCTULBL:
V(r) = eAp(r). Ecim Teneps mpenebpeus kommyrtaropom [H, V(r)] B
BBIpakKeHnn it L, TO B Ka4eCTBE HYJIEBOTO NPUOJIMIKEHUsI TTOJIydaeM
nBa pemenns (1) B IPUCYTCTBUM 3IEKTPUYECKOTO IOJISL:

§) = explFi(H £ V(£))H][0 >, (3)
Cremytomree mpubinxkenne 6yaeM NCKATh B BHIE
e (1) = (14 )y (@),

W3 ypaBaenwss L) = (0 mnojgydaemM B [EPBOM IIPUOJIMMKEHUN

C®) = +V/(2H), npuaem ms1 nperebpermn wrenamu ~ [H L, V]. Ec-
+

JIM, TEM HE MEHEE, UCIIOJIb30BATH B IPUJIOKEHUSTX 1/1(() )(t), TO XapaKTep-

Hasl BEJIMYUHA HONPAaBKU ~ V/e (¢ — 9SHEPrusi 4acTUIbl) OLpeesIser
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TouHocTh pemenus (3). KoHKkperHas oljeHKa 3TOW TOYHOCTH 3aBUCHUT
KaK OT CBOiCTB moreHnumasa V (r), Tak u 0T XapaKTepa CaMoro Iporec-
ca, JJIsl ONMWMCAHWsl KOTOPOTO MCIOIB3yeTcst Hafinennoe pemenne. Ha-
IpUMep, IIPU yIIPyTOM paccedaHuu (hbOTOHA C SHEprHueit w > m B mose
sipa ¢ 3apsaoM Z |e| (e — 3apsij| 3/1eKTPOHA) SHEPrusi BUPTYaJbHBIX Ya-
crune ~ wu |V|/e ~ Za/(pw), tne a = €? = 1/137 — mocTogaHas TOH-
KO¥ CTPYKTYDBI, p — IPUIEIbHBIN napaMerp. [IocKoIbKy B 9TOM mIpO-
Iecce Jar0T BKJIAJ] IPHUIEIbHbIE TTapaMeTps! w/ m2>p>1 /(m + A),
noyaaem |V|/e < Za(m + A)/w, re. |V|/e < 1 gus manoyrioBoro
(A < w) paccestausi.

st wactun co cnmeoM 1/2 MBI JOJKHBL pemars ypaBHernue Jlu-
paKa, KOTOPOe BO BHEIIHEM II0JI€ UMEET BUJL

.0
2%¢D:HD¢D; HD :aP—I—ﬂm—&—V(r) (4)
Mgl wCIoab3yeM CTaHgapTHOE mpejcrasienue marpun Y7 3 = AV,
a = +%~. Oneparoproe pemenne ypapaenns (4) oueBmIHO:
Z[JD(t) = eXp{*iHDt}@[)D(O), (5)

OJITHAKO OHO HE yCTPaWBaeT HAC II0 HECKOJIBKUM IIPUYMHAM. Bo-IIEpBBIX,
MBI XOTeJIM OBl TIOJIyYNTh PEIeHue, KOTOPOe, C TOYHOCTHIO 0 CITHHO-
BBIX WJIEHOB, Pa3BUBAETCS BO BPEMEHU KJIACCHIECKUM DeJISITUBUCTCKIM
raMUJIBTOHMAHOM, Kak 9710 06110 (cM.(3)) st ckansipHbIx dacrui. Bo-
BTODBIX, 2KeJIATEJIBHO Pa3/eIUTh IIOJIOXKUTEIbHO U OTPHIATEJIHHO HYa-
crorabie cocrosaus. s csobommoro (A* = () nBuxkenus tm 1e-
Jm ocTuratorces npeobpasosanueM Ponau-Boiitxaysena (uumexc FW,
TOTa KakK mHAEeKC D o3HagaeT mcxonnoe — JInpakoBckoe mpecTaBiie-
HUE), KOTOPOE yAAJISeT W3 TaMUIbTOHNAHA H p HeYeTHbIe MATPUIBI (v,
CMeINVBAIOIIYe BEPXHUE U HIDKHUE IBYXKOMIIOHEHTHBIE IIPOCTPAHCTBA
BOJTHOBO# (DyHKITHH.

Kax u 119 CKaJIIpHBIX 9acTHUll, PACCMOTPUM CHadaJIa CIydail, Koraa
SJIEKTPUIECKOE TI0JIe OTCYTCTBYET, T.e. Korna Hp = aP + fm. Cueaem



mpeobpazoBanue ¥p = U )py, rue

- 1/2
~ 1/2
U—R(l P ) H:((aP)2+m2>/, r (HEtm
0 20

(6)
“MeeT TaKOil ke BuJ, Kak u mpu npeobpaszosanuu @osnnu-Boiitxay3ena
IJIsi CBODOJIHBIX YaCTHIl, €CIU B MOCaeaHeM 3amenuTsh p — P. Orme-
iy, aro [yP, H] = 0, mockomsky (aP)? = —(yP)2. Takxke jerko
ybequrcs:, aro U siisiercss yaurapebiM omeparopom UT = U~L. B
pesysbraTe 9TOro npeobpaszoBanus ypapaenue (4) mpumobperaer BUI:

9 L
’La?ﬁFW = Hrwyrw; Hpw = UHpU ! = BH. (7)

Pemenue (7) ecrs
brw (t) = exp(—iBH)Prw (0). (8)

Omneparop SH <BIgeTCS Y9ETHBIM, T.€. HE CMEIINBACT BEPXHUE W HIXK-
HUe JIBYXKOMIIOHEHTHbIE CIIMHOPBI B BOMHOBOM (byHKIMN. BribepeM Te-
nepb B kadecrse Yy (0) coberBennble dhyHKIMM MaTpuip! 3

+ + + (02 - 0
BuEn ) =260 v = (§)10>, vk = (1 )10>.
©
rae cocrosiaue |0 > MMeeT TOT Ke CMBICH, YTO U JJIsl CKAJISIPHBIX Ya-
cTuL, @ 1 X — ABYXKOMIIOHEHTHBIC CIIMHODPbBI, OIIUCHIBAIOINUE IIOJIADU-
3anuio 4yacTui] B MOMeHT Bpemenn ¢ = 0. OyHKiuu

Vi (1) = exp(—iBHEYE) (0) = exp(FiH )b (0),

OY€BUJIHO, TIPEJCTABIISIIOT CODOM TOI0KUTENBHO (+) M OTPULATEIHHO
(—) JacTOTHBIE COCTOSIHUS, T.€., COOTBETCTBEHHO, COCTOSIHUSI JIEKTPO-

+ 1 (£
HOB U 1103uTpOoHOB. OKOHUYATETHFHO, TIOYIaeM JIJIst 1/)53 ) =vU 11#%1/%, B



MarHUTHOM IIOJIE

() = (ﬁ +m>1/2 (1 _ i) exp{_iflt} (ﬁ) 0>,

2f H+m

H+m 1/2 ~P 0
SO s (1_%) -m(>o>
0 (2H> ety ()

(10)
Bripaxkenue (10) siBIst€TCS TOYHBIM ONEPATOPHBIM PEIIEHUEM YpaBHE-
uus (4) npu V(r) = 0. B rammisronnane

H = ((aP)?+m?)1/? = (P2 +m? — eHE) 1/2,

rie H(r) — maraurHOe moe, ¥ = —7°a, MOKHO OT/JIEIUTH CIIMHOBBIH
anen, e |eH| < €2, Torma

g:H_ieH;;—'()E; H =\/P?+m? (11)

B pasioxkennu ramMuIibTOHUAHA H bl npenebpersiu  9jieHaMA
~ [H™!,eHX] u c 510# TOYHOCTHIO TOPSIOK CICJOBAHES OLEPATOPOB
H! u eHX B (11) mecymecrsern. OTHOCHTEIbHAS BEIHIHHA OTGPO-
TTEeHHEIX YIeHOB 1o cpaBHenuio ¢ eHXH ™! cocrapnser v(ag) ™!, rae a
— XapaKTepHbI pazmep HeoxHopogHocTy nostst H, v — ckopocTs yacTu-
IIbI. BH,MGTI/IM7 Y9TO ONIYIIEHHBIE TP HAXOXKAEHNN ITOTIPABKU K DEIMEHUTO
(3) 4sIeHBI UMEIOT TOYHO TAKYIO YK€ BEJIMUUHY OTHOCHTEJIBLHO CaMOil [o-
npaskun CF) | eciu mox @ moEMMAaTh pasMep HEQIHOPOLHOCTH TOTEH-
nwana V (r). Utax, mpu semosaennn yetopuit |eH| < €2, a > v/e Mb1
moxkem 3amennts H B (10) Ha ero npubsimxennoe 3uavenne (11). Ec-
mm |eH| < me, To MOXKHO, JOIOTHATEbHO, 3amernTs B (10) H Ha M,
BCIOJZLy, KPOME 9KCIIOHEHTBI exp(+iHt).

[Tycrs Teneps V(r) # 0. B pesysbrare npeobpazosanns Dosan-
Boiirxaysena ¢ marpuneit U u3 (6) mosydaem mjisi raMUIBTOHHAHA



HY), =UHpU

Hpw = BH + V(r) + % [B.V (@), R
1 (12)
+R (51Q.[Q. V@) + V) ) R

rae Q = (yP)/(H +m), R onpezenen 8 (6), rak uro U = R(1 + Q).
EnuHCTBEHHBIM HEYETHBIM OIEPATOPOM B Hl(,lgv ABJIAETCA JIMHEHHBIH
no @ anen R[Q,V (r)|R, xoTopslii, BOOOIIE TOBOpsI, MaJj IO CpaBHe-
Huto ¢ V(r) kak u ocrajbHble dieHsl B (12), comepxxalniue KOMMYTa-
Topbl. BejnuuHy HEUETHOro 4ieHa B TAMUJIBTOHMAHE MOXKHO JOIIOJ-

2
HUTEJIbHO YMEHBIIUTH, CIEJIAB €INe OJHO IPeodpa30BaHue: HHV =

7Y, + (B, HY), . Bubnpas
1 ~
B = SBR[Q,V ()| RH™!
n HpeHe6pePa5{ 9IJICHaMU, KBaJAPAaTUYIHBIMU 110 ITOTEHIUAJIY, HaXOJUM

HZ = BH +V(r) + % [[R, V(r)], R’l]
(13)
3R (QQ V] + [[@ V). A A7) R

Onymennsie npu nomydennn (13) KBaapaTudyHbIe MO IOTEHIUATY e
HBI HWMEHT (B YUCTO SJICKTPUYICCKOM HOJIe) IOPAJOK BEJIMYUHDBI
(8V (r)/dr)? Je>.  Hampumep, B  KYJIOHOBCKOM  IOTEHIHAJIE
Vo(r) = —Za/r nx BequyuHA B €AMHANAX CAMOIO IIOTEHIMAJIA COCTA-
sager Za/(er)® w ana Za ~ 1 ykasannoe TpeHebperkenne BO3MOXKHO,
ecm £p > 1, rme p — xapakTepHbI# pasMep (Hanpumep, NPULE/IbHbIH
napamverp) 3aja4u. [lopsyok Besmannsr wiena [[R, V(r)], R71] B (13)
coctasnger V (r)(mv/e2r)?. Omnenxa emauns! HedeTHOTO uena B (13)
naer vV (r)/(er)?. Yuen $R[Q,[Q,V(r)]] R MoxHO nepenucars ciie-
IYIOMMIM 00pa3oM:

1 1 - 1 1
SR qH V(). )| (AV(E) + 26(P X B ) ”f?j



B 9TOM BBIpakeHUW JBOHHON KOMMYTATOD IO TOPSIAKY BEIUIWHBI COB-
nagaer ¢ HedeTHBIM wieHoM B (13). @opmasbHAs OIEHKA BEIUIMHBI
arera < AV maer V(r)/(er)?. Om man w B mambmeiiem Mb1 Gymem
uM nperebperars. Crieyer, 01HAKO, UMETh B BUJY, 9TO IIPU PAcIeTe C
[IOMOIIBI0 TaMUIBTOHMAHA HI(?2I2V TOHKO} CTPYKTYDPBI aTOMa BOZOPOJA
9TOT HJIeH HAJ0 yJEP’KaTh, TaK KAaK B 3TON 3aJadue ero MajoCTh OKa-
3BIBAETCS MOPSAIKA MCKOMOM MOIPABKY K ypOBHAM 3Hepruu. Hakowerr,
yier B (14) x (P x E,3X) orBevaer COMH-OpOUTAIBHOMY B3aUMOJIEl-
crButo u umeer Beauuuny ~ vV (r)/(er). OrbpaceiBas Teneps B (13)
BCe WIEHBI, IMEIOIIHe Iopa0K Besmannbt V (r)/(er)? n menbme, u pas-
narast H xak B (11), momydaem ravuisTonrnan Hpyy B bopMe, KoTopast
u OyZeT UCIoIb30BATHCS B JasIbHEHIIeM:

(H 5E><P 2)}. (15)

Ycnosue ep > 1, ucnons3oBannoe npu nonydennn (15), o3uadaer (st
PEJISTHBUCTCKOIO [IBUXKEHUsI), YTO JJIMHA BOJIHBL 1 /¢ acconuupyemast ¢

Hpw =B |H+BV(r) — oH

qacTuIei, MaJja Mo CPABHEHUIO C XaPAKTEPHBIMU MACIITA0aMu 33 Ja49u,
HANPUMEp, C TUNUYHBIM [PULEIbHBIM MapaMeTpOM WM MAaCIITaboM
HEO/IHOPOJAHOCTH (CPaBHM OLEHKY HpUMeHMMOCTH passoxenusi (11)).
ITo cymuiecTBy, 3TO YCI0BHE COBIAAAET C OOUMM yCIOBUEM IIPUMEHUMO-
CTH KBA3UKJIACCHIECKOTO TIPUOIAKEHNAS.

Ypasuenue st ynkuun ey (t) umeer sug (7), ¢ Hpy, onpene-
neHHBIM B (15), a ero pernenue BHINISAUT Kak (8), eciu TaM 3aMEHUTH
BH na Hpy (15). Kak u panbmre, mbl Beibupaem B xagectse gy (0)
cobcrBennble ¢yHkImu oneparopa 3, onpeznenenusie B (9). Torma mo-
JIO2KUTEJIBHO U OTPULATE/IBHO 9aCTOTHBIE COCTOAHUA €CTh

W) (1) = exp(FH® 1)) (0);

ExP
H <HiH+ ZJ). (16)

3amerum, aro H () ormmuaercs or H() usvenennem 3naxa moTeH-

H® =H+V(r) -

nuana V(r). Pesynsrupyiomee npeobpasosanue Posnu-Boitrxaysena
mveer Bug UM = (1 + B)U . TlockombKy (OIeHKa B 9HCTO SI€KTpH-
geckom mionie) B ~ |eE|/e? ~ (er)? mmeer Taxymo jKe MaTOCTh, KAk
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U 4JIeHBl y¥Ke OTOpOIIeHHble Tpu moixyderun (16), MOXKHO 3aMEHWTH
vl - U.

Cocrostams gy (t) m Bmecte ¢ mmvm ¥p(t) = U e (t) Gymyr
cramonapubiMu, ectn Yy (0) aBisercs cobcTBeHHOM (yHKIMElH ra-
mvuibrornana: Hpwpw (0) = eopw (0). Mbl, B wacTHOCTH, IIDOBEpH-
JIX 9TO B KYJIOHOBCKOM ITOTEHIWAJIE [OJIyYEHHAs U3 STOTO0 YpPABHEHUS
( mocie peobpazosanus U~ !) dbyrkimsa @bg) COBIIAIAET C PEIIeHuEeM
®appu [3] (cm. d. (39,10) B [4]). IIpm sTom HyKHasg TOUHOCTH Obec-
HednBaeTcs TeM, 4TO Mbl yjaepxkamu B (16), BooOiie roBops Masible,
CIIMHOBBIE YIEHBbl. DTHU YJIEHBI, €CTECTBEHHO, BAYKHBI TAK¥Ke, KOTJa MbI
MHTEpPECyeMCsl Pa3BUTUEM BO BPEMEHU CIUHOBBIX cocrostamit. OHaKo,
KaK 9TO Oy/er sICHO W3 JaJbHEHIIero, UMU MOXKHO IpeHebpedb Mpu
BBIYUCIEHUN MATPUYIHBIX JIEMEHTOB, €C/IM, KAK 9TO OOBIYHO OBIBAET B
YJIBTPAPEJISITUBUCTCKOM (€ 3> m) CIydae, CIMH MaJjio MEHSIETCs 33 Bpe-
ms1 (popmupoBanust npouecca. Kpome roro, npu € > m u |eH| < em
MOKHO YIPOCTUTH MATpHILy IpeoGpasosanusi U, pasnoxus R u H.
OxoHuATE/ILHO, [IPU ONUCAHUA PAUAIMOHHBIX [IPOLECCOB (UCILyCKaHMe
dorona, poxenue ete” mapbl u T.1.) € y4acTHEM YJIbTPAPeIATUBUCT-
CKUX JACTHI[ CO CIUTHOM 1/2 Gyer UCIoIbp30BaThCs CIEIYIOIIEE Oepa-
TOPHOE TIPEJICTABJIEHUE /1T KBA3WK/IACCHIECKUX BOJTHOBBIX (DYHKKIIMA

> =L (1 _ ﬁ%) exp{—i(H + V(x))t} (£) |0 >,
(17)

WO > = (1= R ) el - Ve)e (3) 0 >

Baech [T > o3mauaeT B MCIOIHL30BAHHBIX BBIIMIE 0603HAYEHUSIX T/Jg)-
B (17) MBI moKa He KOHKPETH3MPYEM IpeJCTaB/eHne (HAIpUMep, KO-
OD/IMHATHOE, UMITYJIbCHOE W T.II.) BOJHOBOH (dynkmun. s mepexoma
K KOHKDETHOMY IIPEJICTABJIEHUIO HAJ0 CIPOEKTUPOBATH [ > Ha COOT-
BETCTBYIOIIYI0 cOOCTBeHHYIO (hyHKIMo. Hampumep, B KOOpAuHATHOM
npezcrasiaenun (r,t) =< r|¢p >, rge |[r > — cobcrBenHast HyHKIHS
orepaTopa KOOPAWHATHI.

Jo cux mop MBI Ipemnosaraau, 9ro 4-IOTEeHIMa ]l BHEIIHErO II0JIs
A, me 3aBucHUT OT Bpemenu. Ecim 510 He Tak, To rammiasToruan Hp B
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UCXOTHOM ypaBHeHun (4) Takxke 3aBucuT OT BpeMenn Hp = Hp(t) n
BMecTo (5) mosydaem omeparopHoe pernenue jist (4) B Buje

t
Up(®) = WO + 9T Jexps —i [ dsHp(s)  vp(0),  (18)
0

rae 9(t) = lopu ¢t > 0 m 9(t) = 0 npu ¢ < 0. Cumson Ty B (18)
03HAYAET, UTO ONEPATOPHI JOIKHBI OBITH YIOPSIOYEHBI 110 BPEMEHH.
Nwmenno, nog 3uaxom T} omepaTopsl, COOTBETCTBYIOIITE O0/iee PAHHUAM
MOMEHTAM BPEMEHHU, JOJKHBI CTOSATH CIPaBa OT OIEPATOPOB, COOTBET-
CTByIOIMX OOJjiee TO3QHMM MOMEHTAM BpeMeHM M Haobopor st 1.
Cosepmras npeobpazosanue Posau-Boiirxaysena ¥p = U~ Yrw, rue
U onpenesero B (6) n Takyke MOXKeT 3aBUCETh OT BPEMEHHU, €CJIA OT
HEro 3aBUCHT BEKTOD-NIOTeHIma A, mpuxonuM K ypasuenuto (7) ¢ ra-

MHJIBTOHHAHOM H 1([«“1121/ (t)

(19)

ou U+
ot ot

H{y (1) = UHp(OU ™ + 5 (—U+ v

Yen UHp(t)U~?! cosmamaer c (12), e Temeps V (r) MoxkeT 3aBuCeTh
u or spemern V(r) — V(r,t). C TOYHOCTBIO 70 9/IEHOB X £ 2, KO-
TOPBIMU MBI KaK ¥ paHbIme Oyaem mpenebperars, BTopoii wieH B (19)
ecrb

YA. (20)

z oU U+ N76<PX%’2)72'_6
ot ot

Ut _
2 vr-u 2H(H +m) 2H

e x YA B (20) gBISI€TCS HEUETHBIM OIEPATOPOM, COBIAJAOIIUM
10 MOPSiJIKY BEJIMYMHBI ¢ HedeTHbIM onepatopoM B (12). Bujousmensst
Tenmepp  omeparop B B JONOJHUTEJBHOM — Hpeobpa3OBaHUU
H;,?‘ZV =(1+B )Hg%,(l + B) ™!, MBI MOXeM OTHOBDEMEHHO yMEHBITHTD
BEJIMYWHY BCEX HETETHBIX ujieHoB B (19) 10 3HaYeHMit X £ 2, KOTOPBIME
MBI IIpeHe0peraeM B OKOHYATEIBHOM OTBere. IIoguepKHeM, 9To ¢ mpu-

1)

HATOW TOYHOCTBIO POJIL BTOPOro mpeobpaszosanus (mepexoq ot H l(pW K
(2) 1)
H 7jy) pe3y/IbTaTHBHO CBOLUTCS K yAadeHuio u3 H .y, Hed9eTHbIX onepar

TOPOB, CaM 2Ke OIepaTop B, BBUy ero MajoCcT, MOXKET OBITh OIIYIIEH B
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+ - _
BBIPAYKEHUN 2/153 ) =U Y1+ B)"%pw (). OxoruarensHo, mOTydaeM B
KBa3UKJIACCHYECKOM IPHUOJIMKEHUY OIIEPATOPHOE PEIIeHUe ypPaBHEHUSI
I[I/IpaKa B 3aBUCAIIIEM OT BPDEMEHU JICKTPOMATHUTHOM II0JIE

() = U WO T+ exp § i [ dsHS (5) § 03)(0). (21)
0

Baecs U oupegeneno B (6), dynkunu @b%,%,(O) - B (9), raMuabTOHU-
an HF)(t) B (16), nme oT BpeMeHH MOMKeT 3aBHCETH IOTEHIHATbHAS
sueprust V(r) — V(r,t), Bekrop-norennuan A(r) — A(r,t) u Bme-
cre ¢ uuvu nong E uw H. OTMernm, 9ro ¢ y9eToM BKJIQJa TEPBOTO
caraemoro B opmyize (20) ma mecre E 8 HF) reneps crour sekrop
—0Ap/0r — OA /Ot, T.e. IpaBUIbHOE BBIPAXKEHWE [Tl JIEKTPUIECKOTO
HoJIst B CJIy4ae 3aBUCSIIEr0 OT BPEMEHU MOTEHIUAJIA.

HanomuuMm Teneph, Ha mpuMepe IMPOCTEHINNX MPOIECCOB, KaK 3a-
muckiBatorcss B KOMe cooTBeTCTByMOINE MATPUIHBIE JIEMEHTHI C HC-
TOJIB30BaHUEM IIOJIYYE€HHBIX BBIIIC OIIE€PATOPHBIX peHIeHI/Iﬁ BOJIHOBBIX
ypaBHeHuil. Byzem paccMarpwBaTh TONBKO YaCTHUIBI CO CIMHOM 1/2,
ITOCKOJIbKY BCE NPUWHIMNHUAJbHBIE MOMeHThl npuMenenuss KOMa oju-
HAKOBBI JIJIsI CIIMHOPHBIX U CKAJISIPHBIX dacTull. B mpeacrasiennn Pap-
DU MATPUYHBIH 3JIEMEHT, COOTBETCTBYIOIIUI UCITyCKAHWIO (DOTOHA, JTEK-
TPOHOM, C TOYHOCTBIO JI0 HOPMUPOBOYHOTO MHOXKUTEJIS NUMEET BUJL

‘/i:‘ad = je / d4$$§c+) (m)é*ezkw¢1(+) (l‘), (22)

e e — 3aps IeKTpoHa, kP, e — 4-BekTOpa MMITYJIECA W TOJISPU3a-
mun borona, € = ytey. Toacrasum B (22) v () = oB(r,t) =
< rlp™M > rre |9 > onpeneneno B (17), u BHecem F mox 06-
knagky < r| B eF P (r,t) = ** < r[pt) >=< rlehryp(H) >,
Ioce aToro maTerpas mo d°r ceogurea K [ dor|r >< r| u papHserca
€IMHIYIHOMY OTIEPATOPY, ITO BhIPayKaeT cobOil yCI0BME TIOMHOTHI CUCTE-

MBI cocTostHuit |r >. B pesysnbrare mosyvaem s Vg}“d B KaJinOpOBKe

e =0
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W}ad — —ig / dt < f|(<p}L,O)C(t) (982) i >,
- (23)

. P : +P .
C(t) = iHet (1 i ) ikx (1 o > —iHet
(1) =e * Htm) Htm)© ’

H, = H+ V(r), n gusa cocrositust |0 > BBegeHsl 0603HaueHuUs1 |[i > B
WJEH >ul|f>s8 |¢§c+) >. Borarogapst (hakKTHIeCKOH JBYXKOMIIOHEHTHO-
CTU BOJHOBBIX (DYHKIWI, HeHYJIeBOH BRI B (23) JaeT TOMBKO YeTHas
wacTs omeparopa C(t). TIponoca eme omeparop e** B C(t) mameso,
HAXOJMM C PeJIATUBUCTCKON (m/e < 1) TOYHOCTBIO

o0
e . ST .

Vi’}ad = 715 / dt < f\elkerHetgo}"(a,« + ibyo) e Het|i >
- (24)

w w m

a, = (2+ ﬁ)e*v, b, = 7 {v (1 — ﬁ) —n,e*} .

8necs o marpunel Maymm, H = H(P — P —k),H, = H + V(r),
v = P/H. Mb1 npenebperiiv HEKOMMY TATHBHOCTBIO BXOJSIIIUX B dy, by
OTIEPATOPOB, TIOCKOJIBKY €€ ydeT MpuBOguT K mompaskam ~ |eH| /&2 a
YJIEHBI TAKOTO MOPSAIKA OTOPACHIBAINCH €I [PU PEeIIeHUH BOJHOBOTO

ypastenust. Eciu reneps nponectu oneparop exp{—iH .t} HameBo o
exp{iHt}, nonpiHTErpATBHOE BHIPAYKEHUE IPUMET BUJL

< flem ML (1)t (ar (1) + b (t)o)pili >, (25)

rue
L, (t) = exp{i(H, + w)t} exp{—iH.t},
a,(t), b, (t) — reitzenbeprosckue onepaTopbL:
a(t) = exp{iH t}aexp{—iH,t}.
Bamerum, 9T ecitu 6B MBI COXPAHUIN CIMHOBBIE WieHsl B H, (16), To o
B (25) Toxe npespaTuauch Obl B reitzenbeprosckue oneparopsl. Torma
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B BBIPayKEHWN JJIs KBa/IpaTa MATPUIHOTO I€MeHTa (DUrypUpOBan OBl
3aBUCSIIIE OT PA3HBIX BpEMeH o1epaTopsl o (t1) u o (te):

ra « . .
SR =2 [ dndts < ilgtlaf (2) — b (1) ()] L] (12
f o0

X Le(t1)[ar(t1) + ibr(t1) o (t1)]pili >, (26)

IlonpaBka, BO3HMKAOMIAS B MATPUYHOM SJIEMEHTE [IPU y4UeTe 3aBUCHU-
MOCTH CIHHOBBIX OII€PATOPOB OT BPEMEHH, UMeeT OTHOCUTEJILHYIO Be-
JMYUHY

5~ g/dt[H(t) +E(t) x v(t)],

e, B IEJISX OIEHKM, MOYKHO CIMTATh, 9TO 3aBUCUMOCT TIOJIeH OT Bpe-
MeHH Oepercs Ha KJACCHIeCKOH TpaeKTOpUW, T.e., HaIpuUMep,
H(t) = H(ry(t)). Beanunna § umeer cMbICI yIyia IOBOPOTA BEKTOPA
CIIMHA 33 XapaKTepHOe BpeMs (hOPMUPOBAHUS IIPOIECCA U, COLJIACHO
YDABHEHUSIM JIBUKEHWsI, COBIIAJAET C YIJIOM MOBOPOTA BEKTOPA CKOPO-
ctu 3a 910 X)e Bpems. Tak (cm., Hanpumep, [2]) B omHOpOAHOM Mar-
HUTHOM TI0JI€ IIPM MCIIyCKaHuW (POTOHOB C YAaCTOTAMH B PaiiOHE MakK-
CHMyMa WHTEHCUBHOCTH MATHUTO-TOPMO3HOIO M3JIy9e€HUs] 3TOT yTOJ U
d ~m/e < 1. A npu nposiere MUMO siipa Ha IPULEIHHOM IapaMeTpe
p, 0~ Za/(pe) <1 mas p> 1/e.

Craenyrommuii mar B npumenennn KOMa cocrouT B 00beauHeHNN
JBYX 9KCIOHEHT, M3 KOTOPbIX cocrour oueparop L,(t) (25) B oumy.
Huddepennuupyst L,(t) 10 BpeMeHH, HAXOAUM

dL, (1)
dt
Bamerum, 4To noTeHuMaibHAs dHeprust V(r) Bxoaur B (27) TONBKO

B HESIBHOM BHJ€, 9€pe3 3aBUCHMOCTH OT BPEMEHU Trei3eHGeproBCKOro
oneparopa P(t). U3 (27) nonyuaem

=L, (t)B(t), B(t)=HP(t) —k) +w—HP®). (27)

Lo(8) = [0()T- +9(—t)Ty] exp { i / dsB(s) ¥ . (28)
0
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Cwmbict obbeaunuenns ("pacnyreiBanusa') skcnoreHT B oneparope L, (t)
cocrouT B TOM, 4T0 "Gosbinue" (BBICOKOYACTOTHBIE) OIEPATOPHI, [IPH-
CYTCTBYIOIIME B KaXKJOH W3 SKCIIOHEHT, COKPAIIAIOTC B KOMOWHAIMN
B. JleiicTBuTeNIBHO,

B(t) = \/(P(t) —k)? + m2 +w — H(t)

= J(H(t) — w)? + 2kP(t) — (H(t) - w) (29)

kP@) @ [m? PR
H(t) —w  2H)(H(t) —w)’

e
P, =P—-n(nP), n=k/w.

Pasnoxenne (29) crnpaseauso, eciu omeparop (kP)/(H(t) —w)? mar.
B y/IbTPapesIiTUBICTCKOM CIIyHYae ero MOPsI0K BeIHYnHb eCTh m? /(e —
w)?, Torma (29) cupasemuBoO mpH € — w 3> m. B omenkax mogo6HOTO
POZa MBI 3aMEHSEM OIEPATOPHI HA UX XapaKTePHbIE 3HAYEHUS, OIIpeIe-
JISIEMBIE COCTOSTHUEM |i >, TI0 KOTOPOMY IIPOBOAUTCS yCpeaHenue B (26).
g w > € kommencaryst B (29) He TPOMCXOAUT W MBI UMeeM JeI0 B
(26) ¢ 6pIcTPOOCIMIUPYIOIMME (DYHKIUSIMYA BPEMEHU, WHTEIPUPOBa-
HHUe KOTOPBIX IIPUBOIUT K IIPEHEOPEKMMO MAaJjIOMy Pe3yJbTaTy. B BbI-
paxkenuu (26) moxkHO npeobpazosarh npoussenenue L (o)L, (t1), Boc-
NOTB30BaBMUCE onpeneseruem L, (t) = exp{i(H. +w)t} exp{—iH.t} n
pemieruem (28):

L (ta) L. (t1) = exp{iHt} exp{iH.7/2} exp{—i(H. + w)7}

x exp{iH,7/2} exp{—iH.t} = exp{iH t}L}(7/2)L,(—7/2) exp{—iH.t}
T/2
— [Ty + 9(—7)T_] exp { i / dsB(s + 1)}, (30)
—7/2

rne T =to —t1, t=(t1+1t2)/2.
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Cnoco6 BeIYMCIEHUST CpegHero < i|...|i > B BBIDAYKEHUAX THIIA
(26) 3aBUCUT OT BEJMYMHBI KOMMYTATOPOB BXOJAIIUX ONEPATOPOB. K-
JI BCEMU 3TUMW KOMMYTATOPAMU MOXKHO TIpeHeOpedh, TO, BhiOWpas B
KA4ecTBe |i > COOTBETCTBYIOIIUE BOJHOBBIE IIAKETHI, MBI IIPOCTO 3a-
MEHsIeM OIIepaTOPhl Ha WX CPeJHWEe 3HadeHus B cocrostHum |i >. [Ipu
9TOM IIMPHHA ITaKeTa JOJKHA OBITH MAJIO [0 CPABHEHHIO CO CPEIHHAM
3HAYEHUEM OrepaTopa (HalpuMep, UMITYJIbca) U GOJIBIION MO CpaBHe-
HUIO C HEOIIPEeIeHHOCTHIO, CBA3aHHON C BEJIMYNHON 0TOPaCHIBAEMBIX
KOMMYTaTOpOB. VIHBIMU CIOBAMM, yCPETHEHNE B 3TOM CIIydae CBOIUTCS
K 3aMeHe Teif3eH6eproBCKMX OMepaTopoB Ha COOTBETCTBYIOIIWE KJIAC-
CUYeCKHE BEJIMYUHEBI, T.e. K II€PEeX01y K KJIACCAIECKHM TPAEKTODPHIM.
TTockonbKy aprymenT skcrnoueHThl B (26) (Besmumua B(s + t) B (30))
o« m? +P?%, Brnag gator [P | < m, uro 6yaer MCIOIL30BAHO B IIO-
ciemytomux onenkax. 1o 9Toit npryawHe, B 9aCTHOCTHU, MOXKHO C PeJis-
TUBUCTCKON TOYHOCTHIO MPEHEeOpedhb MOMEPEeIHbIM UMITY/THCOM B BBIPA-
wernn aast H = VP2 +m2. C sroit Tounoctsio B (26) MOXKHO BbI-
JIeJIUTh TPU THUIA KOMMYTATOPOB: 1) KOMMYTaTOpbl KOMIOHEHT P B
MPEIPKCIIOHEHTE, 2) KOMMYTATOPBI 9TUX KOMIIOHEHT C 9KCIOHEHTOH (¢
oneparopoM (30)), 3) KOMMYTaTOPHI, XAPAKTEPUIYIOIIIE TOYHOCTH IIe-
pexozna B (30) 0T XPOHOIOTHIECKOrO MPOU3BEIeHNs K 00BIYHON IKCIIO-
HEHTE. BaMeaneﬂLHO, YTO HIOPAAOK BC/JIMYMWHBI OTHOIIEHUA KaKI0T'O0
U3 9TUX KOMMYTATOPOB K IIPOU3BEIEHUIO0 CAMUX OTEPATOPOB (KOTOpOe,
COOCTBEHHO, U XapaKTepusyeT BO3MOXKHOCTh NpeHeOpesKeHUs HEeKOM-
MYTATUBHOCTBIO) OKA3bIBAETCS OJMHAKOBBIM. B KOHKDETHBIX OIEHKAX
YI00HO TIOIB30BAThHCS CJIELYIOIUM BhipaskenueM g P (1), cipases-
JIUBBIM C PEJATHBACTCKON TOYHOCTHIO,

P,(t)=P,(0)+ e/ds [E;(r(s)) +n x H(r(s))], (31)
0

rae P, (0) — mpeauHrepoBCcKmii omeparop momepedHoro K n = k/w
UMITyJIbCa. yCJIOBI/IH BO3MOXKHOCTHU TIEPEXOAa K KJIACCHMYIECKUM TPACK-
TOPHUSAM 3aBUCAT, PA3yMEeTCsl, OT XapaKTepa BHEIIHero mojis. Hampu-
Mep, B OJJHOPOIHOM MATHUTHOM mojie Tpebyercs, arobnl [en x H|/m? =
In x H|/H, < 1, a B Ky/0HOBCKOM TIofTe — Za < (mp)? wmm, canras
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Za~1, p> 1/m. Bamerum cpa3sy, IT0 JJIs IPOLECCOB Hosiee BHICOKO-
IO HOPSZIKA B apryMeHTe SKCIIOHEHTHI HApSIy C Maccoil MOxKeT (hury-
pupoBaTh M ODIas Tepegada MMITYJIhCa, COOTBETCTBEHHO Y€MY MOXKET
W3MEHWUTHCS W OlleHKa xapakTepHoit Besqmuunbl [P . Mbr Bepremcs &
9TOMY BOIIPOCY B CJIEAYIOIIEM pas3jielie, Ije Takxke Oyzer chopmyJiu-
pOBaH Crocob BBHIYUC/IEHUs CpenHero < i|...|¢ > B cuTyaruum, KOrjaa
mepexos], K KJIACCHIECKAM TPAECKTOPHUAM HEBO3MOYKEH.

HeiicTByst Kak Tpu BbIBOjE (24), mosydaeM I MATPUIHOTO 3JIe-
MEHTa, COOTBETCTBYIOIIEr0o POXKIEHNIO € e™ maphbl (POTOHOM, IMEIOTIIM
umIysbe k* n nonsipusanuio et (B Toit ke HOpMUpPOBKe, U4To U B (22))

VI e) = e [ divisice)
J (32)

Vir(k,e,t) =< flof Rk, e, t)x;Ly(k, t)e’XF]i > .

Brech @f, Xi — ABYXKOMIIOHEHTHBIe cniuHOpHI u3 (17), cocroguusa |0 >
B (17) 3amenenbl Ha |f > Juist 2JIEKTPOHOB ¥ |i > JyjIsi IO3UTPOHOB,
oneparop R(k,e,l) ¢ peIaTHBUCTCKOM TOYHOCTHIO MMEET BHJL

R(k,e,t) =exp{iH.t}R(k,e)exp{—iH.t}
/ (33)
R(ke) = [(e x P,n) +i(o,em + n(ep))f’fT—W} ,

rae, kak u B (24) H, = H + V(r), H' = H(P — P — k). Oneparop
L,(k,t) B (32) npencrasisier coboit IpOU3BeIEHUE IBYX SKCIOHEHT

Ly(k,t) = exp{iHt} exp{i(H' — V(r) —w)t},

koTopbie (cp. (28)) MOKHO OObEAUHUTH B OHY

Ly(k,t) = [0(&) T + 9(—t)T_] exp { i / dsB,(s)
0

(34)
By(s) = exp{iH.s}[H + H — w]exp{—iH.s} = H(s) + H'(s) — w.

18



Komnencanus "6onbimux"ameHoB B B, (f) IPOUCXOAUT Teleph IPH IIO-
JIOKUTEJIbHBIX 3HAUEHUsAX omeparopa w — H(t) (w > €), coorBercTBeH-
HO, IPHUOJIMKEHHOE BbIpakeHue Jisi B,(t) B 061acTH KOMIEHCAIWH,
KOTOpasi TOJBKO U jaer BKiaJ B (32), BuinigauT Kak (29), eciu Tam
samenuts H(t) —w — w — H(t):

By~ BP0 w|m? + PR(0)] )

T w—H@Et) T 2H(t)(w —H(t))

ITpu momyuernnn (35) mpemnosarasocsk, 9ro € > m, w — € > m.

JTo cux nop Mbl cunrama dporon peanbubiM (k2 = 0). B auarpam-
Max 0oJiee BBICOKOTO TOPSIKA MOTYT (DUTypUPOBATH BEPIIUHBI, COOT-
BETCTBYIOINE B3aNMO/IEHCTBIIO ¢ BUPTyaabubiMu (k2 # () doTonamm.
Beipaxkenus: (24) u (32) ocraiorcsi CpaBeIMBBIMA ¥ B 9TOM CJIyd4ae,
IIOCKONIBKY ycaoBue k? = () HCIOJIB30BAIOCH HAMHE Ha OoJiee HO3IHEM
grane — IpH pas3sioxkenun omneparopos B(t) m By(t) B obmactu Kom-
TeHcauy. YTOUHHM 5TO pazioxenue mig k2 # 0. YUureBas, dTO
H =P -k)?2+m?2=/(H—w)?+2(kP) + k? naxoaum

CkP@) k2 w[mHPI)]
B~ e oM —w) 2w

(36)
kP - K2 @M+ PIO)] g
B == C HOw—HD)

e w = k%, k2 = w? — k2. Kpome Toro, B mmarpamMmax Gosee BHICOKO-
IO TIOPSIIKA IOSIBJIIOTCH HOBBIE 00beKTHl — (pyHKImU ['puHa dacTuiy
u dorouoB. B mpencrasiennn Pappu mpomararop HGOTOHA COXPAHSIET
cBOOOIHEIN Bu, a byHKIHS ['prHa JacTUI] MOXKET OBITH BHIPAXKEHA, Ue-
pe3 perenust BOJTHOBBIX ypasuenuii. Hampumep, dyuaknmsa ['puna s1ek-
tpora G(z2,71) BBIparXKaercs depe3 TOJOXKUTEIBHO W OTPHUIATETHHO
JaCTOTHBIE pellenns: ypapHerus Jlupaka B COOTBETCTBYIOIIEM BHEI-
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HEM IIOJIe 1&1-&) (x) crnemyromum o6pa3om

iG(x2,21) = V(t2 — t1) Z¢§+) (I2)E§+)(x1)

1

(37)
=9t = 12) St (@) ().

Mpe1 moxkem ucnonb308aTh B (37) oneparopryto ¢hopMy pelieHuit ypas-
nenns Jupaka (17) m masnee meficTBOBATH KakK NP BBIYUCJICHHN Ma-
TPUYHBIX 3/IEMEHTOB IIPOIECCOB HUBIIETO MOPSIIKA.

3 Pacceanue ¢dpoToHa BBICOKOI 3HEPTUU B
JIOKAJIN30BAHHOM JIEKTPUYECKOM I0JIE

Bynem Ha3bIBATH JIOKAIM30BAHHBIM 3JIEKTPUIECKOE TIOJIE, MMEIOIIEE MAK-
cuMyM (BO3MOXKHO CHHIYJISIDHOCTB) B €QMHCTBEHHOW TOUYKE W CIIAAr0-
HIee 1o Mepe yJajieHusi OT 3TOH TOYKM. TAKOBBIMU SIBJISIOTCS, HAPY-
Mep, T0JIe KYJIOHOBCKOIO IEHTPa ¥ II0Je OTIAEJbHOro aroma. IIpesmo-
JIATAETCST, 9TO MOJIE HE 3aBUCUT OT BPEMEHU, & B OCTAJIBHOM JIOCTATOY-
HO TPOM3BOJILHO, B YaCTHOCTH, moreHimas V (r) He obs3an obsamarh
nenTpasbHOl cummerpueit. [lpu BeicOKuX (W > M) 3HEprusix nepe-
X071, Ha"yasibHOrO (mMmysbe ki, mongpusamus €1) (pOTOHA B KOHEUHBIH
(ko, €2) TPOUCXOIUT Yepe3 BUPTYATBHYIO JIEKTPOH - TIO3UTPOHHYO Ma-
DY, KOTOpasl U B3aUMO/IEHCTBYET C BHEIIHUM T10/1eM. VIMEeHHO 9TOT Mexa-
HU3M pPaCCesiHUsl PAacCMaTpUBaercsd B HacTosimed pabore. OH u3yvascs
9KCIIEPUMEHTAIBHO B psije pabor (cM. [5] u o630p [6]). Teopernueckn
TaKoe paccesHue (YacTo OHO HA3BIBAETCS paccesHueM JlenbOpoka) Obi-
JIO MCYEPIIBIBAIOIIMM 00Pa30M U3yHUEHO B CIyvae KyJJOHOBCKOIO IEHTPa
B paborax [7], [8], [9]. Apyroe mpesicraBieHue sl aMILIUTYIBI STO-
ro mporecca 6b10 moTydeHo B [10] ¢ MOMONIBI0 KBa3MKJIACCHYIECKOI
dbyukuuu ['puna 37eKTpoHa B KyJIOHOBCKOM mosie. O6obiienue 31oit
dbyskumnn 'pura Ha cjrydail TPOM3BOJIBLHOTO IEHTPAJBHO CUMMETPHY-
HOTO Tosist ObLTO caenano B [11], rae Tak»ke paccMaTpUBAJIOCh paccest-
mwe Jlems6pioka mist me cmmkom Masix (A > m?/w) mepemad um-
nynbca A = ko — k;. Bo Bcex ymoMmsHyTBIX TeopeTmuyecKux paborax
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paccMaTpUBaJIOCh MAJIOYIJIOBOE paccesHue, Korja A < w. DTo ycio-
BUE HEOOXOMMO JIJIsl IIPUMEHUMOCTY KBA3WKJ/IACCHIECKOTO IPUOJIIKe-
HU$, TTOCKOJIBKY ObecrednBaer OOJIBINY0 BEJIMIUHY yIJIOBOTO MOMEHTA:
[ ~wp~w/A> 1. XapakrepHbiMu pa3Mepamu 00CyKIaeMOi 331391
SIBJISIIOTCSL (B CJlydae KyJIOHOBCKOIO I10JisI) KOMIITOHOBCKAs! JIJIMHA BOJI-
HBI JIEKTPOHA 1/m u paccrogrue (BpeMs), Ha KOTOPOM (DOPMUPYETCs
nponecc ~ w/m?. TIpuIe/IbHBIM TApaMEeTPaM TAKOIO MOpPsiIKa COOTBET-
ctBytor (p ~ 1/A) smaverns A ~ m u A ~ m?/w. Ecrm norermnman
craiaer ObICTpee YeM KYJIOHOBCKHUif, B 3a/jaue MOSIBJISIETCS €IIe OIUH
napamerp s — pa3Mmep noreHnuasa. s morennuaia aToma BCEra
BBIMIOJIHSAETCS YCIIOBUE T'se > 1/m, OJHAKO COOTHOIEHUE MEXIY Ts. U
w/ m? B 3aBHCHMOCTH OT W MOYKET OKa3arcsi JoObIM. SICHO, 9TO Kpa-
HUPOBKA HAUMHAET CKA3LIBATCH HA IIPOIECCEe, HAYMHAL C W ~ M T
AMnuTya paccMaTpuBaEMOro MPOLECCa UMEET BH/L

T(k?l, /{32) = 2ia/d4$1d4$2T‘I‘ [G(Ig,Il)éleiihmG(xl,xg)égeikgm} s

(38)
rie G(zg, 1) onpenernena B (37). Iloncrasmas (37) B (38) u yuursisas,
aro (cm. obcyxaerne B [10]) mpm w > M ¢ TOYHOCTHIO JIO HJIEHOB
~ (w/m)? Bxaam B (38) maercss mmarpammoii, B KOTODOil POKeHHE
ete” napel HavaabHBIM (DOTOHOM TPEJIIECTBYET €€ AHHUTUJISAIUU B
KOHEUHbIH (DOTOH, HAXOAUM, yaepxKuBad B (38) Toabko wieH ~ (it —
t1):

T(kl, /{72) = 2ix Z / d4I1d4I219(t2 — tl)agj—)(l'l)éle_iklm?ﬁg_)(Il)
i,f
< By (@a)ese™ 2y (2,) (39)
i 2 f 2

o o0
=2ix Z / dtl / dtg’ﬂ(tgftl)‘/if(kl, e, tl)‘/ij;(kg, €9, tg),

i’f—OO —00
rre Vi (k ety ompeseneno B (32) u mpesicTaBIseT CO60t MOIBIHTET PATTD-
HOe (110 {) BBIPAJKEHNE B MATPUIHOM 3JIEMEHTE, COOTBETCTBYIOIIEM PO-
KJeHnio e e” mape!l ¢poTOHOM. B OTCYyTCTBUM BHEITHErO HOJIS pacces-
Hns GoTona He mponcxomuT, Tak 9To B (38),(39) m nocregyomumx dop-
Max 3aIUCH aMILIATY/IbI TOIPa3yMEBAETCsl BbIYNTAHNE 3HaYeHus 1 1pu
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A, = 0. B aBHOM Bufe 5TO BhIUMTaHMe Oy/eT creaHo HiKe. Boimos-
Has B (39) cymMMupoBaHue 10 |i > U IO BCEM CIMHOBBIM COCTOSHUSIM W
HOJIB3YSICh BOBMOYKHOCTBIO [MKJINIECKOW [EPECTAHOBKU OIEPATOPOB B
BBIPAYKEHUN Z < f|...|f >, upeobpasyeM MOABIHTErPAJILHOE BBHIPA-

f
xkerue B (39) k Buuy

Z ‘/;f(klﬂ €1, tl)‘/;?(kg, €9, t2) =
i’f

=expli(wg — w)t]Tr ) < f|R(ky, e1, —7/2)
f

x D(ky, ko, T)RT (k2,€9,7/2)|f > (40)

D(k;, ko, 7) = exp {—i(He _ wl)%} cikir

, T
x exp{—i(H — V(I‘))T}C_Zer exp {Z(H8 — (UQ)g} ,
rne R(ki,e;,—7/2) oupenmenen B (33) m Mbl mepenutnm OT ti,t2 K
t = (t1 +t2)/2 u T = to — t1. Vnrerpuposanue no ¢ B (39) gaer
270(wg — wq). Temepb MBI MOXKEM TIOJIOKUTH W] = Wy = W, TOTJA OTIE-
patop D(ky, ko, 7) B (40) MOXKHO mepenucaTh CIeAyIONMM 06pa3oM:

D(ky, kg, 7) = Ly(ky, —7/2) exp{—iAr}Ll()"')(kg./ 7/2)

~7/2 /2
=T lexp{i / Bp(s,kl)}exp{iAr}exp{i/Bp(s,kg)}],
0 0

(41)
IJie MBI BOCIIOJIB30BAJIACEH OIpesesenueM omeparopa Ly(k,t) u ero ss-
HplM BeIpaxkenueM (34) uepes B,(s,k) = H(s) + H'(s,k) — w.
HanomanM, uTo Teneps BekTop noreHmman A = 0 u H = /p? + m?2,
H(s) = /P2(s) + m?%, H'(s,k) = /(p(s) — k)2 + m2. Onpenenas am-

wryny M coornomenuwem T'(ki, ko) = Mo(we — wi) m BCTaBiIAS
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I = [dr|r >< r| pamom ¢ omepatopom exp(iAr), 9TO TO3BONTET
BBITIOJTHUTE CYMMUPOBAHUE 10 [, HAXOOUM JjIsd aMIInTy el M

M = 47rioz/d37° exp(—iAr)Tr/dT
0

T/2
« <r|T. exp{—i / dsBp(s,kg)}R+(k2,e2,T/2) (42)
0

—7/2
xR(kl,el,—T/2)T_eXp{i / dsBp(s,kl)}|r>.
0

Avmummrygna M HOpMupoBaHa Takyke, Kak u B paborax [5]-[11], Tax
uro nuddepernuaspaoe cedeHne paccesHus Gporona ectb do/df) =
|M/(47)|?. Ormermm, uTo (42) nmeer BUL

M = /d3rexp(—iAr)Q(r,A).

Huxe mbl ybemumcst, uro g A < m MOXKHO NpeHeOpedYb 3aBUCH-
mocThio Q(r, A) or nepegaun ummysasca A. B stom ciyuae (42) mpu-
obperaeT BUI, TUIIMYHBIN JJIs aMILIUTYIbI TOTEHIIUAJIBHOIO PACCESHUSI,
[IOJTyYEHHON B IepBOM OOPHOBCKOM Npub/auKeHuu. Pojib moTeHImasa
BSaI/IMOrZLeI.;ICTBHﬂ @OTOH& C BHEITHUM TI0JIEM UT'DAECT 34€Ch KOMILJIEKC-
Hasl BEJIMYUHA,

Upn(r) = =Q(r,0)/(2w).

PakTUIECKN 9TO B3AMMOICTBAE HOCUT TEH30PHBIN XapaKTeP, IOCKO Ib-
Ky Q(r,0) nmpesacrasaser coboit ceeptky: Q(r,0) = €1;Qi;(r, 0)e3;.
IMepexonst Kk Beraucaennto ammuTy sl M, Beibepem ock (0Chb 2) 1u-
JIMHPUYIECKON CHCTEMBI KOODAWHAT BIOJIb V = (N1 + ng)/|nj + nol,
Torma r = (p, z), npudeM prv = 0 u Ar = Ap, tak kKak Av = (. Ome-
PaTOPBI KOOPJMHATHI ¥ WMILYJIbCA MEXKIYy OOK/IagKamMu < r|...|r > B
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(42) mpuUCYTCTBYIOT TOJBKO B Te3eHOEPTOBCKUX OMEPATOPAX UMITYJIHCA
p(t)

p(0) —p— [ a5 = p g (43
0

rge (cp. (31)) p = p(0) ecrb MmWIpPeAMHIePOBCKUI OIEPATOP UMILYJIbCA
p = —10/0r. lnsa z-xkommonenTs! p(t) momysaem u3 (43) p.(t) = p. +
0p.(t), mpuuaem

Op.(t) =6V (t) =V(r) — V(r + vt).

IMockonbky B3 B (42) mator Gosmbliue p, ~ &, TO C TOYHOCTHIO JIO
nonpasok ~ 0V (t)/e, KOTOpbIME MBI CHCTEMATHYECKU IpeHebperaem,
MOXKHO 3aM€HUTD p,(t) Ha p,. OTHOCHTEIbHAS BEJININHA KOMMYTATO-
pa [p,,p (t)] oxasbBaercs toro e nopsaxa (~ 6V (t)/e) manocru.
Urax, ¢ IpUHATONH TOYHOCTHIO, OEPATOP P, (t) cOBmamaer co CBOGOA-
HBIM ¥ KOMMYTHPYET CO BCEMH omeparopaMu B (42). DTo mozBossier
nepenucarh (42), npokIaabBasg BHyTpU < z| ... |z > momHBIM HAGOpPOM
CcOOCTBEHHBIX (DYHKIIMI OTTepaTopa P, T.€. TIocKuMu BotHamu. Cxema-
THUecKu umeeM B (42)

[ a<iseneo= [ 8 [ s,

IpUYEM, [OCKOJIbKY KOMIEHCAIUsl B SKCIOHEHTAaX (COKPAIIEHUs B
B, (s,k), cm. (35)) mponcxomut jmmb ayisi 0 < ¢ < w, WHTErPUPOBAHIE
10 ¢ CJIeZyeT IIPOBOAUTH UMEHHO B 9THX Ipejesnax. Beoas obo3nadenue
€ = v/q%> + m? u nepexong K T = £/w, nomyqaem giasa M

1 00 00
Xe1 dx )
M = %Tr/m/dgpexp(—zAp)/dT / dZ
0 0 —00

T/2 0
x < p|T- eXp{—i / dsfg(s)}R;RlT_ exp{—i / dsfl(s)}|p >,
0 —7/2

(44)
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TJle OTIEPATOPHI
fro(s) = [m? + (py £2A/2)%]/(2wz(1 — 2)).

Kax u B [10], [11] MBI Gyjem paccMaTpUBaTh IEPEXOLBI MEXKIY COCTOsI-
HUsME (POTOHOB C OIIPEJIEJIEHHOM CIMpaabHOCThI0. Torma Bce aMIiuTy-
Ibl BbIpakatoTcs (cm., Hanpumep, [10]) uepes ase nezaBucumvbie My
— 063 U3MEHeHUs CIUPAJIbHOCTH U M — ¢ H3MeHeHueM ee Ha 00parT-
Hyi0. [l cmpaibHBIX cocTostHmit omepaTopbl Ro, R B (44) umeror
BT

Ry = (e1,py (—7/2) + A%)[/\l + (22 — 1)ov] — moey,
(45)
Ry = (e2,p, (7/2) — A%)[A2 + (22 — 1)ov] — moes,

e A1,2 — CHIAPATIBHOCTH COOTBETCTBEHHO HAYAIBHOTO M KOHEYHOTO (ho-
ToHa. [TOCKOJIBKY paccMaTpuBaeTcss MajoyriaoBas 3amada (A < w), B
(45) mMoxkHO yxke cuurarTh, 4T0 €1v = eov = (. C T0ii XKe TOYHOCTHIO
MBI 3aMEHUIN 37eCh ony — oV B R u ony — ov B Rs.

ITpu wHTerpupoBaHuw 1Mo T, 2 B (44) BRI JalOT 3HAUEHUS T ~
|z| ~ w/m?. Nurerpan no p cxomurest (ana pasuocru M(A,) — M(0))
ma min(A~ Y w/m?,rs.) m ama A > m exaag gaor p < 1/m. Ilna
TAKMX TI€pead UMILYJIbCa II€PEeXO], K KJIACCHIECKMM TPACKTOPUSIM IIPU
BBIYUCIIEHAN CPeAHero < p|...|p > HEBO3MOXKEH, OCKOJIBKY ISl HErO
Tpebyerca (cM. paszzmesn 2) BbIIOAHEHUE ycaoBusa p > 1/m. B coor-
BETCTBUU C IIPOBEJIEHHBIM aHAJIN30M, pa306beM 006/1aCTh HHTErPUPOBA-
Hus 10 p B (44) Ha gBe: M = MI + MH, TIe B MI WHTETPUPOBA-
Hye 10 p mposomurcst ot 0 10 po, a B Mj; — oT po 10 GECKOHedHO-
cru. Benwuuna mapaMerpa CIIMBKU Py ONPEIEISETCS HEPABEHCTBAMU
1/m < py < min(w/m?, ry.). Teitzenbeprosekmit omepatop r(s) B (43)

S

ectb r(s) = r + [dxv(x), rge v(x) — oueparop ckopocru. B (44)
0

JBUZKEHVE TI0 Z YK€ IPEeINosaraercs CBOOOTHbIM: z(s) ~ z + s. s
[IOTIEPEYHOM K V' KOOPJMHATE UMEEM B [IEPBOM ITPUOJIMKEHUN

17 P
p(s) :p+svl_g/dx(s_x)a_pV(P+xvl+V(z+x)).
0
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OTHOCUTETbHAS BETWUWHA, WHTETPAIBHOTO WIEHa, B 9TOM BBIDAXKEHUU
ectb V/e m um cirenyer mpenebpedn. VTak, MOXKHO BCIOY IMOJIOKHUTH
r(s) =r+sv) + (2 + s)v, 9T0 03HAUAET IPUMEHUMOCTH NPUOIINIKEHWS]
IPSIMOJIMHEHHON TpaeKTOpuu [jisi Haieil 3amadn. Toraa BhIpakKeHue
JLJIsT OIIEPATOPa MOTIEPEYHOTO UMITYJIBCA, Tpeodperaer BUL:

z+t
0
pi(t) =P~ [dsg Vipt(s=2vitsw), (49

rje Jyist JI0OBIX p MHTErpaJs 1o § HabUpaeTcs Ha MHTEPBAJIe MOPSJIKa
CaMoro TPUIEIHLHOrO mapamerpa p. e (s — z)vy B (46) mo abco-
JIOTHOM Bemauue cocrasisier |(s— z)v | ~ [zv | ~ 1/m un um moxHO
upenebpeus B obaacru II, xorma p > po > 1/m. dus p < py MOKHO
3aMEHUTH apryMeHT moTeHimata B (46) Ha p — 2V + SV, MOCKOJIBKY
B 310# obsactu s ~ p < |z|. Teneps M0oxkHO yOpaTh V| M3 aprymenTa
HOTEHIINaJ1a Ollepalueil caBura:

f(p—2vy) = exp(—ip] z/2¢) f(p) exp(ip? z/2e).

TTocste sToro oneparop p | (t) B ammmuryge (44) yist JH0OBIX p BBITJISIAAT
clenyomuM 06pa3oM:

z+t

Pt =P~ [ds Viptsw)=p+6().  (47)
z

Ormernm, uro [§(t)] ~ |V(p)|, a xapakrepuble 3nauenusi |p | ecrs
max(m, A), 970 mOHATHO y2Ke u3 Buga byukmuit f12(s) B (44). Co-
r1acHo 310l ouenke, B obsactu II (p > po) Besmuuna §(t) oxasbisa-
erca masoit (|6(t)] < m), u mo Heit crexyer poBecTH paszioxkeHue. B
pesy/ibrare BKIas My B IOTHYIO aMILIATY/y HE COAEPHKUT HOMPABOK
BBICIIIETO TIOPsi/IKA TI0 BHEIIHEMY moi0. Kpome Toro, Giaroxaps MHO-
xuTesnio exp(—iAp) u ycIoBuio pg > 1/m, 9T0T BKIA HE SBISETCT
MpeHeOPEeKUMO MAaJIBIM JININE [Tl Tepeaad uMiyabca A < m, 9To
OyZeT UCIONb30BAHO B JasIbHEHIeM.
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B obmactu I, rae s ~ p < |z| copaBenuBo npubmKeHHOE BBIpa-
xerue s 0(t) u3 (47):

(1) = QU(=1)9(2)I(=t — 2) = I()I(=2)I(t + 2)] ;

7 (48)
Q=—/—7, X(P)Z/dsV(p—i—su).

B ammmryge M; (xak u B (44)) apryment dbyskiun §(t), npucyrcrsy-
fomeit B f12(s) u B R} 2, IpuHaAIEKAT 0TPe3Ky |t < 7/2. s rakux t,
corytacuo (48), Besmuuna (t) obpamaercs B Hysb jyis |z| > 7/2, u Bce
BBIPDAYKEHNE OKA3BIBAETCS HE3aBUCUMBIM OT BHEIIHEro moJist. [10106HbIe
BKJI3/[bl IPONAJAI0T DU BbIYMTAHUM AMILIUTY/Bl B OTCYTCTBHUU I10JIS
1 MOTYT OBITH Cpady oTOpoiieHsl. JIpyruMu cJI0BaMu, HTEPUPOBAHIE
1o z 8 M cllefiyer IpoBOLUTS OT —7/2 no 7/2. Urak, nogsHTErpasib-
Hoe (0 z, p, 7 Kak B (44)) Boipaxkenme B M| mpmoGperaer BI

0 .
(74

/ dz < plexp{Z—[D— - pi]}
W

—7/2

y exp{ —i(z+7/2)

s+ (b, — Qw271

{ T
x Ry (p. —Q)Ri(p,) eXP{m [zpi - §D+] }|p >

/2 ,
+ Of dz < p| exp{ﬁ [zpi + %D}}

i(z —7/2)

< RS ()R (ps + Qexp{ =T

m? 1 (p +Q+ :cA/zﬂ}

m?+ (p, +1A/2)?
1—2z

9

1z
X eXP{m[Pi - D+] }|P > Dy =
(49)
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rae Ry o(P) oboznauator dyHKImE, onpegeneHuble B (45), B KOTOPBIX
P, (F7/2) zameneno na P. CymecrBenHbIM 115 JasibHeRero hakToM
sBisiercst (pakropusanust B (49) MHOXKUTEJIEH, 3aBUCSINUAX TOJIBKO OT
P, u or omeparopoB p; *+ Q, comepxkamux BHemHee mose. [Tomgaepk-
HEM KJIOUEBYIO Poiib Hajaw4ust T-ynopsigodennst B (44) st pakropu-
3aIUK BXOJSIIUX B 9TO BBIPAXKEHWE SKCIIOHEHINAILHBIX OLEPATOPOB.
Haupuwmep, ¢ yuerom (48) umeem juist —7/2 < 2 < 0

T exp{i 72dsf2(s)} = eXp{ﬁ[m2 + (P — mA/2)2}}
0

: (50)
—i(z+17/2)
% eXp{ 2wz (1l — x)

CobcTBennble HyHKINU 0mepaTopoB p; + Q, oTBevaromue cOOCTBEH-
HOMY 3HAUEHUIO q, ecThb exp{i[qpF x(p)|}, rae x(p) — onpenenennas B
(48) siikonasbHas (daza. Vcnons3yst 3mu (DyHKIUN, MOXKHO Teleph Bbl-
queuTh cpegnee < pl...|p > B (49). Berapaa I = [d?p,|p; >< py|
MEeXIay CBO60,ILHBIMI/I " 3aBUCAIIINMU OT TIOJIA OII€EPATOPaMu, Mbl CBOOUM
BBIYHC/IEHUE CPETHEr0 K HAXOXKIEHUI0 MATPUIHBIX SJIEMEHTOB JBYX TH-

nos: < pol f(PL)|p1 > 1 < po|f(PLEQ)|py >, A1 KOTOPBIX HIOTTY HaEM

m? + (b, — Q- oA/27 .

2 .
<polf(PL)lP1 >=/(gﬂggel<q’p2"’l)f(q); (51)

2 .
<Palf (B2 Qlpy >= [ G AP exp (il (o) X1} (@)

B monyuarotmmemMcst mocite TpoBeIeHNs YCPeHEHNST C-IUCI0BOM BhIpaXke-
HUW, THTEIPUPOBAHUE TI0 2 ¥ T TTPOBOJAUTCS JIeMeHTapHo. B pesy/brare
Haxommm gy My
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PO 1
My = —ia—j/d2pexp{—iAp}/d2p1/dacexp{i(Qz —1)Ap,}
T
0 0

d*q1d%qo
</ (m? + @) (m? + ¢3)
x exp{2i(qy — qy, p1) Hexpli(x(p + p1) — x(p — p1))] — 1}

x{m?(e1€3) + Mo + (22 — 1)%](e1ay) (ehay) -

(52)
B sTOM BBIpaxeHUU yxKe CIeIaHO HEOOXOIMMOE BBIUMTAHWE, TAK UTO
M (52) obpamaercss B HysIb Y "BBIK/IIOYEHNN " BHEITHETO TIOJIS. 3a-
METHUM, UTO eCJIU B3sITh NOJIyCyMMY BhIpakenusi (52) 1 MoJIy4aromerocs
U3 Hero 3aMeHaMu & — 1—x, gy 9 — —qy 9, p; — — Py, T0 expli(x(p+
p1) —x(p—p1))]—1 B (52) nepexogur & cos[x(p+p1) —x(p—p1)] — 1.
TeMm caMbIM CTAHOBUTCS OYEBUIHBIM BBIMOMHEHWE Teopembl Dappu: B
passioxkernuu (52) B Psiji TEOPUU BO3MYIIEHUI MPUCYTCTBYIOT TOJBKO
YeTHbIe CTETeHN ToTeHTHaa. VHTerpams: mo qg o B (52) MOXKHO BBIpa-
3uTh yepe3 dyuknnu Makmoraapaa Koy K1 ¢ TOMOIIBI0 COOTHOIIEHMH

d*q —2iqp
/me == 27TK0(2mp),
(53)

d?q o . P

/ﬁqe 290 — _2mi K (2mp)m*=.

m? + g p

MoxKHO B34TH U JIEMEHTAPHBIM WHTETPAJI IO T, BRIPA3UB TEM CaMbIM
M mig npOM3BOIBHOIO MMOTEHIMAJIA, Yepe3 4-KPATHBIN WHTErpaJI:

2
~ . wm
M; = 4ia

O [#oexp(=ip) [@pi{1 = coslx(p + p1) = X(p ~ p)]}
0

* e €5 d? 1) sint

X{Kg@mpl)(el%) * M&zﬂmm) [)‘1/\2 - _2} }—,
P1 dt t

(54)
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rae t = Apy. i nenn cpaBHEHUS HAIMX PE3YJIBTATOB C M3BECTHBIMU
B JIATEPATypPe UHOTIA OKA3bIBAETCS YA0OHBIM WHOM MOPSAIOK WHTErPH-
posanust B (52). Hanpumep, nomydennas B [12] dbopma ammmryast
paccesgHus JIst KYJOHOBCKOTO MOTEHITHAIa mpu A > m? /w BOCTIPOM3-
BopuTcs, eci B (52) mpeacraBuTh

o0
(m? + q3) 7 =i [ dsyzexp{-isia(m? + i),
0

a yKe 3aTeM HHTerPUPOBaTh 110 q o

IIpeacraBum Temepn M; = M; — 6M I, tme M7 ectb BhIparkeHwue
(52) wm (54), B KOTOPOM WHTErPUPOBAHUE TIO P PACIPOCTPAHEHO 10
6ecKOHEIHOCTH, a B dM ; OHO TPOBOAUTCSA OT po 1o oo. U3 (53) cie-
ayer, uro mHTErpas mo pi; B (52) cxomurcsa Ha p; ~ 1/m. Torma npu
Beraucienun 0 M 1 Bo Bceit obstactu p > po > p1 U MOXKHO PABJIOXKUTH

2
1 —cos[x(p+p1) — x(p— p1)] ~2 (m a)g(pp)>

Kpome Toro kak u My; (cm. obcyxaenue mocae dopmyst (47)) Besn-
uyuHy 0M 1 cilefyeT yuuThIBaTh TOIBKO JIsl Iepeiad UMITyabca A < m.
Torna |Ap;| < 1 u moxxHO 3amenuTs Beswuuny expli(2z — 1)Ap,| Ha
equuuiy. Iloce 9TOro BBINOAHSIEM CHadala WHTETPUPOBAHME IO P,
pe3yJibTarT KOTOPOro IIPOIOpLuOHaseH O((y — (), & 3aTeM [0 BCeM
OCTaJIbHBIM IIepeMeHHBIM KpoMe p. OKOHdYaTe bHO HaXomuM Jyist OM

iaw [ Ix(p) 9x(p)
My = bij [ & —iA
Po
rye bz(»j++) = T6;j, bl(-jf) = —2eje; U, HAIOMHUM, Obo3HaIeHHe (++)

OTHOCUTCS K aMILIUTyJe 0e3 W3MeHeHWs CIUPaJbHOCTH, a (+—) — ¢
n3MeHeHueM ee Ha obparmyto. I[loguepkrem, uro Besmaumua M) yxe
He 3aBUCUT OT IapaMeTpa CIMUBKHU py. JlJIs 10CTATOIHO GOMBINUX IIe-
penad (B KyJOHOBCKOM morenrmarte ajasa A > m?/w) Bea ammmryna
ceogurcd K M.
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IMepexons K BeramciaeHuto My, HATOMHUM, 9TO B 3TOH BEJIMIUHE
cieyer npeneOpeds mepegadeil uMirysbca A M0 CPaBHEHUIO C MacCOH
m, a upu ycpeaHnenun < p|...|p > Bce omeparopsl BHYTpH OOKJIAZIOK
MOKHO CYHTATH KOMMyTUpyiomumu. Pesyasrarusao, B My

2
<plf(pL.p)lp >—/(;17§2f(q,p)

u MbI ojtydaem u3 (44)
5 ; &2a T
My = %/ (27:;2 /dQPeXP(*iAP)
140
1
TP
X 0/932 /dT / dzexp{ 2wx(1 — :c)} (56)
x{m?(ere}) + [\ide + (22 — 1)*|(e1,q + 8(—7/2)) (e, a + &(7/2))},
rae 0(t) naercst dpopmyioit (47) u

d=m?+q’+2(q,<8>)+ <6 >

! T/2 1 T/2 (57)
<8>=- / dsd(s), <& >=- / ds8%(s)
T
—7/2 —7/2

Teneps 6epem B (56) rayccoB MHTErpaJI 10 (, PA3/1araeM SKCIOHEHTY [0
0 (]0| < m) u Bbruuraem 3uavenue My OpU HyJI€BOM BHELIHEM IIOJIE.
TTonygaem

o0

1
M;; = ——/d2pexp —iAp) /dCE/ e T / dzF, (58)

Po 0
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re i = m?/(2wz(1 —x)), u F umeer sus

_ 2o
PO =ty O0/D =8/
4 T/2 a5
_}_; / dss( dis),é(s)— <d >) ; (59)
—7/2

FO) = 4(e,8(—7/2)— < 8 >)(e,8(1/2)— < & >)

Ipu momysernnn F(t1) 5 anene, mponopmuonansaom m?(eie}) B (56)
[IPOBEJ/IEHO MHTEI'PUPOBAHUE 110 4acTdM 110 1nepemerHoi 7. ITopcrasisis
Dypbe-mipecrasienne norenmana V(p)

FQLAQ) iq,. Q, p7
V(o) = [ g e e, Q) (60)
B BoIpaxkernue (47) st 6(t), naxomum u3 (58)
My = %/dzpexp(—iAP)

PO

1 00 2 2
< [aw [ aqy [ TEE [T expli(p.Qu + Qi)
Je ) @2 J @)

1
- - o d
xV(Qan”)V(Qu,—Q||)Q1¢Q‘§L/ CIBE _SSM2+2'OFij 3

0

2 2
+4) _ 5 [T7+ (1 —x) B } (=) _ 2
=0y P +s(l—s)|, I ~=—see;

(61)

ITpencraBum mpousBeeHue V(QIL,Q”)V(QM, —Q)) B (61) xax

V(Qu. @V (Qur, —Qp)—V(Qi1,0)V(Qa . 0)+V(Q11,0)V(Qsy,0)
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u, coorBercTtBerHo, My; = Mj; + My, toe M;; TpeacTaBaseT co-
6oit muTerpan or passoctu |..., a M - or V(Q;,,0)V(Qy,0).
Tlockonbky B Bestmumue My Majbie p HE JA0T BKJIAA, WHTEIPUPOBA-
HUE B Hefl MOXXHO PacIpOCTPAHUTEH HA BCIO 0OJACTH M3MEHEHUs p, T.€.
zamenuthb pg — 0. Ilocie sTroro HGeperca maTErpaJ MO P

1 00
aw = 7
M = W/dl’/dy/dQQ [V(q, ,U'y)V(A - q, _'uy)
0 0

~V(a,0)V(A —q,0)| - B;

1
B(++):(q,A—Q)/ 2
0

dss [:132 + (1 —x)?

1 —I—x(l—x)s(l—s)],

s2y? — 1410

y2 — 1440’

1 3
B™) = (eq)(e,q — A)z(1 - -’E)/ 2 zdjs
" (62)

IJle MBI Tepenu K nepeventoit y = Q) /u . Unrerpams no s B (62)
6epyTCs 3TEMEHTapHO:

B+ — mvﬁiy;‘n{i(ﬁ +(1—2)*)In(1 —y* —i0) + z(1 — x)

1 . 1 1—y—10
X{lﬁln(lyQZO)"';hl(ﬂ)}},

B = 2—g1/2(eq)(e,q — A)z(l —z) [1 + y—lgln(l —y? - 2'0)].

(63)

Ucnons3ys onpenesenue sitkoHabHo# dassl x(p) (48) u ypasue-
uus (60), (61), npencrasum dM 7 B cepyromeii hbopme
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00 1
o . 0 0
M = —F/deexp(—zAp) gép) )8(;0) /d:r
i J
P0 0

oo

dss
g / dQ”/ Q@ -+ i ()

rie Fj; onpenenenst B (61). Unrerpaist no @), a sarem u 1o 7,8 B
(64) nerko 6epyrcsa u MBI yoexgaemcst, aro M r = 0 Mp, tome OM | —
BeImuwHa, onpenesertas B (55). Takum obpa3oM, moaHAsT aMILTATYI

M = M+ M= Mp — M+ My +6Mpp = My + My,

KaK ¥ JIOJI2KHO OBITH, HE 3aBUCUT OT py.

Urak, mus mo6brx A < w aMILTATY g2, paccessuust GOTOHA C w > m
Ha TPOM3BOILHOM JIOKAJIM30BAHHOM MOTEHIMANE JAETCS CYMMOil BBIpa-
xeruit (62) u (52) (wm (54)), npudeM B mOC/IEIHEM MHTEIPUPOBAHUE
IO P TIPOBOJUTCS TIO BCeit 06J1acTw.

[IpownmtocTpupyem Terneps CBOMCTBA BKIaIa B aMIiuTyay My Ha
npumepe norennmasa Mosbepa [13], s koroporo

3
~ ap
V(Q) = —4nZa T
n=1 n

al = 01, as = 055, az = 035, bn - BOﬁn 9

B1 =6, B =1.2, B3 =0.3, Bg = mZ/3/121.

Bamerum, aTo Oypbe-06pas3 KyJOHOBCKOIO MOTEHIMAIA ITOJIYyIAeTC U3
(65), ecm Tam momoxuts b, = 0, a, = 1/3. Huxe 6ygem cumrars,
9TO OPT €] B BEKTOpe KPyroBOii mosigpusanun e = (e + ies)/\/2 Ha-
xozurest B miockocru paccesitust (€1 || A). Torma wmcmosnb3oBaHHEIE,
HANpuMep, B [8] aMIIUTYyAbl C BEKTOPOM JIMHEHHOM MNONSApU3aiyu B
IJIOCKOCTH paccesnns M) w mepnengnkynasapHo 9Toit mpockocrn M
OKA3BIBAIOTCA CBI3aHHBIMA CO CIMPAJIBHBIME AMILIATYJIAMEA IPOCTHIM
COOTHOIIIEHUEM:

MJ_ = M++ - M+_ ,MH - M++ + M+_
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IMoncrasisa (65) B (62) # BOCIOIB30BaBIINCH TapaMeTpH3aIuei
1
()™ = [ dtlet + d(1— 1),
0

BolunciageM B (62) marerpansl mo q u y. Ilocre sroro Braan M B
HOJIHYI0 aMILIUTY/y IPUOOpeTaeT CIeAyOmui Bul

1 1 1

dia(Za)? &

M%oz _ L?‘”/dx/ds/dt Z aranBarol
m 0 0 0 k,n=1

Biia) = [e =l + (1= 9% = 5] Qo) +2m (14 75,
B](\;o;) = s%z(1 — z)Q(t.s), (66)

e, mo-mpexkaemy, i = m?/(2wx(1 — x))) u BBeeHBI 0603HAUEHHST

2t = th + (1 — t)b2 + A%t(1 —t),

A% 1) 5 1 o0
Q(t,s) = Lu+sf(t) f(t)}

f(t)

JIie KyJIOHOBCKOTO TOTeHTmaa mosydaem M B dbopwme (66), rie

ZakanB Mol TIEpexXoanT B B, Aj1st KOTOPOTO mMeeM
k.n

B = [xu D)4 (1—s)? - %] - [g(s,t) . 21ng(s,t)},

. —1
BT = sl —a)lg(s,) —1] . gls,t) = ll " ﬁ\/%ﬂ ’

(68)
e A = 2u/A = m?/(wAz(l — z)). 3amernm, aTo mpE A ~ M

BeamamHa M %Ol IepexouT B MIC} C TOYHOCTBHIO /IO MAaJIbIX YJIEHOB
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~ b2 /A% B cBowo ouepemb, mpu A ~ m BequmuwHa Bo OKazbIBaeT-
csl MaJIoit (~ m/w), 9TO B SIBHOM BHUJIE IIOJTBEPXKAET CIAEJAHHOE BBI-
e obIree yTBepKIeHNe 0 HEOOXOAUMOCTH yIuThIBaTh M jumns mida
A < m. Cuenas 3ameny nepemenubix ¢ — (1+ /1 —t2)/2, uarerpu-
Pysi TI0 9aCTSIM TI0 ¢ 9JIeH, IPONOPLIUOHAIBHEBI storapudmy B B(FH) 1
BBINIOJIHSASL HHTETPUPOBAHUE 1[I0 T U § YJIEHOB, He cojepxKaumx ¢(s,t),
HAXOJUM

1

1 1

dia(Za)?

Mﬁ:% /dm/ds/dt-F(s,t,x)+Rn ,
0 0 0

F(++)(S ¢ x) _ [$(1—I)[S2+(1—5)2}—1} 5(2*152)
Y 2] V1 —12(i\+ st)’
322(1 — )
F(+_) 7t> - i 5
(5:62) = = 1 50
2

+H _ 7 ime | +-) _ 1

RV = 9 1+ 1In <2wA> 2 , Ry 5"

(69)
Jlyist TosTydeHusT TOJTHOM aMILIUTYIbI MIPOIECca paccesHusa (HhOTOHA B
noJie KyJIOHOBCKOTO 1eHTpa npu A < m Hago cioxuth (69) ¢ coor-
BeTCTBYIOIEH acuMnToTukol Bkaaga My (52). IlockonbKy Haie Bpa-
JKEHHUe JJIs MIC COBIAIaeT C pedysbraroM paborsl [12], MoxHO Hemo-
CPEJCTBEHHO BOCLO/IBb30BaThCs (hopmysioit (17) u3 [12] . OxonvarensHo
HAXOAM

1 1 1
dia(Za)?
ME(A < m) = HolZa)w [/dm/ds/dt-F(s,t,x)+R
0 0 0

3
m

R+ 1 {m (2—“’> _ w109 —C—Rexp(lﬂza)} Rt =0,

9 m
(70)
rie dyukuun F(s,t, ) onpexnenenst B (69) , C'= 0.577... — nocrosinuast
Ditnepa, ¥(y) = dInT'(y)/dy — norapudmMuaeckas npou3BoHAs TAMMa,
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dbyukpm. Beipaxkenne (70) comamaer ¢ dhopmysoit (8.1) paborsr [§],
€CIM B MOC/IeHeN MCIPABUTH OYEBUHBIE ONEYATKU: yOPATh JIMIIHUI
MHOXKUTEJB 4 1epe; uaTerpasioM B (8.1) 1 u3MeHUTh 3HAK KYJIOHOBCKO#
nonpasku C' + Re V(1 + iZ«) BO BHEMHTErpaJbHOM YJIEHE.

Wrak, naitnennoe namu ¢ nomompbio KOMa BeIpaskeHue i aMILIv-
Tyl MaIOyryioBoro (A < w) yupyroro paccesnus (pOTOHA BBICOKOM
(w > m) sHeprum 11 TPOU3BOJBHOTO JIOKAJIU30BAHHOTO TTOTEHIAAJIA
BOCIIPOM3BOJIUT BCE M3BECTHBIE B JIUTEPATYPE DPE3YJIbTATHI, IMTOJIYIECH-
HBIE 71T [IEHTPAIBHO CUMMETPUYIHBIX MOTEeHINAJI0B. Pa3BuThIit criocob
YCPeTHEHNUS TPOU3BEJEHN Y HEKOMMY THPYIOIINX OMEPATOPOR TO3BOJISIET
HCIIOJTb30BATH KBA3WKJ/IACCUIECKUH OMEPATOPHBIN METO [Tl W3y IEHUST
pasHoobpazHbIx nponeccoB KO/l B JIOKaIM30BAHHOM BHEIIHEM II0JIE.

Hacrosimmas pabora BBIIOJHEHA IPU YACTUYHON moggepxke PODOU
B pamikax mpoekTa (00-02-18007.
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