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Solution of the linesr systems
with the guaranteed estimate of the results accuracy � part � �

E�A�Biberdorf� N�I�Popova
Abstract

Developed by us a FORTRAN�45 based program package is described in details< The package realize new
types of algorithms for linear equations systems solveing< We widely used results and recommendations
of completed theory of such algorithms that was created under leadership of academician S<K<Godunov
in institute of Mathematics SB RAS< The suggested way is diHerent from common ones< It allows
to solve systems not only with squared but also with rectangular matrices< At that only orthogonal
transformations are used because they do not deteriorate condition of the investigated system< From the
most importent features of the new method weJll remark out twoA �& all the computer rounding errors
that inevitably appear during calculatioms are taken into account and summed and along with the result
an estimate of itJs accuracy is carried outL B& in emergency situation a diagnostick program starts and
shows a description on possible cause of fault<
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�� 8< �+'"#@/� +>".27 .+#*0 +;/-2/A

kInverse �A��k
kA��k � error�

)'" A�� j �+�.+" 1.��"./" +-#��.+, *��#/>0<

��$+� �������+� � ���34���1�

�(/ #�1*"#0 *���/$+$�!�#�*"�#+$ ." �++�$"���$78� +!/��./86 !#+)#�**� !#"2#�9�"� #�-+�7<
=#/ ?�+* $0'�]��% �++-9"./"A

Bad Data Dimension in GInvTwoDiagMatrixK
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(' ��,� ���7��� ��	���"����,�
�<ReOection 3!��
%& LSysMod5
B<VectorReOection 3!��
%& LSysMod5
{<MachConst 3!��
%& ArithMod5
X<Eye 3!��
%& ArithMod5

.�� &����� LSysMod

��.+$.0" !#+)#�**0 ?�+)+ *+'7(% j LinSystemSolution �#";"./" (/.",.+, �/��"*0& / InverseMatrix
�+-#�9"./" 2$�'#��.+, *��#/>0&< ��.+$+, /�!+( 1+$�..0: $ ./: �()+#/�*+$ %$(%"��% !#/$"'"�
./" *��#/>0 2 '$7:'/�)+.�( .+*7 $/'7 !#/ !+*+9/ +#�+)+.�( .0: !#"+-#�1+$�./,< [�/ '",�
��$/% +�79"��$(%8��% !+'!#+)#�**�*/ TwoDiagonalisation �!#/$"'"./" 2 '$7:'/�)+.�( .+*7 $/�
'7&6 ReOection �$0�/�("./" !#"+-#�1+$�./% +�#�@"./%&6 VectorReOection �!#/*"."./" !#"+-#�1+$��
./% +�#�@"./% 2 !#+/1$+( .+*7 $"2�+#7&<

/���� ��	���"����� TwoDiagonalisation

2�'��$�����

=#/$+'/� !#+/1$+( .78 *��#/>7 A #�1*"#� N �M 6 N � M 2 '$7:'/�)+.�( .+*7 $/�
'7 !#/ !+*+9/ +#�+)+.�( .0: !#"+-#�1+$�./,A D Q PAQ6 A j /�:+'.�% *��#/>�6 D j
2$�'#��.�% '$7:'/�)+.�( .�% *��#/>� #�1*"#� M 6 P / Q j 2$�'#��.0" +#�+)+.�( .0"
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Call TwoDiagonalisation3Matrix�MainDiag�SecondaryDiag�MirLeft�MirRight�error5
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Matrix j $:+'.+, / $0:+'.+, !�#�*"�#6 '$7*"#.0, *���/$ #�1*"#�
N �M 6 N � M 6 $"9"��$"..0: �/�"( � '$+,.+, �+�.+�� 8< �� $:+'" �+'"#@/� ?("*".�0
/�:+'.+, *��#/>06 .� $0:+'" j $0�/�("..0" ?("*".�0 '$7:'/�)+.�( .+, *��#/>0<

MainDiag j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0M $"9"��$"..0: �/�"(
� '$+,.+, �+�.+�� 86 �+'"#@�9/, $0�/�("..0" ?("*".�0 /�+)+$+, '$7:'/�)+.�( .+, *��#/�
>0<

SecondaryDiag j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 M � � $"9"��$".�
.0: �/�"( � '$+,.+, �+�.+�� 86 �+'"#@�9/, $0�/�("..0" ?("*".�0 !+-+�.+, '/�)+.�(/ /�+�
)+$+, '$7:'/�)+.�( .+, *��#/>0<

MirLeft j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 '$7*"#.0, 2$�'#��.0, *���/$ $"9"��$"..0: �/�
�"( � '$+,.+, �+�.+�� 8 #�1*"#� N 6 �+'"#@�9/, !#+/1$"'"./" !#"+-#�1+$�./, +�#�@"./%6
!#/*".%"*0: �("$�<

MirRight j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 '$7*"#.0, 2$�'#��.0, *���/$ $"9"��$"..0: �/�
�"( � '$+,.+, �+�.+�� 8 #�1*"#� M 6 �+'"#@�9/, !#+/1$"'"./" !#"+-#�1+$�./, +�#�@"./%6
!#/*".%"*0: �!#�$�<

error j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 !+(+@/�"( .+" $"9"��$"..+" �/�(+ � '$+,.+, �+�.+�
�� 86 +>"./$�89"" .+#*7 +;/-2/A
kD
�� � P
��AQ
��k � error<

��$+� �������+� � ���34���1�
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Bad Data Dimension in GTwoDiagonalizationK
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�<ReOection 3!��
%& LSysMod5
B<VectorReOection 3!��
%& LSysMod5
{<MachConst 3!��
%& ArithMod5
X<Eye 3!��
%& ArithMod5

/���� ��	���"����� Re9ection

2�'��$�����


�(/ ." 1�'�. !�#�*"�# I6 !#+)#�**� $0�/�(%"� $"2�+# .+#*�(/ 2 !(+�2+��/6 +�.+�/�
�"( .+ 2+�+#+, '+(@". -0� +�#�@]. $"2�+# V ector�6 ��+-0 -0� 2+((/."�#.0* $"2�
�+#7 V ectorB6 / *��#/>7 +�#�@"./%< 
�(/ 1�'�. !�#�*"�# I6 �+ V ectorB !#/./*�"�
�("'789/, $/'A !"#$0" I � � 2+*!+.".�0 �+$!�'�8� � �++�$"���$789/*/ 2+*!+.".���
*/ $"2�+#� V ector�6 $�" 2+*!+.".�0 .��/.�% � I U ��+, #�$.0 .7(86 � I�% 2+*!+.".��
.�:+'/��% /1 7�(+$/% #�$".��$� .+#* V ector� / V ectorB<
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Call ReOection3VectorQ�Vector=�ReOVector�ReOMatrix�I5
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VectorQ j $:+'.+, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 N $"9"��$"..0: �/�"( � '$+,.+, �+�.+�
�� 86 �+'"#@�9/, 2+*!+.".�0 /�:+'.+)+ $"2�+#�<

Vector= j $:+'.+,�$0:+'.+, ."+-%1��"( .0, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0N 6 $"9"��$"..0:
�/�"( � '$+,.+, �+�.+�� 86 �+'"#@�9/, 2+*!+.".�0 $"2�+#�6 !+(7��"*+)+ /1 /�:+'.+)+ $
#"17( ���" '",��$/% +!"#��+#� +�#�@"./%<

ReOVector j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 N 6 $"9"��$"..0: �/�
�"( � '$+,.+, �+�.+�� 86 �+'"#@�9/, .� $0:+'" $0�/�("..0" 1.��"./% 2+*!+.".� $"2�+#�
.+#*�(/ )/!"#!(+�2+��/6 +�.+�/�"( .+ 2+�+#+, +�79"��$(%"��% +�#�@"./"<

ReOMatrix j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 '$7*"#.0, *���/$ #�1*"#� N � N 6 $"9"��$".�
.0: �/�"( � '$+,.+, �+�.+�� 86 �+'"#@�9/, .� $0:+'" $0�/�("..0" 2+*!+.".�0 *��#/>0
+!"#��+#� +�#�@"./%<

I j $:+'.+, ."+-%1��"( .0, !�#�*"�#6 +-%1��"(". !#/ +��7���$// !�#�*"�#� VectorB< �"(+" �/�(+
� � I � N < �2�10$�"� .� �+6 ��+ /�2+*+" !#"+-#�1+$�./" +�#�@"./%6 '",��$7% .� $"2�+#
Vector�6 �+:#�.%"� !"#$0" I �� 2+*!+.".�06 1�.7(%"� 2+*!+.".�0 .��/.�% � IU��+, '+ N �+,6
." /1*".%% !#/ ?�+* .+#*0<
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�(/ !�#�*"�#0 !#+)#�**0 ." �++�$"���$78� +!/��./86 �+ #�-+�� !+'!#+)#�**0 !#"2#�9��
"��%< =#/ ?�+* $0'�]��% �++-9"./"A

Bad Data in GReOectionK
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�(/ +��7���$7"� !�#�*"�# I6 � ?("*".�0 *���/$� V ectorB �(/;2+* *�(06 �+ "�� vuut NX
j��

jV ectorB�j&j� 
 �� �

)'" ��j */./*�( .+" !+(+@/�"( .+" $"9"��$"..+" �/�(+ � '$+,.+, �+�.+�� 86 �+ #�-+�� !#"2#��
9�"��% � $0'��", �++9"./%A

Bad Data in GReOectionK
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(' ��,� ���7��� ��	���"����,�
�<MachConst 3!��
%& ArithMod5
B<Eye 3!��
%& ArithMod5

/���� ��	���"����� VectorRe9ection

2�'��$�����

��#�@"./" $"2�+#� +�.+�/�"( .+ )/!"#!(+�2+��/ � 1�'�..0* $"2�+#+* .+#*�(/<

�3��4���� + ��	���"������

Call VectorReOection3ReOVector�Vector5

��������,�

ReOVector j $:+'.+, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 N $"9"��$"..0: �/�"( � '$+,.+, �+��
.+�� 86 �+'"#@�9/, 2+*!+.".�0 $"2�+#� .+#*�(/ 2 ."2+�+#+, !(+�2+��/<

Vector j $:+'.+,�$0:+'.+,6 +'.+*"#.0, *���/$ '(/.0 N 6 $"9"��$"..0: �/�"( � '$+,.+, �+�.+�
�� 8< �� $:+'" j .���( .0, $"2�+#6 .� $0:+'" j 2++#'/.��0 $"2�+#�6 !+(7��"*+)+ /1 /�:+'�
.+)+ !+�(" ")+ +�#�@"./% +�.+�/�"( .+ !(+�2+��/ � .+#*�( 8 ReflV ector<
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�(/ #�1*"#.+��/ *���/$+$ ReflV ector / V ector ." �+$!�'�8�6 �+ !#+)#�**� !#"2#�9�"� #�-+�7
� �++-9"./"*A

Bad Data Dimension in GVectorReOectionK
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(' ��,� ���7��� ��	���"����,�
MachConst 3!��
%& ArithMod5

/���� ��	���"����� LinSystemSolution

2�'��$�����

=+'!#+)#�**� #";�"� (/.",.78 �/��"*7 �()"-#�/�"�2/: 7#�$."./, � *��#/>",Matrix
#�1*"#� N �M 6 !#/�]* N � M 6 / !#�$+, ���� 8 RHS< � 2��"��$" #";"./% $0'�"��%
$"2�+# Sol6 � ��2@" $"2�+# ."$%12/ r / +>".2� +;/-2/ errorA

error � kSol � xk
kxk �

)'" x j /��/..+" #";"./" �/��"*0<

�3��4���� + ��	���"������

Call LinSystemSolution3Sol�Matrix�RHS�r�error5

��������,�

Sol j $0:+'.+, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 M $"9"��$"..0: �/�"( � '$+,.+, �+�.+�� 86
�+'"#@�9/, 2+*!+.".�0 $"2�+#� #";"./% �/��"*0<

Matrix j $:+'.+, !�#�*"�#6 '$7*"#.0, *���/$ N �M $"9"��$"..0: �/�"( � '$+,.+, �+�.+�� 86
*��#/>� 2+?PP/>/".�+$ (/.",.+, �/��"*0 7#�$."./,<

RHS j $:+'.+, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 N 6 $"9"��$"..0: �/�"( � '$+,.+, �+�.+�� 86
�+'"#@�9/, 1.��"./% 2+*!+.".� $"2�+#� !#�$+, ����/ �/��"*0<

r j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 +'.+*"#.0, *���/$ '(/.0 N 6 �+'"#@/� 1.��"./% 2+*!+�
.".� $"2�+#� ."$%12/ �/��"*0<

error j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 !+(+@/�"( .+" $"9"��$"..+" �/�"(+ � '$+,.+, �+��
.+�� 8< �+'"#@/� +>".27 .+#*0 +;/-2/A kSol � xk�kxk � error6 )'" x j �+�.+" #";"./"
�/��"*0<
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�(/ #�1*"#0 !�#�*"�#+$ ." �++�$"���$78� +!/��./86 �+ !#+)#�**� !#"2#�9�"� #�-+�7< =#/
?�+* $0'�]��% �++-9"./"A

Bad Data Dimension in GLinSystemSolutionK
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(' ��,� ���7��� ��	���"����,�
�<TwoDiagonalisation 3!��
%& LSysMod5
B<TwoDiagSystemSolution 3!��
%& TDiagMod5

/���� ��	���"����� InverseMatrix

2�'��$�����

=+'!#+)#�**� !+ /�:+'.+, *��#/>" ��#+/� +-#��.78 2 .",<

�3��4���� + ��	���"������
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Call InverseMatrix3Matrix�InvMatrix�error5

��������,�

Matrix j $:+'.+, !�#�*"�#6 *���/$ N � N 6 �+'"#@/� ?("*".�0 /�:+'.+, *��#/>0<

InvMatrix j $0:+'.+, !�#�*"�#6 '$7*"#.0, *���/$ N � N < �� $0:+'" �+'"#@/� $0�/�("..0"
1.��"./% +-#��.+, *��#/>0<

error j $0:+'.+, ."+-%1��"( .0, !�#�*"�#6 !+(+@/�"( .+" $"9"��$"..+" �/�(+ � '$+,.+, �+�.+�
�� 8< �+'"#@/� +>".27 .+#*0 +;/-2/A

kInvMatrix �Matrix��k
kMatrix��k � error
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�(/ #�1*"#0 !�#�*"�#+$ ." �++�$"���$78� +!/��./86 �+ !#+)#�**� !#"2#�9�"� #�-+�7< =#/
?�+* $0'�]��% �++-9"./"A

Bad Data size in GInverseMatrixK
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(' ��,� ���7��� ��	���"����,�
�<TwoDiagonalisation 3!��
%& LSysMod5
B<InvTwoDiagMatrix 3!��
%& TDiagMod5

/���� 0 �+-�1 MatCond

2�'��$�����

�0�/�(%"� �/�(+ +-7�(+$("..+��/ !#+/1$+( .+, *��#/>0 Matrix #�1*"#� N �M� N �
M < �+1$#�9�"� $"9"��$"..+" �/�(+ � '$+,.+, �+�.+�� 8 #�$.+" � Q �max

�min
6 )'" �max � �min

j *�2�/*�( .+" / */./*�( .+" �/.)7(%#.0" �/�(� *��#/>0<

�3��4���� + 5 �+-���

MatCond3Matrix5

��������,�

Matrix j $:+'.+, !�#�*"�#6 '$7*"#.0, *���/$ #�1*"#� N � M�N � M $"9"��$"..0: �/�"( �
'$+,.+, �+�.+�� 86 $:+'.�% *��#/>�6 �/�(+ +-7�(+$("..+��/ 2+�+#+, $0�/�(%"��%<
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�(/ !�#�*"�#0 ." �++�$"���$78� +!/��./86 !#+)#�**� !#"2#�9�"� #�-+�7< =#/ ?�+* $0'�"��%
�++-9"./"A

Bad Data size in GMatCondK
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(' ��,� ���7��� ��	���"����,�
�<TwoDiagonalisation 3!��
%& LSysMod5
B<TwoDiagCond 3!��
%& SingMod5

.�% &����� ArithMod

/���� ��	���"����� MachConst

2�'��$����� +!#"'"(%"� *�;/..0" 2+.���.�0 �� ��� ��� ��<
�3��4���� + ��	���"������ Call MachConst
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/���� ��	���"����� Eye

2�'��$����� $:+'.78 2$�'#��.78 *��#/>7 1�*".%"� .� "'/./�.78<
�3��4���� + ��	���"������ Call Eye3A5
��������� A j $:+'.+,�$0:+'.+, !�#�*"�#6 '$7*"#.0, *���/$ $"9"��$"..0: �/�"( � '$+,.+,
�+�.+�� 8 #�1*"#� N � N < �� $0:+'" �+'"#@/� "'/./�.78 *��#/>7<
6���
(' ��,� ���7��� ��	���"����,� MachConst 3!��
%& ArithMod5

/���� 0 �+-�1 VectorNorm

2�'��$����� �0�/�(%"� .+#*7 $"2�+#�<
�3��4���� + ��	���"������ VectorNorm3Vector5
��������� Vector j $:+'.+, !�#�*"�#6 +'.+*"#.0, *���/$ $"9"��$"..0: �/�"( � '$+,.+, �+��
.+�� 8 '(/.0 N <
)�' 
(���� $"9"��$"..+" �/�(+ � '$+,.+, �+�.+�� 86 $0�/�("..�% .+#*� $"2�+#�<
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