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D.A. Dubepdopd

Hnemumym Mamemamuru CO BAD, Doccus

B mpemmaraemoii pabore mompobHO omuckiBaeTcs cosmaHHBIN Hamu Ha g3bike POITIAD-90 maker
MPOTPaMM, PEATU3YIONINX HOBBIN THIT aJITOPUTMOB DEIIEHNs CUCTEM JUHENHBIX ypaBHEHHH. JPH ero
HANUCAHUN OBUTH MTHPOKO MCIOMB30BAHBI PE3YILTATH U PEKOMEH AN 3aKOHYEHHON TeOpHUU TaKuX ajiro-
puTMOB, paspaboTanHoll mon pykosoacTeoMm akan. C.K.I'omymoa B UacTuTyTe MaTtemaruxku CO DAD.
DpemaraeMblil TIOAXON, B OTIMYNN OT M3BECTHBIX U PACIPOCTPAHEHHBIX, MO3BOJSIET PEITaTh CHCTEMBI
HE TOJBKO C KBAAPATHBIMI, HO U C MPOW3BOJIBHBIME TPSIMOYTOJIBHBIMI MAaTPUIIAMU. JPH STOPM HCIIOTE-
3YI0TCH HCKITOUNTENHHO OPTOTOHAJIBHBIE TPeobpa3oBaHus, BEIIEIEHHbIE TeM, 9TO He YXYAIIAaioT 06yciIo-
BJIEHHOCTH UCCIENYeMOll cucTeMbl. U3 Hanbosee BaXHBIX YePT UCCIAETYEMOTO MeTOHa 0COB0 OTMETHM JIBE:
1) yUHTHIBAIOTCA W CYMMHPYIOTCS HEM30€KHO BOSHUKAOIINE NIPH cueTe MAIIHHHBIE TOTPENTHOCTH, ITO
MO3BOJIAET HAPADY C PE3YALMATNOM NPUSECTAU OYEHKY €20 MOUHOCAU, 2) TIPH BOSHIKHOBEHIH aBapHIilHOI
CUTYAIlUU BBITIOJHACTCS TUATHOCTHKA U 6 CoObueHut 06 agapui ykazbleaemces Makice €€ 603MONCHAT
npuuuHa.

Solution of the linesr systems
with the guaranteed estimate of the results accuracy ( part 1)

E.A.Biberdorf, N.I. Popova
Abstract

Developed by us a FORTRAN-90 based program package is described in details. The package realize new
types of algorithms for linear equations systems solveing. We widely used results and recommendations
of completed theory of such algorithms that was created under leadership of academician S.K.Godunov
in institute of Mathematics SB RAS. The suggested way is different from common ones. It allows
to solve systems not only with squared but also with rectangular matrices. At that only orthogonal
transformations are used because they do not deteriorate condition of the investigated system. From the
most importent features of the new method we’ll remark out two: 1) all the computer rounding errors
that inevitably appear during calculatioms are taken into account and summed and along with the result
an estimate of it’s accuracy is carried out; 2) in emergency situation a diagnostick program starts and
shows a description on possible cause of fault.

1 Bsenenme

SOBO,HOM JJId MTPpOBEACHU A ,HaHHOfI pa6OTbI MOCTAYXKIJIN CEPBE3HBIE 3aTPYOHEHNA, C KOTOPBIMI IIPUIIJIOCH
CTOJKHYTBCA NpU IMPpUMEHEHNN MeTOHda HANMMEHBLININX KBaApPaTOB K O6pa6OTKe PE3YyIAbTAaTOB YNUCJICHHBIX
SKCIIEPUMEHTOB.

DexoTopyto GhyHKINO y(z), TpUGINKEHHBIE 3HAUEHNS KOTOPON B PAlle TOUEK 21, Z2, . . ., ZN M3BECTHBI,

6 () = 20, ¢ 6 »
Hazo OBLIO ANIPOKCHMUPOBATEH NOMMHOMOM ¢(Z) = ) j_y CjZ n nomobpaTh Ko3hdUINEHTHl ¢; TakK,
4TOOBl 3HAUYEHUd 5TOTO MOJUHOMAa B TOYKAX 21,722, ..., 2N OKa3aJlUCh MUHUMAJBHO yHajeHbl OT 3Hade-

Huft y(z;). BosHmKamommyo Opm 5TOM JIHHEHYIO IO OTHOMIEHHIO K HEM3BECTHBIM ¢; 3aJady HeTDYOHO
IpeacTaBuTh B hopme
Je+r=uy, (1)



rje maTpuiia Z pasmepa N X M cocTouT U3 sJIeMEHTOB Z;; = zf(]). Murepnonanuio mo MeTony HauMeHb-
MINX KBaAPaTOB MOXKHO CINTATH YCIENTHON, eCITH HallIleHbl BEKTODPHI ¢ I 7, TPHYeM HOpMa ||7|| MEHIMAaJIbHA
(o moBonmy 0bo3HAYEHWH CM. pasiel 2).

Kitaccmaeckn mepBBIM IArOM DEIeHNs cUcTeM TOmoOHBIX (1) Bcerma sBiiseTcs CBelieHMe WX K Tak

HA3BIBAEMOIl HopmaabHot cucTeMe ypapHenuit [4],[9]
Ac=f (2)

c kBanpaTtHoit M x M matpuneit A. K Takoll cmcTeme TeopeTHYecKH TPUMEHNM BeCh apCceHaJs MEeTONOB
KaK TOYHBIX (pasaudHble MOMUMUKAIINN METONA NCKIIOUeHHs ['aycca), Tak U HTepalnoHHBIX (M. [7]).

Da mpakTWKe JKe TPUIIIOCH CTOJIKHYTBCA C pafoM ocioxuenwil. CHadasa TPH perieHun CUCTeMBb
MeTonoM ['aycca BEIMHCIATENBHAS ITPOT PaMMa BHE3AIIHO TIPEK palllaia CBO paboTy B coobIIasa O JeJIeHIn
Ha HyJIb. DTO MOTJIO CBUAETEILCTBOBATL KaK O TOM, 9TO NCXOAHAA MaTPHIa B MAIIMHHOM MPeCTaBIeHIN
OKa3aJiach BBLIPOXK/EHHOM, TaK M O TOM, 4TO OHa ~MOPTHIAch’ M BHLIPOKIAJNacCh B MPOIECcce CBA3AHHBIX C
MeTonoM I'aycca mpeobpa3oBaHMl 3a CI6T MAIINHHBIX OKPYTJICHMWIL.

CrenyronmmM 66T NCpoboBaH CIOCoD, TPely CMaTPUBAOIIHI TIPEIBAPHTETLHOE PA3JIOKEHNE MATPUITE]
A na npomssenmenne BC' HMXKHell W BepxHell TPEYTOJIBHBIX MATPHIl M X MOCJIEIOBAaTELHOE OOpalleHne
o Merony Taycca (cm. §19 B kuure [7] u crareio [4]). Marpuiny A ynanock o6paTuTh, HO 5TO He GBIIA
mobena: cpeAn IMArOHAJLHLIX 37IeMeHTOB obpaTHON MaTpuIel A~ ! HaxoamInch GOIbIINe OTPUIATEILHELE
YUCaa, YTO MPOTUBOPEYUsIO Teophu (B obCYyXKIaeMOM ciydae IUaroHadbHble daeMeHThl A~1 apiaoorcs
OBpaTHBIMH Keadpamamt BecoB Hem3BeCTHBIX [4]). M36aBUTHCS OT OTPHIIATENBHEIX HJIEMEHTOB YIATIOCH,
HCOOJIB3Y A BOSMOXKHOCTH nakeTa Hanucanubix Ha PODTIADe nporpamm [§], mO3BOISIONIMX TPOUZBOLUTE
BBEIYHCJIEHHS C TTPOU3BOIBLHON TOYHOCTRIO. DPH 5TOM /I obpalleHns MaTpulbl pasMepa 9 X 9 mpumioch
paboTaTh ¢ BEIECTBEHHBIMI YNCAaMN, AECATHYHOE TIPEICTaBIEHNe KOTOPHIX comepxkaJo b0 3HaKOB moce
3amATON.

Do m >Ta cuTyamuss He MOIJAa CYNTATLCA yIOBIETBOPUTEILHOI, MOCKOIBKY €CTECTBEHHO BO3ZHUK W
OCTaBaJICd OTKPBLITEIM KapAMHAJIBHON BaKHOCTH BOIPOC: CKOAKO JHCE 3HAKOS NOAYYEHHO20 PEULEHUS
AGATIOMCH 6EPHBILMUT

DaloOMHIM, YTO B MeTOIe HANMEHBIINX KBAaIPAaTOB HENOCTATOYHO HAlTH 3HaUeHNI HEM3BECTHHIX Cj,
HeOOXOMNMO TaKiKe BHUNCJINTD U YKa3aTh UX MUCIEPCHN 0, KOTOPhIe BO3HUKAIOT W3—3a ~IIyMa” BXONHBIX
JAHHBIX W ONPEIeNIIOTCs cooTHoIeHeM [4],[9]

rje 3a a;; obosHaueH j-blil AUaroHadbHbIA dJeMeHT MaTpPUIlb] A~ Do, Kak BBLIO MOKA3AHO BEIIIE, 3HAUC-
HUS 3JeMeHTOB OOpaTHOW MAaTPHUILI MOTYT OBITH HallleHB! ¢ OMUOKON, WHHOPMAIIAI O BeIWInHe KOTOPOHN
MOJTHOCTHIO OTcYyTCTBYeT. CaM coboll HampammBaeTCs 3aKOHOMEDHBIN BBIBOI: He MMes MapaHTHPOBAHHO
OTIeHKW TOYHOCTHU BLIUNCIEHWH HEBO3MOXKHO JOCTOBEPHO ONEHUTH W BJIMAHNE CTATUCTUIECKUX TIOT PETTHO-
cTeil.

MBI TpOMILTIOCTPUPOBAJIN MPOBIEMATHKY Ha MPUMepax KOHKPETHBIX aJlTOPUTMOB, HO HEOOXOMMMO TIOII-
YePKHYTH, UYTO MOAOOHBIe HEMOCTATKY NMPUCYIH HAKTHIECKH BCEM MUCHONIB3YEMBIM CETONHS KIaCCHIeCKIM
criocobaM pelieHns CUcTeM ypaBHeHUN. B ciaydagx, Korna 5TH CHCTeMBl HUKAK He CBA3AHBLI ¢ MeTOIOM
HaNMeHBITNX KBAJAPATOB CTATHCTUIECKUH acCMeKT, KOHEUHO, MOJTHOCTRHIO NCUe3aeT, HO BOMPOC O TOYHOCTHU
pe3ysibTaTa ocTaeTcd B TOJTHOW Mepe. Takke HeyINOBJIETBOPUTETLHO, HA HAI B3TJIAM, TIOYTH BO BCEX
JOCTYMHBIX 6ubiimoTeKax 1Mo JIMHENHOW ajrebpe opraHM30BaHa peakilnd Ha aBapuitHble cuTyarnuu. Ya-
e BCETO TOJMB30BATENL TMOMYyYaeT B 9TOM ciaydae KpaTkoe coobmenne Tuna ~divided by zero”mnnm ere
6ostee 3aramounoe ”invalid floating point operation”u emy mpenocTapiseTcs MoHAS CBOHOMA B MOMCKAX
TPUYIIHBI HETTOJTAIK.

D03TOMY UMeeTCs OCTpas HeoOXOMMMOCTE B CO3/MAHNN BHIYNCIUTENBHBIX AJTOPHTMOB HOBOTO TIOKOJIE-
HU, KOTOpBIe OTBeYAIN OBl CIEeAYIONINM OOITUM TpPeOOBaAHUIM:

1. Ecam cuéT ycmemino 3aBepllieH, TO BMeCTe C Pe3yJILTATOM MOJKHA OLITH MPUBENeHA OIEHKA €ro
TOYHOCTH (YHUCIO BEPHBIX 3HAKOB). DANOMHHM B 5TO CBSA3M, YTO B DU3NKe, HANPHMeEDP, YKa3aHHe MPH-
OJIMKECHHON BeJIMYUHBI 6€3 OIHOBPEMEHHOTO 0O03HAaUYeHN MHTEePBaJIa BO3MOXKHON OIMOKN He NMpU3HAeTCA
TIOJTHOTIEHHON WHpOpMAITe.



2. Ecim TponcXoouT aBapuiiHas ocTaHOBKa ( JieJeHne Ha HYJIh, TIEPENOIHEHIE), TO NOIKHA TTPON3BO-
JUTHCS ANATHOCTHKA TPUIRHBL ( CIUIIKOM GOJIbINas MaTpHa KoohUIHEHTOB, CIIUITKOM BOhIas W
MaJleHbKasl TpaBas 4acTh, OIW30CTh MaTPHUIIBL K BRIPOXKIEHHON n T.11.). B OymyiieM, BO3MOXKHO, HAIIN
OpOrpaMMbl CMOLYT HaBaTh M COBETHl TUMA ~CJEAYyeT YBEJINYUThL TOYHOCTL BLIYUCACHUI 10 N 3HAKOB
nocJie 3anaToit” .

OTMeTHM, 4TO TeopeTHUecKasd 6a3a [JId YCHELMIHOrO peIleHus 5TOM BajKHOI 3a1aull CerOMHI UMeeTCs
(cM. HUKe).

DpakTHuecK BO BCEX PYKOBOACTBAX II0 BLIYUCAUTEILHON JUHEHHON ajrebpe, MOMUYEPKUBALTCH, YTO
TOYHOCTD PEIleHNd JIUHENHON CUCTEMBL 3aBUCUT OT TAKON YICIEHHON XapaK TepUCTUKN MaTPULBL KO>hdu-
mieHToB A Kak obycioBieHHOCTE p(A), KoTopas Beerga 6osblile eqUHUIEL WIH paBHa efi. Ecin MaTpnia
I0XO 0DYCIIOBJIeHA (YMCIIO OBYCIOBIEHHOCTH BEJIMKO), TO PEIeHNe CHCTEMBl MOXKET OUeHB DE3KO Me-
HATLCA IPU MaJjbIX M3MEHEeHUAX DJIEMEeHTOB MaTpUILl U IpaBoll yacTu. TOUHO Takke 4yTKO pearupyer
pellleHne IIOXO OBYCJIOBIEHHON CHCTEMBI Ha BLIUNCIUTENbHbLIE IOIPEIIHOCTH. K COXaleHHIO, IajieKo
He Bce pa3paboTUYUKH HaKeTOB IPOrpaMM MaTeMaTHYeCKOro obecedeHus yaeIAoT 00y CI0OBJIEHHOCTH CU-
CTEMBI [OJIKHOE BHHUMaHKe. B 5Toil CBI3U ¢ MOJOXKHUTENLHON CTOPOHLI CJIEAyeT OTMETUTL M3BeCTHLIN
nakeT MATLAB. Ero nporpaMMbl penieHusd CUCTEMBI JUHENHEIX ypaBHeHUl 1 obpallleHus MaTpPULBL Ofl-
HOBPEMEHHO BLIYICILIOT YUCJIO 00YCJIOBAEHHOCTH 1, €CJIM OHO OKa3aJI0Ch BEJIMKO, OTOPYAIOT IOIbL30BATE A
OpeaynpexiaeHneM, YTO Pe3yIbTaT BLIYUCICHUI MoHcem 6blMb HEJOCTMOGEPHBIM. IPU HTOM HEU3BECTHOI
oCcTaéTcd He TOJILKO MOIPENIHOCTD pe3yjbTaTa, HO K IOrPEIIHOCTL BBIUUCAEHHUI CaMOILO 4uciaa 00yCiIo-
BJICHHOCTH.

3aMeTuM, 4YTO UMEIOT MECTO CJIEAYIOIIe COOTHOIICHUS

WATA) = p2(4) uw p(AB) < p(A)u(B), (3)

OTKyIa CIeAyeT BechbMa BayKHas W HPOTHBOpeUalias KJIACCHYECKOMY TMOAXONY MpaKTHUecKas DPEKOMeH-
Ianys: TPHU PelleHnn 3ajadi MeTOIOM HANMEHBITNX KBAaJAPATOB CIEAYET OMKA3AMbCA OM NPusedenusd
cucmemvl K HopmaabHomy 6udy (2), a THITATBCS pelnaTh NCXonHyo cucTeMy (1). A m3 HepapencTBa (3)
BUIHO, 4TO Jt0boe TpeobpasoBaHme, MPUMEHEHHOE K PEIIAEMON CHCTEME MOXKET YXYIIINTH €€ 00yCcio-
BJIEHHOCTh. D0»TOMYy B MoHOorpaduu [6] - onHoll u3 mepBbIX M HaubOIee OCHOBATEJBHBIX PaboT, NOCBs-
MIEHHBIX ETATBHOMY aHAJIN3Y BIIUSHAS MAITWHHBIX OKPYTJIEHUH Ha TOYHOCTH PE3YJIBLTATA BHIUNCIEHUN
- 0c0bO TOMYEPKUBAETCH, YTO OCHOBOU [IJIss TOYHOTO AJIrOPUTMa DeNeHUus JUHENHBIX ajrebpanmdecKux
CUCTeM MOJIKHBI OBITE Opmo2onadbHbie npeobpazosanud. TodBKO OHEM, B OTJINYHWE OT BCEX NPYTUX HE
MEHSIOT (a CJIeNOBATENLHO He YXY/IIAIT) 00y CIOBIEHHOCTH CHCTEMBI.

Don pykosoncTBoMm C.K.T'onyroBa B MacTuTyTe MaTtemaruku CO 3AD mHOrO JieT Besiack paboTa mo
CO3[AHNIO AJITOPUTMOB, OTBeYAOMNX CGOPMYINPOBAHHBIM BhIllle TpeboBarusamM. OMUH U3 MEPBBIX OMBITOB
[0 WX MPOrPAMMHON Pealln3alliil — KOMIJIEKC TporpaMM 1o juHeliHoi anrebpe (KODJITA) na sa3pike AJl-
I'OJI — 6b11 mpenuasnaven g Mamuabl JICM-6 1 TO3BOMISAI TPOU3BOANTE PACYETHL C TTPOU3BOJBHBIMI
KBapaTHBIMI MaTpuiamu pasmepa nopsaka 120 x 120. 3a nogpobHBIM omucaHmeM 3TOH TPOrpaMMHOM
OUOIHOTEKH MOKHO 00paTUThCA K [3]. DesyabTaThl TeopeTHYecKuX paspaboToK U BEIYHCIHTETBHBIX DKC-
HEePUMEHTOB CYMMUDPOBAHHBL U MOAPOOHO U3I0KeHbl B MoHorpaduu [2]. Dozxe B [5] A.D. Masbiessim
HCOPABIEHbl HEKOTOPbIE HETOUHOCTH, NONMyIeHHbIe B [2], U mpemioxeH pan ycoBeplleHcTBOBaHuil. B
KHUT€e TMPOBENEH 10 BO3MOXKHOCTHU JAKOHUUYHBIN aHAJN3 MOTPENTHOCTEN, 9TO HejiaeT e€ HoJiee MOCTYITHON
Juts TiepBoro uTeHns. Tawm ke mpuBenmeHbl aaropuTMbl Ha a3bike POITIAD-TT7 — éubnumoreka JINDA —
HEIOCTATKOM KOTOPOIl, Ha HAI B3TJIAM, ABIAETCI KaK Pa3 OTCYTCTBHUE OIEHOK MOTPENTHOCTEN.

B macTosimeit paboTe MbI MONBITAINCE MAKCHMAJIBHO UCIIONIB30BATH BO3MOKHOCTH TIPEICTABIEHHON B
[2] TexHOMOr MY YUETA BHIUUCIUTENBHBIX OIMMO0K. TeopeTuyeckasd 4acTh MOCBSIIIEHA KPATKOMY H3JIOXKE-
HUIO U3BECTHHIX HaKTOB U3 JUHEHHON aqrebphl, OCHOBAHHBIM Ha HUX aJITOPHUTMaM U CIocobaM KOHTPOJIS
33 TOYHOCTBIO BhrumcaeHUi. OnyIleHHBle TOAPOOHOCTH MOXKHO HAWTH B TPENJIOKEHHON JHTEPaType.
Onucanne npotuenyp Ha ssbike POITIAD-90 momerriero B DpUIOKeHHE.

Mur mpemmonaraeM u fajee TPOAOIKATE 5TY NeATeNbHOCTD. Jealn30BaHHBIE B JaHHOW paboTe ajaro-
PUTMBI CYIIECTBEHHO OPHEHTHPOBAHBI HA CTaHAAPTHBIE MO MPENCTABICHNS BEIECTBEHHBIX YHCEN C
ONMUHAPHON, ABOMHON MM YeTBEPHON TOYHOCTHIO. VIHOTHA 3TO MOXKET OKa3aThCS CEPBE3HBIM OTpaHIYe-
HIUEM — OIWH TaKoil ciiyuail yxe paccmarpuBadscs Boime. B npaktuke UA P’ a m3BecTHa cuTyamnus, Koraa
VCIIEITTHOE PeTeHne CepPhe3HOl (PU3MUecKoil 3amadu ToTpeOOBAIO UCIOTB30BAHNS B NECITHIHOM MPENCTa~
Biaernn ancia 300 sHaKoB mocie samsToit [10].



YlcHo, 9TO BHIYUCTUTENBHBIE aJTOPUTMBI HOBOTO MOKOJIEHNI MOJIKHBI CTATh JOCTYIHBI TeM, KTO pa-
60TaeT ¢ MPOM3BOIBHBIME TOYHOCTSIMHI W 9TO MBI CYNTAEM CBO€l MepBoil 3amadeii. OTMeTHM, 9TO 3M1ECh,
BO3MOXKHO, TOTpebyeTcd pazpaboTKa CHeNNATHLHOTO MEXaHN3Ma YUETA BEIUNCIAUTETLHBIX OMMOOK.

Bropag 3anada, KOTOpPYIO MBI TaKiXKe CTaBUM TIepell coboil, GOpMyInpyeTcd TaK: CO3MATH BBIUMCIIN-
TeJIbHBIE TTPOTPAMMBI, 1 KOTOPBIX OIEHKa MOTPENTHOCTH 6bliia 6bl He BLIXOAHBIM, a 6TOJHbIM Tapa-
MeTpOM W 3a/iaBajiach OBl TOJB3oBaTedeM. [lig pereHus o6emx >THUX 3a/1ad MBI TJIAHUPYEM IMIHPOKO
HCHOJIB30BATEH BO3MOXKHOCTH TakeTa [8] mid cueTa ¢ MPOU3BOJILHON TOYHOCTBIO. DJIAHUDYETCI TaKKe
NIPUMEHNTH UTePallMOHHBIE METONIB 1J14 YTOUYHEHUS MOJIy4YaeMbIX B IIpollecce BBIUMCIEHUN Pe3yJibTaTOB.

2 KpaTtkue cBeneHnsa u3 JINHEMHON aJireOphI

DasHaueHe STOTO pasesia — IOTOBOPUTHCS 00 obosHaueHusx. Bce (akThl U onpefeseHns, yIOMSHY Thie
371eCh, JTABHO WCMOJIB3YIOTCS B BBIYHUCINTEIBHON JIMHENHON ajdrebpe, HO HecleNMaJucTaM HEKOTOPBIE M3
HUX MOT'YT OBITH Hem3BeCTHH. Bce yTBepXKImeHWsS MbLI TpUBOANM Oe3 mokaszaTeldbcTB. Imd Tex, Koro oHn
3aMHTEPECYIOT, MBI A€M CCHIJIKN Ha JIMTePaTyPy.

2.1 OcHOBHEIE TIOHATHUA

Crpouky & = (#1, Za, ...,y ) WIK CTOIOE]

Y
Yo
Ym

MBI By/IeM HasbIBaTh gekmopamu miuiabl M w3 mpoctpancTBa Ry, Ckaagproe npoussedenue niag Hux
onpenesiuM HOpMYIOH
(x,y) =x1y1 +x2y2 + ...+ Tpynr

IIJ'H/IHOI71 njinm HOpMOﬁ BEKTOpa T Ha3bIBACTCA YMNCJIO

lell = V/(z, 2) = (Z e [*)H/2

OTMeTUM BaKHBIE HEPABEHCTBA, KOTOPHIE UTPAIOT NCKIIOUNTENBHYIO POJb B OIEHKAX TOYHOCTH BHI-
qUCIeHNS CKAJIAPHBIX TPON3BEICHNN 1 YMHOXKEHUA MaTPHUIBI HA BEKTOP.
DePasercmeo mpeyao.ab HUKA:

[l =1yl < [l +yll < [lzll+ 1yl
Depasencmeo Kowu-ynakoscrozo:

|G, )| < ll=]] lwll-

DpaAMOyTOIbHAS TabJuia

aiy a2 a1 pr

asy a9 aspr
A= ,

an1 anNsg . AOGNM

cocrositiadg u3 N ctpok u M cTonbros, HazkiBaeTcd mampuyeti ¢ pasmepamu N x M.

KsanpaTaad MaTpuna, sJieMeHTBL KOTOPO CyTh @;; = di;, re 6;; — cuMBost KpoHekepa, HasbBaeTCH
edunuunoti m obosuadaercs I.

TpanenonuposaHuem MATPUITBI HA3BIBAETCS 3aMEeHA CTPOK 5TON MATPHIIEL €€ CTOIDIAMEI € COXPaHEH-
eM X HOMepoB. MaTpuiia, mosiyueHHas TaKIM 06pa30oM 13 MaTPUIIEL A, Ha3bIBAeTCS MPAHCNOHUPOEAHHOU



10 OTHOIEHNoO K MaTpune A 1 obosuauaerca AL . Ecmu pasmepst A pasabt N x M, To pasMepsl TPaHCIIO-
uupopansoit MaTpuisl AT paBabsr M x N. DoBTOpHOE TPaHCIOHHPOBAHNE IPUBOINT K HCXOMIHOI MaTpHIIe.

DyeTh A — MaTpHIa ¢ KOMILICKCHBIME 37IeMEeHTaMI. A — MaTpuIa, KOMILIEKCHOCOTIPAKEHHAL K A, T.e.
nostyuaeMasi m3 MATPHIEL A 3aMeHON €8 3IeMeHTOB Ha KOMILIeKcHocompsukennbie. Matpmma A* = AT
Ha3BIBAETCS CONpANCcEHHOU K A.

Ecim A* = A (9T0 MOXET HMeTH MECTO TOJBKO JIUIA KBaIpaTHBEIX MaTpHIl), To MaTpuna A - camoco-
npaxcennad (spmumosa). Ecim mpu 5ToM MaTpuna A — BellleCTBEHHASA, TO OHA HA3BIBAETCS CUMMEMPU-
yeckot.

Dycre A — xkBampaTHas MaTpuia pasMepa M X M| Torma maTpumia B HasbiBaeTcd obpamuot K Ma-
Tpute A, eciiu BA = I. Ecim Takas B cymecTByeT, To MaTpuiia A HaseiBaeTcsa Heocobennoit. OOpaTHYIO
MaTpuny obozHauaroT A~!. Bamermm, uto A1 A = AA™!. Banaua obpallleHns MaTpPUILl TECHO CBI3aHA
C 3amavell pelreHns HEOTHOPOIHON cucTeMbl ypaBHennit. Ecam mas maTpunsl A msBecTHa obpaTHas Ma-
TpUIa, TO YMHOKAA 06¢ yacTn ypaBHeHns Az = f cieBa Ha A~1, nony4aem perrenne cuctemsl & = A1 f.

Onpenenenne 1 Feau A" = A*, mo mampuye A Hasweaemea opmoeoHaibHot.

CeoiictBa: OpToroHaibHBEIE MATPHIE He MEHSIOT HOPMHI BekTopa: ||z|| = [|Az]|. OTo cBoiicTBO opTO-
TOHAJIBHBIX MaTPHIl S5KBUBAJIEHTHO WX ONPEeIeHNI0. O POn3Be/ieHNe IBYX OPTOTOHAILHLIX MaTPHI] €CTh
OpPTOroHaJbLHAS MaTPUIIA.

Opumep 1. DpuMepoM OPTOrOHAIBLHON MATPHILI MOXKeT CIIYKUTH NPeobpaszosanue Ompaxicernus —
MaTpHIA

Pll P12 PR PlN

P21 P22 PR PZN
P= ) . ) ,

Pyy Pn2 ... Pwnn

3JIEMEHTBI KOTOPOH BBIYUCILIOTCA 10 GOpMyJIam

271
P=6;; — =4 4
=0 "
e v = (r1,72,...,rN) - HEKOTODHIN HeHYJeBOIl BeKTOp. OpeobpasoBahne Pr = y, HelicTBYIOIee B

IIPOCTPAaHCTBE BeKTOp—CTOJI6HOB RN MOXKHO BEIPasnUThb TaK

2(r, )
y=o— ———r. (5)
177
DycTh BEKTOp p KOJUTHHeapeH BEKTOPY T I CIeHATLHBIM obpaszoM HopMuposam: p = /2r/||r||, ||pl] = V2.

Torma dopmyna (5) HECKOIBKO yIPOIIAETCA:
y=Pr=x—(p,x)p

Tl'eomeTmueckn npeobpazoBanne P WHTepNpeTUpPyeTCcad KaK OTpaXkeHNe BEKTOpa £ OTHOCHTETHHO TUTED-
IUTOCKOCTH, OTIPENeI8HHON ypaBHeHNeM (p, #) = 0, MPOXOAAIIeil Yepes HauaIo KOOPAWHAT W OPTOrOHAb-
Hoit BekTopy p!. OueBmmmble cBoiicTBa MaTpuubl P: P* = P = P~ DpeobpasoBanie OTpaKeHIs
MoHAHoONTCd HaM IJId MOCTPOEHNS aJropuTMa IPpUBEAeHNI MPIMOYTOJIbHBIX MaTPHIl K IBYX/IMAaTOHAJb-
HOMY BHUIY. DPHU 3TOM MBI Oy[IEM HCIIOJB30BATE TEOPEMY

Teopema 1 /lag awbviz dsyr sexmopos x,y us R maxuz, wmo ||z|| = ||y||, cywecmsyem mampuya
ompasicenus P maxag, umo Px = y.

O‘ICBI/I,HHO, YTO 3JIEMEHTEI MaTPUIbI P OIIPENEIIAIOTCA BEKTOPOM T, 7°T

=y — « mo dopmyie (4).

Opumep 2. Jlpyrum mpuMepoM OPTOTOHAJIBLHOW MaTPHUILI SBIdeTCs MaTpuiia () pasmepa N X N,
KOTOpas TP NeHCTBUH Ha BeKTOp & ¢ KoopamHaTaMmu Z;, 1 < j < N, MeHAeT NBe ero KOOPAWHATHI
MecTaMu: y = Qx, y; = &; OPU § # ji,J2; Yj, = &, U Yj, = &;,. B pesynbTrare yMHOKEHNA HEKOTODPOI
MaTPHIBl Ha () clleBa y UCXOMHON MAaTPHUIBI MEHSIOTCS MeCTaMU CTPOKH ¢ HOMeDaMHU ji; W jz, a HpH
YMHOXKEHUHU Ha () cripaBa, MeECTaMU MEHSFOTCS CTOJOIBI j1 W jo.



2.2 UYwucseHHBbIe XapaKTEePUCTUKN MaTPUIL

Omnpepenenne 2 Yucao A = Aj(A) nasvisaemed cobemesennbimn anauenuen keadpammot mampuyst A,
ECAU CYWECTEYEM HEHYACBOT 6EKMOp-cmoabey & markoti, umo

Ax = Az

CpouctBa: Kpagpartnag matpuna pasmepa N X N umeeT poBHO N cOBCTBEHHBIX 3HAUEHUN BO3MOXKHO
KpaTHBIX. Ecimu y marpuis 7' ecth obpaTaag T~ 1, To cobersennble snadennd A u TAT ! copmama-
1oT. Ecim maTpuna () oproronainbHa, To A;(A) = A;(QAQ*), Tak Kak IO OmpeIe/eHNI0 OPpTOrOHAILHOM
MaTpunel Q* = @Q~'. KsampaTHas MaTpHIa ABIgeTcS OCOGEHHOH, T.e. He MMeeT OGPATHOMN, eclH I
TOBKO €CITH CPefn COOCTBEHHBIX UICE eCTh HyJieBble. CobBCTBEHHBIE YNCIIA CAMOCOMPSIKEHHON MATPHITHL
BemecTBeHHBI. (COBCTBEHHBIE YHUCIa OPTOTOHAIBHBIX MATPHIL TI0 MOIYJIIO DABHBI €IIMHIUIIE.

Jrobasg npamoyroapras N X M-matpuma A monyckaet npencrabienne B Bumge A = UKV tme U n V
— oproroHajibHble KBazipaTHble N X N—u M x M- marpunsl, a maTpuna K cocTonT U3 AUaroHaJbHOMN
KBaJpaTHON KiIeTkH X pasmepoM Ny x Ny (Ng = min{N, M}) ¢ HeOTpHUIIATENbHBIME SJIEMEHTAMN Ha
raaBHO guaroHaan n opu N # M m3 MOTOSHUTETBHBIX HYJIEBHIX CTPOK TN CTOJIOIOB

K:(Ef 0) npu M < N |

b
K= npu M > N,
0

K=Y mwpuN=M (on,>0Ny—1>...201>0),

riae
TN, 0 0
EI 0 U'ND—l
: . 0
0 0 g1

Onpepenenne 3 Yucaa 0; = 0;(A) HA3bI6AI0MET CUNSYAIPHBLMU wuCAAMU mampuybl A, a pasaodcenue
A=UKV" - cuneyadprvin pasaosxcenuen mampuysvt A.

CeronicrBa: CUHIYJISpHBIE YICITA OMPENeTIOTCs o MaTpuie A omaosnauno. Ecim B = QA nin B = AQ),
rze () - OpTOroHAIbHAS MaTpPHIa, TO U3 ONpeleleHns BUAHO, 4To 0;(A) = o;(B). CHHryIdpHbIe IHCIa
CAMOCOIPSKEHHBIX MATPHUI[ COBOAMAIOT ¢ abCONOTHBIMU 3HAUCHWSIMHU UX COOCTBEHHBIX 3HAYEHUH, T.e.
ecin A = A*, 10 0;(A4) = |A;(A4)|. CymecTByeT cBA3b MeXKAY CHHTYIAPHEIME unciaamu o;(A), j =
1,...,No, No = min{N, M} marpuns A pasmepa N x M u cobCTBEHHbIMU 3HAYEHUAME COCTABHOI

MaTpunsl pasmepa (N + M) x (N + M)
0 A
(o)

DpomyMepyeM cobersentble uncia A;(A), j=1,..., N+ M no Bospacranmo (MaTpuma A — camoconps-
KeHHasd, CIeOBaTeIBHO, KaK CKa3aHO BHIINIe, Bee e COBCTBEHHbBIE 3HAUEHNS BellleCTBeHHBI). Torma

AM(A) = —ong(A)  Ang41(A) =0 AN+M-N, (A) = o1
A2(A) = —ong41 ANg+2(A) =0 AN+M-No+1(A) = 02
ANo (A) = —0y AN+M-No-1(A) =0 Anyam(A) = on,

o * -1 . . —
Bce cuurysapHble qHCIa OPTOTOHAJBHOR MaTpHIB Q* = Q7' paBHLl enuanne: o;(Q) = 1.



Onpepnenenne 4 DGopmoti mampuybt A HA3bI6AEMCT NUCAO

A
141 = sup 22— e
w20 2]l lleli=1

CeoiictBa: OKas3bBaeTcs, HOpMa MaTDHITH COBIANAET ¢ €8 MaKCHMAJIBHBIM CHHTYIISPHBIM dncioM ||A|| =

Tmax(A4).
BBenéM unciioBble XapaKTepHCTHKH MATPHI, KOTOPHE JIETKO BHIUUCIIIOTCS HEMOCPEICTBEHHO Tepes
€€ 3JIeMEHTHI. DOJI0XKIM

M N
M(4) = il il g 6
(4) = max miaX;Iagl mex o (6)

Tak uTo Besmunaa M(A) paBHa MakKCHMyMy O CTPOKAM U O CTOJIONAM CYMM MOIYJIEN 5JI€MEHTOB CO-
OTBETCTBYIOIINX CTPOK W cToJIONOB. IlI4 AByXAMaroHaJbHOW MaTpUIsl 1)

dy b
dy b3
D= )
dy—1 by
dum
dopmyia (6) mpuHEMaeT BUI
maxy<i<m—1 (|di] + 1big1l) &

M(D) = == . 7
(D) = il o Y

Dopmy maTpuisl ||Al| u Bemmunny M(A) cBA3BIBaIOT HepaBeHCTBA

Al < M(A) < max{VM, VN}||A]. (8)

YncsoByto xapakTepucTuky F(A) = \/Zf\;l ijﬂ |a;;|? 6ymem HasEIBATH hpobeHnycoBoil HOpMOR A.

WNspectHO, uTO

1Al < F(A) < min{vM,VN}|A].

YncoBas xapakTepucTuka F(A) Tak Xe, Kak W omepaTopHas HopMma ||A[|, aBasgeTcs opTOroHa bHBIM
HHBapWaHTOM MaTpuibl A, omHako F(A) mpocTo BBHIYHCISETCS MO SBHBIM HOPMYJIaM, 9TO B HEKOTOPHIX
cllyqasx festaeT ynobHbIM Berumcienne F(A) n nocnemyioryro oreHky ||A|| uepes Heé ¢ moMoIbO 3TOTO
HepaBEeHCTBA.

Opu oleHKe TOTHOCTY pellleHns CUCTeMbl JIMHEMHBIX ypaBHEHNH NCKJITIOYNTETBHY IO POJTh NT'PAST IHCIIO
06y CIIOBJICHHOCTH MaTPHIIbL:

Omnpenenenne 5 Yucaom obycaosaennocmu keadpamuoii mampuyvt pazmepa M nasvieaemed seaununa

el 11,

p(A) = sup {
W= VIAd el

3amerum, uto npn o1 (A) #0

sup, o (|l A2l/ll2])) _ oar(4)

infezo([|AE[/END) o1 (A)

Ecin o1 (A) = 0, To, oueBunHo, ji(A) = oo. Takum obpasom p(A) saBiadercs Ge3pasMepHOIl XapaKTepucTH-
KO MaTPUIILL, obpallalolleiics B 66CKOHEYHOCTD I BEIPOKICHHLIX MaTpull. W3 ompelieeHns BLITEKAET,
gro p(A) > 1. p(A) HaseiBalOT U wucaom obycaosaennocmu cucmenvt Ax = f. Yem menbite p(A), Tem
CUCTeMa CUYNTAETCA JIyUIlle 0OyCJIOBJIEHHOM. DJI0X0 0OyCIOBIEHHAs CUCTEMA — 5TO CHCTEMa C OUeHb H0JIb-
muM p(A). Cruenyromas TeopeMa yCTaHABINBAET 3aBHCHMOCTE MEXKIY TOYHOCTBIO 3a/aHHs SJIEMEHTOB
MaTpHIL A 1 mpaBoit 4acTH f, TOYHOCTBIO PEIleHHs CHCTEMBl & I 9HCIOM 06YCJIOBACHHOCTH:




Teopema 2 Dycmv A u B — keadpamuvie mampuyvt pazmepa N X N, f u g — sexmopvr daunvi N,
npuuem

B
—'|'| HN(A) <1,

moada dag pewenuli T Uy cucmem
Av=f,  (A+Bly=/f+y

CnNPasedauso caedyrouee HePaseHcmao

==l _ (UBI, lolly __n(A)
w< (i 1) Iy

2.3 PocnenoBaTenbuoctu lllTypMa TpexauaroHaJibHBIX MaTpPUI]

Omnpenenum nocnenopatenbHocTn IITypMa, KoTOphIe TIOHAIOOATCA B TaJIbHENINEM TPU BLIYNCJIEHNAX COD-
CTBEHHBIX 3HAYEHHIT CAMMETDHYHBLIX TPEXIHATOHATBHBIX MATPHIL (M CHHTYJIAPHBLIX YUCEIT IBY X/THATOHAI b
HBIX MaTPHIL).

OycTh 3amaHBl MOCTENOBATETLHOCTH BEIECTBEHHBIX THCET

blioab27£0a"'a
6275()’63750’""
dla dZa d3a"'a

npuaéM bjc; > 0 mia j > 2. Onpenenum npobHo-pannonaidbable dyHKIHT Po(A), Pi(A) ... o crenyio-
muM GhopMyJiaMm:

|7’0(A|) =0, o)
Pr(A) = Wm (k=1,2,...).

Pyukun Py () Beiofy, 3a HCKIIOYEHEM CBOMX MOJIIOCOB, MPUHUMAIOT KOHEYHbIe 3HAYECHHA. Jy/IeM CUH-
TaTh, 9To 3HaYeHns Pk (A) B momocax paBHbl +00. Bumno, uto momioc Py _1(A) omHOBpeMeHHO gBIIgeTCS
HyseM P (A).

Onpenenenne 6 Docaedosamevrocmp P (A) (k = 1,2,...) Hasvieaemed nocaedosametbHOCmbio
HImypma.
DocnenoBarenbHocTh (9) mast k = 1,2, ..., M MOXHO CBA3ATH € IJIaBHBIMEI MIHOpaMu Dy (A) k-ro mopsiaka

TPEXIMATOHAILHON MATPHUITHI

d1 - A Co 0 e 0
ba day — A C3 . :
0 b3 d3 — A Cq 0
A=
: K by—1 dy-—1—A M
0 e 0 bar dar — A
Domnaras Dg(A) = 1, Di(A) = dy — A\, TOAYINM paBeHCTBA, CBA3BIBAIOIINE TPU MOCIEAOBATETBHEIX

MUIHODPa

'Dk(/\) = (dk — /\)Dk—l(/\) — bkaDk—z(/\) (2 S k S M),

KOTOPBIE JIETKO Npeobpa3oBaTh K BUIY



njinm

lek 1| Dr—1(N) |ek+1]
D(N) d. = X — |bller[Dr-2(A) /Di—1(A)
ODocnenree  cooTHommeHwe — coBmamaer ¢ (9)  mpm  Pi(A) = lek+1|Pr—1(A)/Dr(A)
(1 <k < M—=1), roe Di(A) — Ty1aBHBIE MIHOPHI TPEXANATOHAJIBHON MATPHIBI, 3aBUCAIINE OT Tapa-
MeTpa A. Takmm obpasoMm npobHo—palnoHaibHble GyHKIHT Pr(A) mia k = 1,2,..., M — 1 coBnamaroT
C OTHOITIEHUSAMHT %. OJIEMEHT Cpr41 B MaTpUIle OTCYTCTBYET, MOYTOMY OyneM CUUTaTh, YTO
cMy1=1m
Dar—1(A 1

Dar(N)  dar — A — |bar|Par—1(V)
CyTb crenyrolmell JIEeMMBI B TOM, 9TO HECMOTDPsS Ha TO, 9TO MaTpuiia A He dBIsSeTCS CHMMETPHYHOMN,

MOXHO T'apaHTHUPOBAaThL, YTO BCE€ KOPHU €€ IJIaBHBIX MHWHOPOB, B TOM YHUCJIE N BCE cobcTBeHHEBIE qucJa,
BEIIECTBEHHBI I Pa3JIMYHEBL:

Jlemma 1 Bee nyau noauromos Di(A) (1 < ¢ < M) sewecmeentbl u pasauumbl, npuiem mexcoy Ka-
gcdvimu deyma cocednumu nyagmu Djpq(A) umeemed 6 mounocmu odun nyae Dij(A) (1< j< M —1).

Orciona cienyer, 4To KOPHH U HoJioca P;(A) BeeCTBEHHBI W PAsIWUHbL. B maibHedmeM Mbl OymeM
HCTIOTB30BATE cienyionyio Teopemy HlTypma:

Teopema 3 (Illtypm) Jag awbozo eewecmsennozo Ay uucao kopret A ypaswenud Dyr(A) = 0 (mo
ecmy cobemeenHnr sHauenutd mampuyst A) maruz, wmo A < Ag, co8nAdAEm ¢ wUCAOM HENOAONCUMEAD-
HOLT 3HAUEHUTl 6 NOCAED06 AT EALHOCTIU

P1(Ao), Pa(Ao), -, Par(Ao).

DonpobHoe mokazaTeabcTBO TeOpeMbl IIPUBENEHO B KHure [2].

3 Omnuncanue aJropuTMOB

3.1 Penienue JuHeNHON ajirebpandyeckoil CUCTEMbI

DaccMOTpHM JIMHEIHYIO CHCTEMY YpaBHEHHI
Ar+r=171, (10)

rme A — unmcrnoBas maTpuna pasmepa N x M, N > M u f — uucnosoit BekTop aiaudbl N SBISIOTCA
3aTAHHBIMU BEJIMYUMHAMIE. JPENNOIOKIM, 9TO HAM yAAJOCh MOA0OpaTh TaKme OPTOTOHAIBHbBIE MATPHITHL
Pu @, pasmepa N x N u M x M cooTBeTcTBeHHO, uTO MaTpuna P A() nmMeeT oueHbL TPOCTON BUI

PAQ:(?), (11)

rae D — kBagpaTHas AByxanaroHaiabHas Matpuna M x M

di b

dy—1 bar—1
dum

a 3a 0 obo3HaueHa HyJeBad MaTpuia pasmepa (N — M) x M. Crocod peasusanny TaKoro pasiokeHus Oy-
JIeT OMUCAH B CJIeAYIONeM pasjesie. BTopoe Hallle MpefnoiokeHne COCTONT B TOM, 9TO BCE THATOHAJIBHBIE
5JleMeHThl MaTpuilbl D orauynsl ot wyss: |d;| > 0.

Wrak, mycTh oba HAIMX TPENNOJIOKEHNs BHITONHEHbL. oMHOXKNM ypabherue (10) wa martpuiy P
caeBa. JOJYUNM

PAx + Pr= Pf.

10



Bocnombsyemcst Tem, uTo MaTpuiia () OpTOTOHaNBbHA, TO ecTh QQ* = I, rme | — enmHWYHAS MaTpHIA
pasmepa M x M. Torna

PAxz+ Pr=PAlx + Pr= PAQQ*x + Pr=PJ.

Ob6osraunm w = Q*x, p = Pr, h = Pf, o ectb & = Quw, r = P*p, f = P*h. DOpudem BekTOpHI p 1 h

IpecTaBUM B BHJIE
(1) A1)
_( P _
o=(f) =l )
Bnecy BekTopsl p) u A mammer M, a sextopnt p(2) u A mrumn N — M. C sTumu 0603HadeHTIME
cuctema (10) pacmamaercs Ha IBe

Dw + pM) = pV), P = p2), (12)
3amerum, arto ||p|| = ||Pr|| = ||r||, Tax Kak ymHOXKeHHe BeKTOpa Ha OPTOrOHAJBLHYIO MATDHILY He
MeHseT ero HopMEI, a ¢ mpyroit ctoponsl, ||p|| = /[[pMW||2 + [|[p@|]?. KommonenTa p'2) BexTOpa p m3

ypaBHeHuil (12) HaXoAmTCS OMHOZHAYHO. DO3TOMY, YTOOBI MUHHMU3HDOBATH ||p||, HyXkHO OpaBmIBHO
pacnopsmuThes KommorenToit plt). Do ypasmenne g w u plt) apasercs HopManbHOI cucTemoit Bua (2)
¢ HeBBIpOK HeHHON MaTpumei. To ecth min [[p)]| = 0, ecsn w aBasercs pemennem cuctembr Dw = h(1),
KOTOPOE JIETKO BBIYHCIIACTCA MO PEKYPEHTHHIM (GopMyJIam:

M (13)
wi = 7 (hy | = bwig), 1<i<M-1.

7

Taxum 06pasoM s peleHns crucTeMbl (10) HYKHO TTPOAENTATE CIEAYIONIYIO MOCIENOBATEIBHOCTD IIa-
TOB:

Ilar 1. DafiTn oproroHadkHble MATPHIEl P, () n D Takme, 4To BEINOJHEHO paBeHCTBO (11).

(1)
IMar 2. BoruncanTts h = ( Z(Z) ) = Pf.

Ilar 3. Dafitu BekTOp W TO hopmytam (13).

IIar 4. BepHyThcs B HCXOMHBIN Gasuc

N 0
r=Qw, r=~P (h(z) )

3.2 PpuBegeHune MaTpulbl K IBYyXINAroHAJILHOMY BUIY

B sTom pasmeste MBI cTaBuM Tepen; cobol 3a7ady MOCTPOUTH OPTOTOHAJIBLHBIE MATPHUIBI P 1 (), ocyrie-
CTBIJISONINE MPHUBEAEHIE TPON3BOIBHON MaTpuibl A pasmepa N x M, N > M k suay (11). BosbMmem
nepseLil crosbern marpuusr A0 = A:

0
i
Agy

2
Ero HOpMa Kak BEKTOPA pasMepa N paBHa Zf\;l (al(»?)) . DostoKIM

2
_ (0) N (0)
di = —sgn(ajy )y /> i1 (@ .
3ameuanme. CrenmajabHBI BBHIOOp 3HaKa di BayKeH /IS TOCIEAYIONIEr0 BLIBOAA OMEHKH TOYHOCTH
BBIYUCJICHUI.

11



D0CTPONM HOBBIT BEKTOD

1
) (4
@31 . 0
W
AN 0
OueBugHO, YTO HopMa HOBOFO BEKTOPa-CTOJIONA paBHA HOpMe UCXOMHOTO. 3HAYHT CYIIECTBYET HOPMHE-
poBanuEkrt BekTop plt ||p || = /2 pasmepa N u oproromambiag MaTpuia orpaxenns P pasmepa
N x N
r(l) — al(i) _ a(O)
p = varlt / ||7° il
(1) _ (1)
P, ij = ‘5217 z P .
rakue, uro P AOQ) = AL ppe
dy % *
0 = *
AN = .
0 = *

3BesmoukamMu MbI 06O3HAYAEM, BOOOIIE TOBODS, HEHYJIEBBIE HJIEMEHTHI MATPHIITH.
ClenyionmM HAIMAM IATOM OyIeT 3aHyJIeHne >TeMeHToB mepBoit cTpokn Marpuisl A(D) | maunmas

2
¢ TpeTbero. JycTh by = —sgn(a(llz))\/zgz (a(lp) u (a(lzl),a(lzz), . ..,a(ﬁ&) = (dy,01,0,...,0) — BekTOD
pasmepa M. Domoxum
a( ) a(l)
11 Vst /||5 il
QZ(']') =65 —q\" )q§» ).

Bamerum, uto Marpuna Q) umeer Bun

CrenoBaTeIbHO YMHOXKeHUE JTI060TO BeKTOpa pasmepa M Ha MaTpuily () He MeHseT €ro MepBOH KOMMIO-
HeHTH. DovToMy ymuOKenne na Q) cieBa 060l MATPHIILI COOTBETCTBYIONMETO Pa3Mepa He M3MEHHT
MepBOIl CTPOKHM UCXOMHON MATPHIIHI, JOMHOKEHHE CIIpaBa He W3MEHUT TMEePBOTO CTOJOIA, TO eCTh MepBhie
cronbint y marpun AN u A®) = AWQM) copnamaor. Dpu sTom y marpunsr A2 B mepsoit cTpouke
6yneT CTOATH BEKTOD

(d1,61,0,...,0).
TeMm caMbIM yCTaHOBJIEHO, YTO
di by 0 ... 0
A0 0 * * *
0 * *

OueBHUIHO, YTO TOT MPONECC MOKHO MPOAOKATEH N0 WHAYKIuu. W Ass Toro, 9To6BI ¢ TIOMOIIBIO Op-
TOTOHAJIBLHBIX IPeobpa30oBaHnl MPEeBPATUTEH HCXONHYIO MATPUIY B NIBYXANArOHAJIBHYIO, HY2XKHO CJIEIOBAThH
cIIeNyIoNeMy aJaropuTMy:

HIar 0. DpucBoenne HAYATBLHBIX TaHHBIX

A=A Pi=1In, Qo=Iy

12



Mlar 2i-1. (1 < i < M) Baunynenue snemenToB i-ro crombua marpuis A*=2) waunnas ¢ (i + 1)-ro

3JIEMEHTa

Broruncnenne i-ro ANaro”HaJJIbHOI'O 3JIEMEHTa

(2i—2)

d; = —sgn(a

SpI/ICBOCHI/Ie HOBBLIX 3HAUYEHUN JIEMEHTOB 2-TO CTOJ'[6H&

(2i-1) _ (2i-2)

W=l < af TV =dy dTV =0, >

21
Brruncienne HOPpMaJIN K TUNEPIIJIOCKOCTU OTPaXKEHUA

(7) _ (2i-1) (22’—2).

= Gi — 4y

DOPMUPOBKA HOPMAJIH

P = V3O ),

Brorancienne MaTpHUObl OTPazkKEHUA U €€ ﬂeﬁCTBI/Ie Ha MaTpumy A(Zi_Z)
P =6 — PEZ)P;'Z)
ARiI=1) — p(i) 4(2i-2) P =PUp_,.
(2i-1)

ITar 2i. (1 < i < M — 2) 3anyseHne 5IeMeHTOB §-0i CTPOKNH MaTpHIBl A , Haumras ¢ (i + 2)-ro

3JIEMEHTa

Broruncnenne i-ro HaganaroHaJbHOI'O 3JIEMeHTa

DPHUCBOEHIE HOBBIX 3HAYEHUN SJTEMEHTOB ¢ — 1-0fl CTPOKH
2 2i—1

(20) _ (2i-1)
ij ij ’

20)
iJ

. . 24 . .
a i<ioaii=be o alV=0, i+l
Brruncienne HOPpMaJIN K TUNEPIIJIOCKOCTU OTPaXKEHUA

(@) — () _ ,(2i-1)

DOPMUPOBKA HOPMAJIH

i = Vst s

Brruncienne MaTpHUObl OTPazkKEHUA U €€ ,HefICTBI/Ie Ha MaTpumy A(Zz—l)

O |
AR = AE=DQU Q= Q1 QW

B pe3yJabTare: Ecan obosnaunTs OpTOroOHaJIbHBIE MaTPUIBI

Q=0MQ® .  QWM-2)

pW=1)  p) ppu N = M,

PI{pWWW4m¢m>mmN>M, (14)

TO OKOHYATeJILHBIN pesyarTaT nNpoaeJaHHbBIX HpeO6pa30BaHI/II7I MO2KHO 3allUCaTh B BHUOE



e
dy  bs

dy—1 bar—1
0 dar

a 0 — myneBag nogmaTputia npu N > M u koTopad oTcyTcTByeT ecnimt N = M.

3.3 Bruruucienue o6ycIIOBJIEHHOCTH MaTPUIILI

Dycre A — maTpuna pasmepa N x M, N > M. Kak usBecTHo, 9uciio 06yCIOBIEHHOCTH { W CHHTYJISIPHBIE

YUCHTa 01, . . ., 0 MATPUIIE HE MEHSIIOTCS IPU IPUMEHEHUH K Hell OPTOTOHAILHBIX TTpeobpasoBaHuil cripaBa
u cieBa: j(A) = p(PAQ). Bribepem P 1 @ Tak, uTobbl MaTpuia PA(Q) 6blia OBy XIHaroHATBHA:
D
PAQ= ( J )

TO ecTh D, Kak W Npexie, — KBaapaTHas pasmepa M X M neyxamaroHanbHas MaTpuma. Torma p(A) =
#(D). DTo Mo3BOIAET CBECTH BBIUNCIEHNE UHCIa OOYCIOBAEHHOCTH MPOM3BOJBLHON MaTPUIB K HAXO-
JKIOEHNIO MUHHMAJBHOTO 01 U MAaKCUMAaJIBLHOTO O jy CHUHTYJIAPHBIX HHCeJ KBaJIpaTHOW NBYXANATOHAJBHON
MaTPHIBI. JOCTPOUM COCTABHYIO MATpHUIly pasmepa 2M

0 D
= (10,

Ona cuMMeTpHYecKast, CIENOBATENBHO ee COOCTBEHHBIE TUCTA A1, A2, . .., Aojyy BEIECTBEHHBI. JyIeM CUM-
TaTh, YTO COBCTBeHHBIEe UmMcia D 3aHyMepOBaHBI 1O Bo3pacTanmwio. Torma cBA3b MeXNITY HUMW W CHHTY-
JIIPHBIMU 9mucIaMu [) BeIpaxkaeTcs GopMysTaMu

M) = —ou(D)  Aaras(D) = ou(D)
A2(P) = —om-1(D)  Am42(DP) = o2(D)
Mi(D) = —o1(D) Aow(D) = oar (D)

TakuMm 06pas’oM, BHIMHCIAS COOCTBeHHBIE THCTA Apr41(D) m Azpr (D), MBI TeM caMBIM HAXONNM 01 U
oy 3aMeTHM TakXke, 9TO OpTOTOHAJILHBIMI MpeoOpasoBaHUAMN — IMepecTAHOBKON CTPOK M CTOJIOIOB
(mpeobpasoBanme D) — MaTpuiia D OPUBOINTCA K TPEXINATOHATBLHOMY BHIY :

0 51 0 e 0
s1 0 89
OPE =S=| o 0 (15)
: . . 0 SaM—1
0 0 SomM—1 0
rie
52i—1:dz’ (ISZSM), Szjzb]’ (1§_]SM—1) (16)

W3 onpenenierns MaTpuilbl S cleayeT, 9TO ee COOCTBEHHBIE UNCIA COBNANAIOT C COOCTBEHHBIMU YHNCIAMUI
D (ctp. 7). Tem caMbiM 3afada O HAXOXKICHHN UNCTA OOYCIOBICHHOCTH TMPOM3BOIBHON MaTpHIbl A
CBelach K BBIUHUCIEHUIO COOCTBEHHBIX UYHCET TPEXANATOHAIBHON CHMMETPHYECKON MATPUITHI C HYJIEBON
MUATOHAITBIO.

HomosnHnM nocenoBaTenbHocTh (16) uncaamu sg = 1, sapr = 1. Jlag MaTpunsl S 1w qncia A onpere-
JuM mocsenoBaTesbHocTh lTypMa

7?0(/\) = 0,

Pin(\) = —seiply 0<i<om -1

(17)
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AnropuTM BIMHCIEHHS cOBCTBEHHBIX dncest S GasupyeTcs Ha TeopeMe 3, chOPMYIHPOBAHHON B pa3elte
2.3. Temnepnb oUeBHIHO, YTO €CIH HAM H3BECTEH HHTePBAl [A_, A}], comepxaunil coGCTBEHHOE THCTIO A;
MaTpuIEL S, TO, NONeIUB 5TOT UHTepBaJl ION0/1aM I BEIYHCIIUB /1 cepefutnoil Toukn A = £(A_ + Ay)
nocnenoBaTebHOCTE I Typma P;(A), ¢ MOMOIIBIO TeOPeMBI 3 MOXKHO BEISICHHTB B KAKOM 113 TTOMMHTEPBAJIOB
(A, Al mm [A, A4] HaxomuTesa 4ncso Aj. DTOT HONUHTEPBA MOXKHO B CBOIO OUepelb MONENNTD IOMOTaM I
IPUMEHHTS K ero cepernune Teopemy llTypma, n Tak manee. To ecTs MeTonoM GuceKnnil TEOPpETHIECKH MBI
MOKeM Hafl T Ipub/INKEeHHOE 3SHAYECHHE Aj ¢ IPOM3BOJIBLHON TOYHOCTBIO. OJPH NPAKTHYECKUX BEIYUCIICHUAX
5Ta TOYHOCTH OIDaHNYeHa U3-3a HEM30eKHLIX IO PEITHOCTEN.

Ocranochk obcyIUTh, Kak BEIOMpaTh HadaJ bHBIN WHTepBad [A_,A;]. 3ameTnm, 4To cOBGCTBEHHBIE
qmcIa Apr41 U Agps, KOTOPBIE HAC HHTEPECYIOT, HEOTPUIATENBHLL, MOYTOMY B KaueCTBe HIKHEN I'DAHUIIBI
HAYaJIBHOTO MHTepBasa ecTecTBeHHO B3ITh A_ = 0. C mpyroit cToporbl Apry1 < Aayr = oy = || D]
A HOpMY IBYXIWArOHAJBHON MaTpHIbl [ JIEPKO ONEHNTH 4depe3 Momy/an ee sieMeHToB d;, b; @ [|D|| <
M(D) = max{max{|d;| + |b;|}, max{|d;+1| + |b:|}}. To ecTs uncio M(D) mMoxeT clryKnTh BepxHeit
rpaHUIEeN Ay HA9albHOTO HHTEPBAJA.

WUcxonst m3 Becex mpuBeneHHBIX COOGpaKeHUI, aJlOPUTM AJIS IPUOIHKEHHOTO BBIYICIEHNUS COGCTBEH-
Horo uucia A; (j = M + 1,2M) maTpunnt S MEL hopMalIn3yeM CIELYIONIM 06pa3oM:

Hlar 1. BeibpaTe napaMeTp € HOMYCTUMOI TOTPEITHOCTH. JPUCBONTH HUCXONHBIE 3HAUEHUS TDAHUIIAM
WHTEpBaJIA

/\_ IO, /\_|_ IM(D)

HIar 2. DpoBepka MaJOCTH WHTEPBAJIA:
ecin Ay — A_ < g, To nepeiitu K Mlary 4;
eciut Ay — A_ > g, To nepeiitu Kk Mlary 3.

Hlar 3. DpucBouts A = %(/\4_ + A_). Berunciants nocnenoBatenbHocTh HITypma o dopmytam (17).

Oycrh k — 4ncIo HEMONOKUTENBHBIX 5IEMEHTOB B HoctenoBaTebHOCTH P1(A), Pa(A), ..., Panr(A).
Ecmu j <k, To mpucBouths Ay = A.
Ecau k < j, To mpucBouts A_ = A.

Depeiitn k Hlary 2.
IITar 4. Dpucsontsb Xj =1+ +XA0)

DesysIbTATOM HCIONHEHNS AJTOPHTMA ABIIETCA A — MPUOJIMKEHHOe 3HAaUeHNe \;, IpHIeM |A; — A;| < e.

4 Oco6eHHOCTHN KOMILIOTEPHBLIX BLIUNCICHUN

4.1 MamunHas apudmMeTUKa, NpocTeRINme
apudmMeTHUUecKUe olepanuu

Opu peanuszanun #na IBM Kakoro-iubo 4HCAEHHOIO AJITOPUTMA BOSHUKAIOT BHIYUCIUTENbHBIE MOTPElll-
HocTH. YUTOBHI yMETEH WX MPENCKa3hbiBaTh, MOIEINPOBATE W ONEHHBATH, HEOOXOMNMO B TIEPBYIO OUepelb
MOHWMATE TPUPOIY OIMMIGO0K, BOSHIKAIONTIX TPU BLIMOIHEHNN KOMITLIOTEPOM 3J€MEHTAPHEIX apu(MeTIde-
CKUX NefcTBUil. DPUYMHA HETOYHOIO BBLIMOJIHEHUS apuhMeTHUECKUX ONepPAIUil 3aKII0YaeTCd B TOM, 4TO
BeIlleCTBEHHOE YHUCJIO Z, OYyIb TO OMEpaHil WIN Pe3ylbTaT ONepallii, NpH pasMelleHuu B namaTu JBM
KaK TPaBWIO 3aMeHAeTCs Ha HEKOTOPOe YHUCIIO Zyam, OJIM3K0e K 2. JlefiCTBUTENBHO, ecan 3ahMKCHPOBATh
olpefiesieHHOe TIEJIoe TMOJIOKUTENBHOE YHUCJIO0 Y, TO JT0Hoe BElecTBEHHOE UNCIO Z MOXKHO MPEJCTABATE B
CIleTyToIeM BUTIE:

z= :I:'yp(z)mv(z) , (18)

rze p(z) ecTb Lesoe YHCIO U Ha3HBAETCA Y-HIHEIM HOPSIIKOM, My (2) = ‘fy—l + j—g + ... — Bo3MOXHO bec-

KOHeUHas CyMMa IPaBHJILHBIX Opobell (TO ecThb a; — HaTypasubHoe unciao, 0 < a1 < v, 0 < a; < v
pu 2 < j), KoTopast Ha3bBaeTCs y-MIHON MaHTHCCON. B TO ke BpeMs [UIs pasMeIeHNs BEIeCTBEHHBIX
qHceNl B MaMATH KOMIBIOTEpa 3anaeTcs v (06erdHo 2, 8, min 16) u oTBOANTCS KOHETHOE (HUKCHPOBAHHOE
unciio 6ut M, mon meioe duciio py(z) u My, 6uT mom Habop YHCET a1, dg, ... DPH STOM OIEBHAHO, ITO
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CYHIECTBYIOT BellleCTBEHHBIC YlC/la HACTOJIbKO OOJbIIHNe, YTO [JId pasMelleHud uUX nopaaxa M, 6ut me-
nocrarouno. KosddunuenTsl ¢; HaIPOTHUB BCe OrpaHMYeHEl, HO UX MOXKET OblITh Geckoneuno muoro. To
€CTh YUCJIO, MAHTHCCA KOTOPOTO BbIPAXKAIOTCH NJINHHON MM TeM Oojiee HeCKOHEeYHON Y-HYHOH HpodbIO,
TaKXe He MOXKeT ObITh MPEeICTaBIeHO B MaMsITH KOMIbIoTepa. MHBIMEU cjloBaMU, YTOOBI YUCIIO Z MOILJIO
OBITH Pa3MeIeHO B MAITHHHON MaMsaTH (6yueM Has3LIBaTDL TaKme Y1ca MaWUHHbmu), €ro TOPSJIOK JIOJIXKEH
OLITH OT'paHUYeH

p- <p(2) <py,

a MaHTHUCCa HOJIZKHA PpacKJ/IaAbIBAThCsAd B KOHEYHYIO y-MYHYIO ,HpO6I>

KoncrasTsl py , p— n k — abcomioTHEIE, ONPeNeAloTCS TONBKO BeamanaaMn My, w M,, n oT uncyia z He
3aBUCAT. B najbHedIeM M1J1sl ONEHOK HOT'PENTHOCTEN BMECTO MAIMHHBIX XapaKTePUCTHUK v, P, Py, k HaM
6yneT ymoOGHO TOIB30BATHCS CIAEMYIONIIMMA BETMUNHAMMI

1 1 L1
c0=9"=, =" (1-—), a1=7 —
v ( 7’“) ¥h

s ux OoIIpeneJieHnd cJIeayeT, YTO €9 — MIHIMAJBHOE IIOJIOXKUTEJIBHOE MAIIMHHOE YNCJIO; €0y — MaKCHIMaJIb-
HOE€ MalIMHHOE YHMCJIO; €1 — IOJIO2KNTEJIbHOE YHNCJI0, MIHIMAJBHOE 3 BCEX MAIIMHHBIX YUCEJI Zyg; TAKHX,
qT0o

(1 + ZMaLLI)MaLLI >1.

OdeBnaHO, YTO MHOXKECTBO MAIMMHHBIX uncen KomedHo. CremoBaTenbHO A JI0O0TO MAITHHHOTO
qmncsia z KpoMe KpaWHWX MBYX ONpeNesIeHbl MPedbIIyIui U TMOCHeAYIONIAN AJIeMeHTHl STOT0 MHOXKeCTBA.
OyneMm ux 0bozHAYATH Z_ U Zy.

YTobbl pasMecTUTh B MAITUHHON MaMsSTH TMPOU3BOJBLHOE BENIECTBEHHOE YHCIO Z, €T0 HEODXOMMMO 3a-
MEHUTDH Ha OimKaiiliee K HeMY MAIIUHHOE Zyay. OKasbiBaeTcd, ecin |z| < gg, TO

|ZMaLLI - Z| < €p;

a ecun €y < |z|, TO
|ZMaLLI - Z| S 61|Z| :

BBeneum crennanbibie 0603HaYeHIS NI OUHAPHBIX apudMeTHIECKAX OMePaliil Hal MAITTHHBIMI IICTAMIT
a, b:

a@b:(a—i—b)Maﬂ_{a Cl@b:(a_b)MaLUa

a®b=(axb)yam, a®b=(a/b)yam-

DpHu TPOBENEHUN OIEHOK TOTPENTHOCTEN, BOZHUKAMONINX BO BPEMS BHITTOJHEHUS 3THX NEACTBUN, OyiIeM
TIOJIB30BATHCA CIHENYIONINM Y TBEPKICHIEM

Jlemma 2 Dycme v € {4, —, X, +} — obosnauenue dag odnott uz Sunapnbir onepayut, a, b — mawurnsle
yucaa. Tozda, ecau |a v b| < ey, mo

[(a@ v b)yam — (@ v b)] < eg;

ecau g < |a v b|, mo
[(@ v b)yam — (@ v b)| <eq]avd].

To ecTh HOrPEIIHOCTE MAIIUHHON GUHAPHON Oepallii MOXKHO CMOAEIUPOBATE:
(avb)yam = (av b)(1+a)+ 5, (19)

rie |a| < éep, |B] < ep. Da »ToM npencTaBleHUM OCHOBAH TakK Ha3bIBAEMBIN MeTOI OOPATHOIO aHAJIU3A
TIOT'PEITHOCTEN — METO]T, TO3BOJIAIONINN NHTEPIPETUPOBATH PE3YJIBLTAT YMCICHHOTO BHINOJHEHNA KaXKI0i
apudMeTHYecKoil onepannuy, a 3HAYUT U aJITOPUTMa B I€JIOM, KaK Pe3yJbTaT TOYHBIX BBIYMCICHUN ¢
OTHOCHUTEHFHO BO3MYIIIEHHBIMU UCXOMHBIMU NaHHBIMHA.
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Cpenu apubMeTHUeCKIX ONEpalliil ocoboe MeCTO 3aHIMaeT olepalliisd BEUNCJICHAS KBaIpaTHOTO KOp-
HA. De3yabTaT, KOTOPHIL JAlOT CleluaJbHEIE IOAIPOrPaMMBbL, BXOMAIINE B COCTaB CTAaHIapTHOIO MaTe-
MaTHUYeCKOro obecliede s, MOXeT OKa3aThCd HeOCTATOYHO TOYHBIM JJ1d IPOBEICHNS TapaHTHPOBAHHBIX
OLIEHOK BBIYMCIUTENbHBIX HOrpentHocTell. g Toro, 4Tobbl MalllUHHOE 3HauYeHHe KBAJpPaTHOTO KOPHH
b = (\/@)yam OBIIIO YCTAHOBIIEHO ¢ OTHOCHTEIBHON TOYHOCTHIO

|b—Va| <eilval,

JOCTATOYHO BBITIOJTHEHUA CJICAYIOIIETO YCJIOBUA

(b@b)_ <a<(by@by)_.

Ecnu 570 ycoBue He BBINOIHEHO 714 Pe3yabTaTa b cTaHIapTHON MOAPOTPAMMBL, TO €10 MOKHO YTOUHU T,
MpPOBeIsl HECKOIBKO WTEPAIIi
bo = b; bi+1:% bri—%
k3
OrneHnBas NOTPENTHOCTH, MBI By/IeM CUYMTATh, YTO KBAAPATHBIN KOPEHb BBIUNCISIETCA ¢ OTHOCHTETHHOMN
TOYHOCTBIO.

OkcTpeManibHBIE CUTYAUMU. Eciu TOUHBIN pe3yiabTaT HeKOTOPOH OMepaIiii BEIXOAUT 3a NHalla3oH
[—€oo , £co) mpencraBumbix B OBM unces, 1o Bosuukaer curyanusd DEOEDOIIOEDUIA u nanbuelinie
BBIUUCJIEHUS CTAHOBATCS HEBOZMOKHBIME. ECTl TOYHBIH Pe3yabTaT Mo abCcoMOTHON BeTHUNHe MEHbBIIE £q,
TO U3 JIEMMBI (2) cllefiyeT, 9To OH He MOXKET OBITH BBIMHCIIEH ¢ OTHOCHTEIBHON MOTPEITHOCTEIO. Takas cu-
Tyannsd HaspiBaeTcs UCHEZDOBEDUEM S020ANKA 1 MoxeT MOBIeds 3a cObO POCT BBIYNCINTENBHON
MOTPENTHOCTH, He TOMAIONTHICS OIeHKe.

4.2 BriunciaunresbHbie IIOT'PEIIHOCTHN B MallIMHHBIX
oriepanmniax Hag MaTpHIaMHi U BEeKTOopaMM

B sToM paszmesie MBI W3y 9IM BONIPOCH, CBSI3aHHBIE C MATPUIHBIME U BEKTOPHBIMU BhIYNCIeHuME Ha JBM.
OHu KacaTCs OCYIECTBUMOCTH BBIYHUCIEHNU U WX TOYHOCTH.

YiKe TpH BBOIE BEeKTOpa pasMepa M, Kaxjas KOMIOHEHTA #; BEKTOpA & 3aMEHSETCS Ha (&5 )yam.
TodHOCTH BBOMIA BEKTOPA ONeHNBAETCA

M
s — ] < 4| D (ealeil +0)? < exllel| + VM eg

i=1
Ecan npennosokuTh, 9To BEKTOD & He CIUIIKOM Madl : ||z|| > y/Meg/e1, To olieHKe MOXKHO TTPUAATH BHI
v — 2] < 2e1]Jel]

KpOMe TOFO, JOJId OCyH_[eCTBI/IMOCTI/I BBOIJa HeO6XO,HI/IMO, qTO6bI BCE€ KOMIIOHEHTHI BeKTOpa it yI[OBJ‘[eTBOp?LHI/I
HepaBeHCTBaM |T;| < €o,. YICHO, UTO KaXk/loe U3 HEPABEHCTB BEPHO, €CJH MOTpeboBATH HoJlee CHIILHOTO
yeaobud ||z]| < 0. Kak n 1 ancen obosHaunM ¢ MaIlIMHHYIO OMEPAIUIO CIIOKEHNA BEKTOPOB, & — Ma-
IIINMHHOE BquHTaHHe, ® — MalIlIMHHOE yMHO)KeHI/Ie BeKTOpa Ha CKaJ‘I?[p %) yMHO)KeHI/Ie ManHHbI Ha ManHHy,
(*, *)MaLLI — MallITMHHOE¢ CKaJ[;[pHOe HpOI/ISBeI[eHI/Ie n HpI/IBeI[eM OIIECHKU HOFpeH_IHOCTefI, BO3HUKAOIINX HpI/I
STUX OHepaHI/IﬂX.

Iz @ y) — (x+y)|| <erllz+yl| + covV/M

(o ® &) — (ax)|| < e1al [|2]] + c0vV'M.
SaMeTHM, qTO OJId TOFO, qTO6bI BEBEITIOJIHEHIIE CJIOKEHUAd I yMHO)KeHI/Iﬂ Ha KOMHI)IOTepe 6BLHO BO3MOXK-

HBIM, HEODXOMNMO, 9TOOBI Kak/1as KOMIOHEHTA Pe3yIbTaTa OblTa 3 TPOMEKYTKA (—Euo, 0o ). MBI OyIEM
TpeboBaTh 0OBITHO Haxke Oonbie: ||z + y|| < oo, ||| < €0o. Ecim HopMa pesyibTaTa oneparui He

CJINIIIKOM MaJia
\Y4 MEQ
e < lz+yll,

(20)

\/MEQ
S < lal |z,
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TO oneHKn (20) ympormatores:

y) — (@ +y)ll < 2elz + o],
z) — (az)l| < 2er|af [l2].

Ecnu naobopot

> |l + 9,

\/MEQ \/MEQ
> laf ||=|l,
e1 €1

T0 oneHKN (20) MOXKHO orpy6uTh HHade:

Iz ®y) — (& + )| < 2e0VM,
(e @ z) = (aw)|| < 2e0V/M.

3ameuanme. Ocoboe MecTO 3aHUMAET YMHOXKEHNE HA CTeNEeHB Y. JYCcTh o = AP mpuuem p > 0, Torna,
eciin He BosHuKaeT JEOEDOJIDEOUI | MmamuuHoe yMHOXKeHNEe Ha « TpomsBoauTcs 6e3 omubok. Ecan
p < 0, TO BO3HMKAIONTAd TOTPENTHOCTD He MPEBOCXOMHT £9v/ M.

OrneHKa TIOTPENTHOCTH [JIST CKAJISPHOTO TTPOW3BENEHUS NMEET BIJ]

&1 M EQM

1, Wi = (@, < Tl ol + 75

Ecan OpeAnoOJIOZKUTE,YTO MallTUHHBIE BEKTOPLI £ U Y YOOBJECTBOPAKT OLHEHKAM

\/2Meq /61 <zl € v/€e /2,
\/2Meg /61 <yl € /e /2,

a pasMepHOCTh M HTUX BEKTOPOB He MPeBOCXOMUT v/ 1/e1, TO

(@, Y)rsam — (2, y)| < (M + Dea|2]] [[y]]-

Bce BBenéHHBIE HAMHE JONOJHATEIBHBIE O PAHHYCHI Ha BEKTOPHI I HX Pa3MEPHOCTH MPH BHIUMCICHIAX Ha,
coBpeMeHHLIX OBM Kkak mpaBmiio He ABIAIOTCSA CJIUIIKOM OOpPEMEHNTETBHEIMA. JOSTOMY B JaJIbHENIIEM
MBI HCIIOJIB3YeM TOJIBKO YIPOMIGHHBIE HePaBeHCTBA, JaloIIHe HaM OIeHKH OTHOCHTEIBLHELIX [OT PEITHOCTER.

B mammx pacueTax MBI, KOHEUHO, HCHOJIb3YEM YMHOXKEHHE MAaTPHIBI Ha BEKTOD a TaKKe 3Haqu1/1e
HODMBI BeKTOpa. OycTh A - Marpuna pasmepa N x M, Np = min{N, M} u F(A) = ZZ 1 Z — ” -
(dpobenmycoa HopMa MaTpuibl A. DamoxuMm Ha MaTpuiy A u x ycaoBns

\/2Meg [ &1 < ||lz]] € 4/ /[ 2,
V2Meo [ &1 < [laill < /6w [ 2,
rge a; — i—H CTPOKa MaTpHUIbL A ECJ'H/I HCIIOJIB30BaTh HEPABEHCTBO
14]] < F(4) < VNo||A]
TO BBIYUCJIUTEJIBHBIE TOT PEMTHOCTU YMHOXEHNA MAaTPUIBI Ha BEKTOD OHEHNBAKTCA CJICAYOITNM o6pa30M:
[A©x— Aw|| < (M + 1)/ Noz1[|A]| ||

Ecan Borancienue KBaOdpaTHOTO KOPHA IIPOU3BOAUTCA C OTHOCHTEIBLHON TOYHOCTBIO, TO AJId IIOT pENTHOCTH
BBIYUCJIEHUA HOPMBI BEKTOPA HETPYAHO BBIBECTU OIEHKY

4
12 lams — IIxII‘ <el el = dullz]] - (21)

OTH mpocThie HEPABEHCTBa OYyAYT MCHOJB30BAHBL IJIS ONEHKN TOYHOCTH OoJiee CIOKHBIX MAITNHHBIX
BBIYUCJICHUI.

18



4.3 BroruncauTesbHBIE MOTPEUIHOCTH IIPU NOCTPOEHUN
olepaTopa OoTpaKeHUs

B pasnmene 3.2 npu mpuBeneHNn MaTPUTIHI K ABYXANATOHAJILHOMY BUAY OOJIBINOE 3HAUEHNE UMEJIN OPTOTO-
HaJIBHBIE TPEOOPA30BAHNA OTPAKEHNS. JOSTOMY OMEHKN TOYHOCTH BRIYUCIEHUS OMEPATOPOB OTPAYKEHUS I
X AeNCTBU HAa BEKTOPHI I MATPUIIBI UTPAIOT OMHY W3 KIIOUEBBIX POJIEH B OMIEHKAX TOYHOCTH YHNCIEHHOTO
pellieHnd JTUHEWHBIX CUCTEM TIO aJropuTMy u3 3.1.

Wrak, mycTs mam BekTop  pasmepa N W MyCThb Tepel HAMHU CTONT 3a/lada MOCTPOUTE OMepaTop
orpaxenns P raxoit, uro Pz =y, ||z|| = ||yl,yx = ex upu bk = 1,i—1lumys = O0Ompu i < k < N.
OueBHUIHO, YTO KOMIIOHEHTA Y; NOJIKHA OBITH BBIUHCIEHA IO GOPMYJIE

(22)
Torma corsacuo (21)
s = ] < &1 i (23)
To ecThb
e = yll < dullyll- (24)
OIEHIM TIOFPeITHOCTD, ¢ KOTOPOil ompenienseTcs BeKTop p = \/2(y — 2) /||y — || — crnennambabv o6pa-

30M HOPMHMPOBaHHAd HOPMaJib K T'HIEPITIOCKOCTH, OTHOCHUTEIBbHO KOTOPON OCYIIECTBIIAETC OTPaXKeHNUe.
Borunciga xHa KoMObIoTepe MBI HAWIEM HEKOTOPHIN MAIMMHHBIN BEKTOP Pyam:

Pvam = (\/§)MaLU & (yMaLu o $) %) HyMaLu o $||Ma1_u~

Da300BEéM 3a7ady Ha ABE TTOA3a/1a49M: BO-TIEPBHIX, ONEHNM TOYHOCTL BLIYHNCJEHHS BEKTOpa I’ = y — T, a
BO-BTOPHIX, — TOYHOCTH €I'0 HOPMIPOBKH p = /27/||r||. BaMeTnM, 4To KOMIOHEHTHI (rj)mam, J 7 i, MOTYT
OBITE BBIUNCIEHBl TOYHO. OumbKa BOSHHKAET TOJMBKO B (7 )yam. UTOOHI BEKTOD I MOT OBITH Hafl[eH C
OTHOCHTETLHON TOYHOCTHIO, HeOOXonuMO B GopmyJe (22) mpaBmILHO PacTOPAANTHCS 3HAKOM — BHIOPATh

+ win —. Ecam BRIOpATE 3HAK (Y;)yam TPOTHBOMNONOKHBIM 3HAKY &, TO €CTh sgn((yi)Mam) = —sgn(x;),

TO BBIYUTAHNE (Y;)yam — & OyIeT MPOM3BOMUTLCA ¢ OTHOCHTENBLHON TOYHOCTBIO BCET/IA, KDOME CIIydad
(¢ )mam = 0. JIefCTBUTENBHO, IPH YCIOBHH (Y; )yam 7 0 OyIeM UMeTH |(¥; )pam — £i| > €0, CI€N0BATENBHO
1O JieMMe 2 TOTPEIIHOCTE pesy/abTaTa 6yneT oTHocuTenbHol. UTak,

|(ri)MaLLI - ri| = ‘((yi)MaLu © xz) - (yz - xz) =
(yi)MaLu O x; = (yi)MaLu — L) — (yz — &y ‘ S
(yi)MaLu ox;) — (yi)MaLu — &y ‘ + |(yi)MaLLI - yz|

MBr yKe OOCYAMIN BBIIIE, 9TO TEPBOE CJIAraeMOe [IPH MPABIIBHOM BHIGOPE 3HAKA (Y )yam MOKHO OINEHNTH

‘((yi)MaLu o xz) - ((yi)MaLu - xz) ‘ S 61|(yi)MaLu - xz|
To ecThb
|(ri)MaLLI - ri| S 61|(yi)MaLu - x2| + |(yi)MaLLI - yz|

B To xe Bpems
|(yi)MaLLI - xz| S |(yi)MaLLI - yz| + |yz - xz|

3HaunT
|(ri)MaLLI - ri| S 61|yi - xz| + (1 + 61)|(yi)MaLu - yz|

Ko BropoMy ciraraeMoMy TIPHMEHUM OTeHKY (23), mosryanm

|(7i)stam — 73] < (1 + €1)81|wi| + 21y — ).
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Tax Kak Mbl CIIEIUATBEHBIM 00Pa30M BEIOUPAIIN 3HAK Y;, UMeeT MecTo HepaBeHCTBO |y;| < |y; —a;|, nosTomy
B UTOTE

[(ri)uwnan = 73] < (L4 20061 + 1) i — 1] = bl
BaMeTI/IM, YTO OIECHKa OJIA Pa3SHOCTHU HOPM BEKTOPOB I" U Tyg UMEET BUM:
l7seamll = ({11 < s = 7l = 1 (i) = il < 82| < 8. (25)

DPHUCTYINM K OlleHKe TOYHOCTH HOPMUPOBKH. JO CHadYaJa OTMETUM HECKOIBKO OYEBUMIHBIX HEPABEHCTB.
DanpuMep, HETPYIHO BHAETE, YTO TOYHOCTD BHIYNCICHNS \/2 TAKOBa:

|(\/_)MaLLI \/_|<61\/_

Vcnonksys HepaBeHCTBO TpeyrosibHUKA W olleHKH (21) u (25), nomyanm

[l swanm hwam = [17[]| < | 1rssam e — IITMamII‘ + {7l | = {17} <
91 [Pl | 4 d2[[7[] < (01 + d2 + 6182)[|7|| = ds][7[]-
AmnaJjiornuno IIoJiydaeTCd HEpaBEHCTBO
51—1—62—1—6162 1 o3 1
1/||rMam||Mam_1/|| ||‘ YT < T
‘ — o) (L =) [[r[] = 1 =33 [|7]]

3aMeTHM elle, YTO IPH yCAOBHI
1+ 61

el € —=1 %

KOTOPOTI'O JIETKO MOXKHO ,HO6I/ITI>C9I HOpMI/IpOBKOI/I, C OTHOCI/ITCJII)HOfI TOYHOCTBIO IIPOU3BOANTCA OCJICHIE

(Ve | - e1(141) (VD)

||rMam||Mam - 1- 63 ||rMam||Mam

(26)

bl

‘ﬁ@ ||rMam||Mam -

T.K. MOOYJIb pe3yJbTaTa P 5TOM JOCTAaTOYHO OOJIBITION::

(V2)uaw

||rMaLLI||MaLLI

> £p.

C ycnoBuem (26) TOYHOCTH BEIYHCIEHHS CKAJISIPHOTO HOPMUPYIOIIETO MHOKITENS ONEHNBAETCS CIEMYIO-
M obpa3zoM:

(VE/lIreull) = v2/lIrl| <
(Va/lrasll) — <ﬁ>Mam/||rMam||Mam\ + |(VBhsis = V2] / Il bt

e1(l+e; c1 55 -
VAU sl = AP < ({55020 4 125 4 £25) ff <

2e14¢7 +ds V2 (1492)? _ V2 V2
i i ( 35 1) i = dagiqr

Tenepb ¥ HaC B PacCllOpAXKEHUN €CTb BCE HeO6XO,HI/IMOC, 9TOOBI OINEHUTE TOYHOCTEL BBIYUCJICHUA HOPMUPO-
BaHHOT'O BEKTOpPaA p:

s =Pl < H ) ® rem = | <
H Irfmll)MaLLI © Twiaan = (Ilrfmll)mmrMaLLI + ‘(|—|T\M/i||)Mam—
T” ||rMaLU||+ﬁ ||rMam_r||+(52\/§§ (27)

€1

(%)Mam‘ ||rMam|| + 50\/N - Z+ 1 +64||rMaLU||ﬁ S

\/5(61(1-1-52)(1-1-54) +54(1+52)+52) +eovN -4+ 1=
65vV2 4 eoV/N — i+ 1.
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TaxkmMm obpazoM HOpMa BEKTOPA Pyam, BOOOIE TOBOPA, OTJIMIHA OT V2. Do kak u mo6oit HEHYJIeBOM
BeKTOpD pasMepa N, BEKTOD Pyam ONPENeTIeT HEKOTOPOEe Tpeobpa3oBanme OTPAKEHUT Py Mo dopmyste

2(pMaLua Cl)

b= Pyt = a —
e | Pmarl|?

Malll y

3Meck @ U b — BEKTOPHI pasMepHocTH N | U MOAPA3yMEBAETCH, YTO BCE BBIUNCIEHUS TTPOU3BOLAATCS TOYHO.
Dapsany ¢ mpeobpasoBaueM Py paccMOTpUM mpeobpasoBaHue Py, TefAcTBYIOIMee M0 GopMyJe

Z = ﬁMaLLIa =a— (pMaLLIa a)pMaLU~ (28)

N3-3a TOTO, YTO BEKTOD Ppam HEHOPMUPOBAH, MpeobpaszoBaHme ﬁMam He ByneT OpTOroHAJNBLHBIM. W Tem
He MeHee pe3y/IbTaT ero HeHCTBUS OIN30K K pe3yabTaTy Pyay. OleHnM

16— Bl| = | (Pusass» @)Pusan — ozt || <
Lipsesnl |9 — | pyaal2] < lall|2 = 1P|

(P sl

YauTbiBasg HepaBeHCTBO (27), Moy anmM
2~ lIpuall?] < 65V2+ 20V W) (14 5)VI + 20VN ) = ds.

Nupimu ciioBaMu

[[Paml|* < 2 + 6. (29)
CiemoBaTeNlbHO
Bl = 1oll| < 1o = 11 < llall (30)
a 3HAuYUT B
[16[] < 1161l + dsllall = (1 + d6)]|all. (31)

Do dopmye (28) MBI ByeM BEIUNCAATE PE3YIBTAT AHCTBIS ONepaTopa Pyam Ha KOMIBIOTEDE, 1 TTIOSTOMY
BMeCTO b HamMu Oy/eT TOJIYUeHO HEKOTOPOE byapy. DEOBXOMIMO OEHUTD MOTPEITHOCTD :

||bMaLLI - b” = ||(Cl @ (pMaLLIa a)MaLLI ®pMaLLI) - (a - (pMaLLIa a)pMaLu)||~

Huist 5TOr0 HAM MOHAMOOUTCS DAL BCIOMOTATENBHEIX ONEHOK. Kak ykKe YHIOMHHAJIOCH B mMyHKTe (4.2),
TOYHOCTDH BBIUMCJEHNS CKAJIAPHBIX IMPON3BEICHNN MOXET OBITH OllEHEHA CIICHYIOMNM 00pa3oM:

|(pMaLLIa a)MaLLI - (pMaLLIa a)| S El(N + l)HpMaLUH HaH ’ (32)

npn ycaosun, eciit \/2Neg /e < ||puawl|, \/2Neo/e1 < ||a||. To ecTs
| (P, @)y | < (1 + €1 (N + 1)) l|panl] [|al].

TouHocTh YMHO2KEHHUA Ha BEKTOP

||(pMaLu, Cl)MaLu & Pumam — (pMaLLIa a)pMaLLIH S

||(pMaLu, Cl)MaLu & Pumam — (pMaLLIa a)MaLUpMaLU||+

||pMaLLI|| |(pMaLLIa a)MaLu - (pMaLLIa a)|61|(pMaLUa a)MaLLI| ||pMaLLI|| + 50\/N+ (33)
||pMaLLI|| |(pMaLLI; a)MaLLI - (pMaLLIa a)| S

et(NV + 2 + 21 (N + )l [psal*[lall + c0V/N.

Temnepnb oueBUIHO, UTO

||bMaLLI - b” = ||(Cl @ (pMaLLIa a)MaLLI ®pMaLLI) - (a - (pMaLLIa a)pMaLLI)H S
||(Cl o (pMaLLIa a)MaLLI @ pMaLLI) - (Cl - (pMaLLIa a)MaLLI & pMaLLI)||+
||(pMaLu, a)MaLLI & Pyam — (pMaLLIa a)MaLLIpMaLLI||+

61||Cl - (pMaLLIa a)MaLLI ® pMaLLI||+

50\/N + ||(pMaLLIa a)MaLLI @ Pmam — (pMaLLIa a)MaLLIpMaLLIH S

€1 ||Cl — (pMaLLIa a)MaLLIpMaLU||+

60\/N+ (51 + 1)||(pMaLua a)MaLLI ®pMaLLI - (pMaLLIa a)MaLUpMaLLl'l'
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Opumenns HepapercTsa (31), (33) u (29), nonyanm

[Basas — bl| < €1 [[brsaunl] + £0v/N + €1 (N + 2+ e1(N + 1)) ||pacaa] |||+
coVN < e (14 d6)||al| + e (N + 241 (N + 1))(2 + d6)||al|+ (34)
260\/N S (57||a|| + 260\/N.

O6bennnenne HepapeHcTB (30) u (34) maeT oneHKY TOYHOCTH

||(ﬁMaLUa)MaLU - PMaLLIaH — ||ZMaLLI - b” S (66 + 67)”@” + 250\/N == (35)
Ap(N)llall + 0p (N).

BrinumieMm mpaBmiIo, 00 KOTOPOMY BBITHC/ISIOTCS KoodduimenTsl norpentaoct Ay (N) 1 o, (N ):

61:61(N—|—1)/2, (52:(1+61)(51+61,
03 =01+ 6246182,  da=(14382)%/(1—65)—1,
J5 = e1(1 4 02)(1 4 d4) 4+ 94 (1 4+ 2) + d2,

Js = (65ﬂ+6oﬁ)((1+65)ﬂ+60ﬁ), (36)

dr=e1(14+ds)+e1(N+24+ e (N+1)(2+6),

AP(N) = Js —|—(57,

0p(N) = 2e0V/N.

B sakmouenne O€HUM TOYHOCTDL INPpUMECHECHUA HpeO6pa30BaHI/I9[ OTpazkeHusd K MaTpuue A pasMepa

N x M. B coorBeTcTBHE C IpaBUJIaMM MMEPEMHOXKEHUA MATPUIl TPpPUMEHEHUE HpeO6pa30BaHI/I9[ cJIeBa K
MaTpHule paBHOCUJIBHO €I'0 IPUMEHEHUIO K KaXXKIOMY CTOJ'[6I_[y MaTpHuUObIl, B TO BpEMA KaK IIPpUMEHEHUE €TI0
CIpaBa PaBHOCHIBHO TPUMEHEHMIO K KAXKIOH CTPOKe. JYIEM CUNTATH, UTO MPeodpasyeTcs MaKCHMaIlb-
HO BO3MOXKHO€ YUCJIO KOMIIOHEHT (SJ'[eMeHTOB CTOJ'[6I_[OB ManI/IHbI). TOI‘,Ha IpUMEHAA Hpeo6pa30BaHI/Ie
OTpaXeHud cieBa (Hpeo6pa30BaHMe neiicTByeT B N—-MepHOM HpOCTpaHCTBe), nuMeeM OIEHKY:

(P A) e — Pasarn Al < f((ﬁMamA)Mam — PMaLUA) <
Ap(N)F(A) +VMoy(N) < Ay (N)VNo||All + VMo, (N).

IIJ'[S[ HpeO6pa30BaHI/II7I, I[efICTByIOH_[I/IX CIipaBa, IMeeT MEeCTO HECKOJIBKO MHad OIcHKAa:
||(AﬁMaLLI)MaLU - APMaLLIH S f((AﬁMaLU)MaLU - APMaLLI) S
Ap(M)F(A) +VNop(M) < Ay (M)VNo||All + VNoy(M).
B stux dpopmynax Ng = min{N, M }.

4.4 BpluucjauTelbHbIe IIOT'PEeIIHOCTMH IIPpU IIpUBEOCHNN
MaTpPpHAOBL K IBYXOUAalrOHAJIbHOMY BHUOY

DpuBeneM OIEHKH BBIUUCIUTENBHBIX MOTPENTHOCTEN MPH YIPOINEHNN BUIa MATPHUIIBI. AJITOPUTM TpHBe-
nernsg N x M- matpunst A (N > M) x nByxnnarosaiabHON GopMe CBONUTCS K peaqn3alun GopMyJIb!

K =pH  plpligogmho®  oHM-2)

rae

D
K= N
0
di by
ds by

dy—1 bar—1
dum
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PU) 1 QU) — oproronanbhbie TpeobpasoBaid OTPaKeHNil, MOCTPOEHHbIE MO COOTBETCTBYIONM HOPMI-
poBanneiM BekTopaM pi) | ) Kak 6bi1o moKasano B MpeIbIoyIeM pasjelie, MATHHHAS PEATH3aIid He
nosposseT HaM BerancanTs PY) QU D mouno. BmecTo HEX MBI HAXOINM HEKIe ﬁ&g}u, @ﬁ{a)m 1 Dyam.
Opudem cymecTByoT npuMepsl, Koraa ||Dyam — D|| ~ ||A]| naxke npn BBICOKONH TOYHOCTH MAITHHHOM
apndmMeTnKn. JycTh

PMaLLI: l\gljyulpl\glzalupl\glglu,

QMaLLI = Ql(vlla)LUQl(v[za)U_l ce an]‘gufz)
() (4)

OpTOTOHATbLHBIE TPeobpa3oBaHNd, KOTOPhIE OMPENeIioTCS BEKTOPAMHT Priamr, ¢aam. MBI OYIeM OlleHUBATH

YTO BIOJIHE JOCTATOYHO HJIAd HallHUX Heﬂeﬁ.
SOI‘peH_IHOCTI/I oponecca AByXanaroHaJdnsalul Ha KOMIIBIOTEPEe CMOOCJINPYeM CJICOYIOIITNM o6pa30M:

[(Mam - PMaLUAQMaLUH ’

A = pA4+ HO |
AW = plb A0 4 ()
A = AW 4 @)

ACM=2) = p(M) 4(2M=3) | p(2M-2)
Kyam = (l/p)A(zM—z) 1+ geM-1)

rne AU) — npomexyTounsie pesyanrars, HU) — marpuisr morpentoceit (j=0,1,2,....2M = 1), p
— HOPMUDYIONINN MHOXUTENh. BHIHO, 4TO Hpolece NBYXIHATOHAJIM3AINN BKIOYaeT B cebs mpenBa-
PUTEILHYI0 HOPMIPOBKY MATDPHIEL W PasHOPMUpPOBKY pesyibraTa. Marpuma A mmeer ciemyiomyio

YRR (1 1) (1)

all Cl(llz) e a(lf‘{
A(l) . 022 e aZM
N (1)
0 anby - AN
re a(lll) = (d1)mam. Vcmomesys ONeHKH IUTS OMepaTopa OTPaXeHns, OleHHM dhpobeHnycoBy HopMmy Hi,

1 1 1
TIPeNBAPUTENTHLHO ONEHUB HOPMY KayKAOTo ee cTosabia H { ), H é ) HJ(W) B oTAenbHOCTH. [l1g mepBOTO
(1)

crosbna H,"’ mpumenmMo HepasercTBo (24) cTp. 19:

gy

1 0
14571 < a1]] 417
3necn A(lo) — nepsetil cronben marpuubl A9, Tak kak §; < AL(N), To
1 0
145711 < A (V)41 (37)

(1)

71 o1teHKH HOPMBI Hj1 HCTIOIB3YeM HepaBeHCTBO (35) cTp. 22. Dosyanm

1 0
IHV| < A (V)| A]] + 0, (V). (38)
DpPoCyMMUPOBaB HEPABEHCTBA (37) n (38), JETKO TOJYYNTD CIEAYIONIYIO OIEHKY
FHW) < A, (N)FADY /M =T 0,(N). (39)

B matpune H(?) sieMeHTH mepBoro crosba GymLyT HYyJIIME, MOSTOMY B OIEHKE IOKHA yIacTBOBATE
(ppobenmycoBa HOpMa MATPHIIL, CoCTaBIeH ol 3 nocaenanx M — 1 cronbmnos AM):

}“(H(2)) < A(M — 1)7?(A(1)) +VN—-1lo,(M—-1). (40)
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SpO,HOJ'[)Kaﬁ[ 5TOT IIpoIecc, MOXKHO 3alllCcaTh CJICAYIONIne OIMEHKM!:

FHE)) < A (M )( "N+ VN —io(M—i), 1<i<M-2;
F(HEIH) <A ( )@“w VM =jFo,(N=j), 0<j<M-1; (41)
F(HEM=2)y < (N M)F(ACM=3))

Jlis ynpoleHns 5TUX BEIPaKeHUIl HCIOIb3YIOTCA Clleyole odeBIIHble dhakThl: dhyHKIHE Apy(n) , op(n)
MOHOTOHHO 3aBHCIT OT CBONX apryMeHTOB, TOSTOMY HepaBeHCTBa (39)—(41) ToNbKO yeuiasdTes Ipn 3aMeHe
Ap(n), 0p(n) Ha MaKCHMaJIBHO BO3MOKHELE 3HadeHnd A, (N) op(N):

FH®) < AN)FAP=D) +V/Nop(N),  1<i<M-—2;
F(HEAD) < A(Mfm%>+¢%A> 0<j<M-—1; (42)
}-(H(ZM 2)) AP(N)}- 2M 3)).

Bepna crenyrormag gemma

JIlemma 3 Ecau

< F(A®), (M —1)2A,(N) <1,

f(A(zM_z) PMaLLIA QMaLU) S (2M o 1)A ( )f(AO)

To ecTnb

— P AQuaum|| < VM (2M — 1) A, (N)|| o]l

3ameuanne 1. DepBoe HEPABEHCTBO B YCJIOBHH JEMMbI IO CyTH O3HawaeT, 4To HopMma MaTpuib A(°)
JIJTS TIPOBeNIeHN A OTIeHOK NOJIKHA OBITH He CIUIITKOM MaJja. [1y1g Toro, 4Tobbl 3TO yCI0BUe BHITIOIHAIOCH U
BBeJ/lcHA HavyaJbHasd HOPMHUPOBKA.

3ameuanme 2. AHaJOTHYHBIM 0OPA30M MOYKHO MOIEIUPOBATH MOTPENTHOCTH TMPUMEHEHUS MOCIEN0BA~
TEJILHOCTH OPTOTOHAJIBHBIX ITpeobpa3zoBaHnil

Pyom = PM)  p(2) p(1)

am™ Malll

K BeKTOpY f

g = PMaLUfa
CUnTad BEKTOD ManHHeﬁ, COCTO;[H.[eI?I "3 OJHOTO CTOJ_[6Ha,:
0) _ 0
FO = pf +h,

£ = pll) #0) 4 p(1)

FOO) = pM) ¢(M=1) 4 p(M)

Ma,

Gruam = (1/p) fEM=2) 4 1)

Dpuuém

IRON < AlIF9721 + 0.

Torpa mo gemMMe 3 UMeeM OTIEHKY

170 = PRDFON < MA £

npu ycaosnn, ato Hopma f(O) He cormmikoM Masta:

<.

DOTPENTHOCTH HOPMUPOBOK CKa3bIBAIOTCS CAEAYIONINM 06pa30M: TaK KaK MepBOe YMHOXKEHUE NETAETCI C
TeAbI0 YBEJNYNTE HOPMY MCXOMHONW MATPHUIIBl, TO Pa3yMHO B KadecTBe p BHIOpaTh 4P, Tae p > ( — mesoe
qncao. Torma, Kak MBI y2Ke yKa3bIBaln B 3aMedannn Ha cTpanute 18, Hy = 0. Da nociemntem mare, KOria
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IIPOUCXOANT Pa3SHOPMUPOBKA, YMHOXKEHNE IMTPOU3BOANTCA COOTBETCTBEHHO Ha p = ,.y—p C IOTPEHIHOCTBIO
f(HZM—l) S \/NMEO.

N rorosrie OI€CHKN TIIPpUHUMAaKT BU

| [(Mam - PMaLUAQMaLUH =

H% ® A(M=2) _ %A(ZM—Z)H 4 %HA(ZM—Z) _ PMaLUA(O)QMaLUH < (43)
VNMeo + VMM — 1)A, (N[ A]l.

||gMaLLI_ MaLLIfH S\/Ngo"i'MAP(N)HfH’ (44)

rze xosddunuent A,(N) onpenenén na cTp. 22.

4.5 BroruncauTesbHBIE MOTPEUTHOCTH IIPU PeHIeHNN
JIMHEVHOW CUCTEeMBI ¢ IBYX/INATOHAJBLHON MaTpuilen

B sToM pasmnesie MBI IOy YUM OTIEHKY MOT PETTHOCTEN, BO3HUKAIOIINX TP PeaTu3alliy aJropuTMa PellleHn
JUHEWHON CUCTEMBI YpaBHEHUN

Dr=f

¢ neyxnuaronagbHoin M x M-matpuneir koadduruenton -

di b
ds b3

n O6cy,HI/IM BOIIpOC 00 OCYHIECTBUMOCTH BCEX HeO6XO,HI/IMbIX MaIllMHHBIX onepaum?l.
DellleHne CHCTEMEL OpOU3BOOUTCA MCKJ/IIIOYEHIIEM HENM3BECTHHIX B O6paTHOM nopaAKe, HAUUHAaA C Tpf:

eyv = fu/du
Lh—1 — (fk—l —bkl‘k)/dk_l (k’IM,M— 1,...,2).

MamunaHag peaqusanug d>TUX GOPMYJ IMeeT BUI:

($M)Mam = fM @ dup ) (45)
(-1 )mam = (fi—1 0 br @ (T )mam) Q@ dr—1 (k=M,M —1,...,2).

Wcnomnesys paseHceTro (19) cTp. 16, HX MOXKHO HepenncaTh, 3aMeHIB MalllHHBIE ONePAINN Ha OOBIUHbIE:

(xM)MaLLI = fM(l‘i‘QDM)/dM‘i‘gM )

(146k—1) Xk—1+(1+th—1)(fk—1—¢k—1—bk(1+ﬁk)(xk)Mam))
(xk‘—l)MaLU = dr1 +€k—1
opu(M >k > 2).

OpudeM IMEIOT MeCTO OIMEHKI
|S0j|§61a |Bj|§61a |6j|§61a
€1 <o, Ixj] <o, [¥5] < 0.

Ecan BBecTu obosnauenms:

T = (xk)MaLU Ipn 1 S k S Ma

dy = dur

de =di /(14 86), b = bega (T + Brp) (1 + o) mpn 1<k <M — 15
Sar = fu(L+or) + duéor,

Fro=l(l+er)+xie—Ye-1(1+ @r_1) +dr—1&k-1/(1 + 6—1)
mpu 1< k< M -1,
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To cucTeMa (45) 3amuineTcs B BHIE

T pf :T]W_/EM )’ _
Tpo1= (a1 — uTu)/dp—1

W3 mepaBercTs (46) cremyeT, 9To Ko>Q@UIHEHTH HOBOI CHCTEMEBI He CJIMIIKOM OTJIMYAIOTCI OT Kodhdu-
IMEHTOB UCXOIHOM:

|di, — di| < 2 ’ b — | < 2a . (47)
|dk| - 1—2e |bk| - 1—2e
To ects F(D — D) < 135—2151]-"(D), win
=< \/— 261
1D =D < MWHDH (48)
A HJ19 HpaBOfI HaCcTH UMeET MECTO HEPABEHCTBO
- goF (D
I7 = £ < <2l 71+ VAo + VETzof1 4 22) + 2L (19)
— <1

B Buny onenok (47) u (49) n upesBIYaiiHON MAJTOCTN MAITHHHBIX KOHCTAHT £y U £1 CJENYET OKUIATH, 4TO
pellieHnd £ U T B ONPeNeJEHHOM CMBbIce OJIM3KA. UTOOB! ONeHUTH WX PA3HUITY HeOOXOMMMO MPUMEHUTH
TeopeMy 2, KOTopad rapaHTUPYeT HaM CIeAYIONIYIO OMeHKY:

||l‘—f||:||$_xMam||SAD(MaD’f)HxH ’ (50)

rmae
Ap(M, D, f) = (eox/MW b (WM 41— 251)) X
n(D)
1—2e1(14+VMu(D))’
IpU YCJIOBUL

2e1 (1 +VMu(D)) < 1.

Bunno, 9To niid ONeHKN TOTPENTHOCTH HeOOXOANMO 3HATDL UNCIIO OOYCIOBICHHOCTH WCXOMHOW MaTPUITH.

Kpowme 3Toro HeobXonmMo pa3peluTh BOMPoc 00 OCYIIeCTBUMOCTHT BRIYUCIEHUHN, TO €CTh ClIeAyeT yIo-
CTOBEPUTHCH, YTO BCe TMPOMEKYTOUHBIE PE3YIBLTATHI HOMYyCKaoT npencTasieane 8 IBM. IlocTaTourbim
YCJIOBHEM JJId 3TOTO ABJIAETCS BBINOJHCHIE HEPABEHCTB

171 Smin{mw)% ’ ﬁ}

4.6 PorpemHocTu Ipu BBIYNCIEHUN CAUHTYJISIPHBIX
4yuces MaTpPULbI

Kak yxke ynmoMmHa 0Ch, BEIUNCIEHNE CHHTYIAPHBIX YNCEJT TPOM3BOJILHON MATPHUIIBl CBOMUTCA K pacueTy
cOOCTBEHHBIX YMCEST CHMMETPHYECKON TpeXAnaroHaabHol MaTpurbl. B pasmese 3.3 6bLT ommcan cooT-
BETCTBYIOMINIT aJITOPUTM, OCHOBAHHBIN Ha MCHONB30BaHNN TeopeMbl IlITypma. 3peck MBI paccMoTpum
MAIITHAYIO PEAJIM3AINIOo 3TOT0 adropuTMa. Kak obBIYHO Hac MHTEPECYIOT BOIPOCHI OCYIECTBUMOCTHI
MIPOMEKYTOUHBIX BBIYUCIICHUHN 1 OTHOCUTEIBHAS TOYHOCTE KOHEUHOTO Pe3yJIbTaTa.

Wrak, nycTh cuMMeTpHUYecKas TpeXANaroHalbHas MaTpuiia S pasmepa M mmeeT BUI

tl—A 59 0 0
S9 tz - A S3
0 S3 tg—A S4 0
S = (51)
: sM—1 tM-1—A  sp
0 0 SM tM—/\
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Torna MalmnHHBE 3HadeHnd nocaenoBaTeabrocT HlTypMma [P;(A)]

o [Po(N)], g = 0.
[Pit1(Myam = 15i+1] @ (ti ©0 A So [5i] @ [Pi(M)] o)  0< i< M =2, (52)
Par (M) = 1O (tsr S0 A S0 |5 @ [Prr—1(M)] yyam) -

Onepauﬂﬂ So nopeacraBJdeT coboit CliennaJIbHBIM o6pa30M OIIPpEAEJIEHHY IO OIlepallnio BEIYNTAHUA:

viay MOKHO BBIYUCIIUTE 1O (pOpMY-

¢ o0 b= acb mpumasb#0,
0r= ¢1/ymax{|al|, [b|]} upuaeb=0.

Takmm obpas3oM, eciim MOIYJIN ONePaHIOB He CIUIITKOM MAaJbl, TO Pe3yIbTaT ONepalun Sy OTINYEH OT
HYJIS.

Crenytormas JleMMa OTBEYAET Ha BOMPOC 00 OCYIIMECTBUMOCTH MTPOMEXKYTOYHBIX OMePAIiil B (hopMyIax
(52) mtst MATPHIL, 5IEeMEHTH KOTOPHIX 00JTAAI0T CIEMNATBLHBIMI CBONCTBAMI.

JIemma 4 Dycme napamempuvr paspadnoti cemxu IBM ydosaemeopsaiom nepasencmaey

2
£1 ZQ’ymax{{‘/ao ;A —},
€

oQ

IAEMEHBL Mampuubl TLO&HUH@HM yCJlO6UHM
& &
Tl <1, <<, (53)
vy vy

a napamemp X uzmengemcsa 6 unmepsaae [—3,3]. Toz2da 6bluUCACHU DAEMENTNOE NOCACIOEATNEAL HOCTNU

HImypma no gopmuyaan (52) ne npusodam v IEDEDOJIDEOUAM.

3ameuanne. Wureppan [—3,3] mia aprymenta nociefnoBaTenbHocTn IITypMa He 9BIIIETCS KECTKUM
orpaHmYeHHeM. DocyefoBaTeNbHOCTE 1IITypMa MpHMeHdeTcs IJId pacdeTa COOCTBEHHBEIX 3HAUCHUIT Ma-
TPUIBL, CTEIOBATETBHO B KAUeCTBe 0OJACTH W3MEHEHNA A TOCTaTOYHO B3aTh nHTepBat [—||S||, ||S]]], Tax
KaK OH COIEPXKWUT Bce cobcTreHHBble uncna S. Do us (8) u (53) crenyer [|S|] < M(S) < 3 nng marpu,
3JIEMEHTHI KOTOPHIX yIOBJIETBOPAIOT HepaBeHCTBaM (53).

Econ wexonmas maTpuna S mosydeHa W3 NBYXIWAroHaJdbHON MaTpunbl D no dopmyse (15), To ona
OYEBUIIHO He YIOBJIeTBOPAEeT >TUM OrpaHHYeHIIM, TakK Kak §; = (. B sToMm cirydae MaTpuiy S HeobX0nHMO
HONBEPIHY Th JONOJIHATEIbHBIM IPeobpa3oBaHiaM I BO3MYIIEHIIM IJIS TOTO, YTOOEI MOKHO OBLIO CYINTH
06 OCYIeCTBHMOCTH MPOMEKYTOUHBIX OIlepalluii IIpH BBHIYHUCACHIN TocyenoBaTenbHocTeil IITypMas

1. YMHOXHTEL MaTpHIY Ha 9HCJIO p, TONOOpaHHOE TaK, YTOOBl MAKCUMAJILHBI 13 HEHYJIEBLIX 3JIEMEH-
TOB MATPHIBL (pS)yam YAOBIETBOPSIT YCIOBIIO

1
— <max{[pt;|, [ps;|} <1.
il 5,

2. 3aMeHUTH BCe HYJIeBBIE DJIEMEHTHI Ha IVIABHOW U MODOYHBIX AUATOHANAX HA YUCIO €1 /7.

Dociie 5TOro 3AeMeHThl TpeoGpa3soBaHHON MATPHILI, 0bo3HAUNM e Yepes .S, OyIyT yINOBJICTBOPATD
yenoBuaM Jiemmbl 4. Kax ciaemyer w3 jgeMmmbl, nociaenoBaTenbHocTh lllTypma mis S Beramcasercs 6e3
DEDEDOJIDEDUM, To ecTh BCe MPOMEKYTOUHBIE PE3YTLTATH BLIYHCICHII MOTYT GHITH PA3MEIIEHbl B
MaITUHHON TaMITH.

SyﬂeM MOJEJINPOBATH MAallIMHHBIE IIOT PEITHOCTHU B BEIYNCJIEHUN MTOCJIEN0OBATEIBHOCTHI H_[Tpra |:7?] (A)i|
Malll

COOTBETCTBYIOIIINMHI BOSMYIICHUAMMN 3JIEMEHTOB MaTPUIIbI S:

{7’54 _ ls i1l (14 t1) ’
Mt (tj<1+o«j>—x<1+aj>)<1+><j>—|sj|<1+wj>[ﬁ_l]mm(%)(%)sj

MIPUYEM

1651 <eo, lpjl <er, laj| <er, |a;] <ei,
il <e1, IXGl<er, Y] <er.
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3ameTnum, 4TO

I+ o + X - - £
_]_l—l—oz], Ejzl—l—xj, roe |G, < —, |j|§—1.
14+a; X; ~y
Ecan obosnaunts
1+ 1+ ¢; ~
bj = s, Ty A dy =101+ ),
(T+a;)(1+X;) L+@-1
TO OKa3bIBAaeTCs, YTO MAaIlMHHBIE 3HAUYeHUS mociemoBaTenbHocTH IITypMma {ﬁ](/\)} JIS MaTPHITBI S
Malll

COBIIAJAKT C TOYHBIMU 3HAYCHIAMMU IIOCJIEIOBATEJIBHOCTI H_[Tpra P] (A) OJI4 CI/IMMeTpI/I‘IeCKOfI MaTpHUIObL

S

di — A b 0 0
) by da—A by
N B
: by dyoa— A b
0 0 bar dayr — A

KOTOpad MaJIoO OTJINYAaETCAd OT S. Jlerko OEHUTH BO3SMYIICHIEC MaTPUIBI N3-3a MAaIIMHHBIX HOI‘peH_IHOCTefI
B BBIUUCJIEHUN IIOCJICAOBATEJIBHOCTH H_[TpraZ

ei(5y +1)

AS_SS<MSS—
IAS] = 1S = S| < M( >—27_@@7+n

M(S) < 4e, M(S)

AHaJIm3 TOTPENTHOCTEl, BOSHUKAIONINX TPH BHIYNCIEHNN COOCTBEHHBIX 3HAUEHUH CHMMETPHYHON TpeX-
ANAaroHaJIbHON MaTpUIbl Oa3upyeTcd Ha CIENYIOIENl TeopeMe:

Teopema 4. Fcau A u AA — cummempuunvie M x M- mampuyst, mo
[An(A+AA4) = A (A)] < [|AA,
2de Ay (A4 AA), A (A) (1 <n < M) - cobemesennvie snauenud mampuy A+ AA u A coomeemcsenno.

YdYuTHIBag 5Ty TeopeMy W TO, UTO /\/l(g) < 3, nmeem

X (S) = A (S)] < [|AS]] = 421 M(S) = 62 M(S) < 30

DocrefHe OMEHKN MOKA3BIBAOT, YTO PN MPOBeNeHNN BhIancaenni no agroputmy Hltypma (cTp.15) B
NpUMEHEHUN K MaTpuIle S, TapaMeTp € AOMYCTUMON TOTPEITHOCTH He WMeeT CMBICIA BHIOUPATH MEHBIIIE,
qeM 305 M(S). Ecom ke Mbl BEOepeM € = 30, M(S), To B pesyibTaTe NCHOMHEHUS AJITOPATMa OyIeT

HallIeHO [/\j (S)} TakKoe, 4To
Malll

@] 3@ < 2amE).

Malll

g Toro 4TobLI IOy YN ThL COOCTBEHHBIE 3HAYHNS MCXOMHON MATPHIL .S, HEODXOMMMO MPOBECTH PA3HOP-

MHPOBKY T.e. PasmelNTh cOOCTBEHHBIE 3HAUeHHS S Ha p. D0 MOCTpoeHHIO S qncio pA;(S) moITun paBHO

A;(S), mosToMy cllemyeT OXHOATH OJIM30CTH BeJHIHH A;(S) I % {/\j(S)} . OmennmM o6mIyro morper-
Malll

HOCTB, KOTOpasd CKJIajblBacTCcd M3 OMMUOOK NpU HOPMUPOBKE, NPHU 3aMeHe HYJEBBIX 3JeMECHTOB MaTPUIIHI
Ha HeHyJeBble, MIPU BLIYNCIeHNN TochenoBaTeabrocTn IIITypMa 1 Tpn KOHeUHON pasHOPMUPOBKE.

|(/\] (S))Mam - ( <A ))MaLU/p]MaLH - (/\j (§))MaLU/p|+

) (S
[\ (S))mans/p = A (‘2))/ pl+ 12 (S)/p = X ((pS)sam) / P+

X5 (25 ) o)
e
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SpI/IMeHﬂﬂ CTaHOapPTHYIO B TAKNX CJAYy4Yadx TEXHUKY ONEHOK N BbI6paB B Ka4decTBE p MIOAXOAAIYIO CTEIIEHD
7%, B UTOre IoJIy4nM HEPaBEHCTBO

[(A (S)manr = A5 (S)] < 320 + (3e1 + 0s) M(S) < Aeig]| S]],

rae

5y +1
Aviy =/ Me 4+—), 8o = dey.
I 1( 2y —e1(5y+1) ' '

4.7 BrorunucauTesbHBbIE MOTPEUTHOCTH IIPU PeHIeHNN
JINHENHON CUCTEeMBI IIPONU3BOJIBHOI'O BUOA

B 5ToM pasmene MBI OLEHHM MOTPEIIHOCTH IIPH PEIIeHUH CHCTEMBI BHIA
Av+r=f (54)

O aJITOPUTMaM, OMUCAHHBIM BHITIE. 3M16CH MBI MIPEANOIAaraeM, 4To MaTpuiia A npsMoyroJbHas pasMepa
N x M, N > M noiaHoro panra, To eCTb 0min (A) > 0. TpebopaHne MUHIMATBHOCTH JIJIA HEBS3KH MOMXKHO
chOpMYJIIPOBATH KaK CBONCTBO OPTOTOHAJBHOCTH I BeeM cTojibiiam mMatpuiiel A: A*r = 0. DosTomy
Hapsay ¢ cucreMoii (54) paccMOTPUM PACITHPEHHYIO CHCTEMY

()-(1)
Az(i* fé)

Cucrema (55) paspermmma OXHO3HATHO, CIEIOBATEBHO CIEMYIOIIee ONpee/ieHne KOPPEKTHO:

rae MaTpuiia A uMeeT GJIOYHBIN BUT:

Onpenenenne 7 Dapamempom HECOSMECMHOCU cucmembl (54) Hazosem seaununy

il
1F =l

B nmanpHelmux omeHKax MBI OyIeM OMUPaThCd Ha CIAENYIONIYIO TeopeMy

0(A, ) =

Teopema 5 Oycmb A u A - npﬂmoyeoAbeze mampuybt N x M, N > M noanoeo panea, f u f -

sexmopvl npaswvir wacmed, 0 = 0(A, f), 0 (A f) npuuem ||A — A|| <eallAll,If - f|| < @l|fll, 2de a u
© docmamouro Mabi:
2 A
dap(ay <1, etenld) et g
1= 2apu(A)

Tozda eepuvl caedyroupe oyeHKu

[l =zl _ 2(a+¢)u(A)v26° + 1

) 56
ol <7 1—2au(A) (50)
N 0+ 2V2(a+ o) p(A)V267+1
i< 1;(20447(;‘”@)\/m ’ (57)
- a/’L(A) (1 - f—éocu(A) )
0— 2ﬂ(o«+w)u(?j)4v)2€2+1
6> L= 2op . (58)
- 2(a+ A)N260241
1—au(A) (1 + X lwlé(ocu)(A) )
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3ameuanme. JapaMeTPhl HECOBMECTHOCTH IJISl CHCTEM, CBSI3aHHBIX OPTOTOHAJBLHBIMI MPe0OPa30BaHMSI-
MU COBHAJAOT.

3afiMeMcsi MOMETMPOBAHIMEM TIOTPEIITHOCTET, BOSHUKAIONTNX TpH pereHun cucTeMbl (54). B nepeyto
odepenhb CUCTeMa MPUBOANTCA K IBYXAMATOHAJIBLHOMY BUAY. Kak OblIo moKa3aHo paHee, BHIUYUCIATEIBHBIE
OIMOKY Ha TOM Talle aJlrOPHTMa CKashIBalOTC CIeAYIoNM obpasoM: cucrema (54) mpepparnaercs B
cucTemMy

Az +7=7f (59)

-(2)

rie A = PAQ+ QU f Pf+wW. B nannom ciayuae P u ( — oproroHasibhble npeobpasosanus, (1)
n wD) MaTpua m BEKTOp MOrperHocTell, KOTOphie corsacho (43) u coorTBeTcTBenHO (44) ONeHMBAIOTCH

no dopmyJiaM
QW) = VN Meo + VM(2M = 1) (N)||A]l,
M = VNeo + MAL(N)||£]],

KOTOPBIe MOKHO HECKOJIBLKO YIPOCTUTH MPHU MONOTHUTENBHBIX, HO He CIUIIKOM XKXECTKHX TPebOoBaHUIK K
MaTpuiie A n npasoii vactu f. Tak, ecin

VNey < (2M = 1A, (V)] A]],
VNeo < MALN)|If]],

¢ MBYXOWATOHAJILHOW MaTpUIlen

v 10]] = 2V/AT(2M — 1A, (V)| Al
e = 208, (W) 1],

OTCIO,H& JIETKO ITOJIy4YaeTCAd

120)]] = 2VA (2M — 1A, (N)(1+ 2V (2M = 1A, (N))||4]],
lw || = 2M A, (N) (1 + 2M A (N))]IF]]

DasbuBaeM BeKTOpHI [, 7 Ha JIBe BEKTOPHbIE KOMIIOHEHTHI nHbl M 1 N — M cooTBETCTBEHHO:

s /W
= ~ r = _
f f(z) 3 T(z) 3
TOor ga T( ) = = 0 7“ = f , A T YHAOBJIETOPAET CUCTEME Dz = f(l) C KBaﬂpaTHOfI ,HByX,HI/IaI‘OHaJ'H)HOfI
ManI/IHeI/I D 9& 5TOM IIare NpomU3sBOAUTCA M OLECHKA /,L(D), 1 ecJIn 5Ta BeJINYHa OKa3aJlaCh CJAUIITKOM
BeJILKa (TO €CTh MaTpuna D ¢ Toukn 3peHId KOMIbIOTEPa BprO)K,HeHa) 1 HEPABEHCTBO

120) (D) <

TRs

bl

(cM. TeopeMmy 2) HEBBIMOIHEHO, TO OT AAJBHERIINK BEITHCIEHHI CIEAYIOT OTKA3aThCS C yKa3aHNeM TIpH-
quabl. s cuctemer (59) 6 = 0(A, f) mo ompenesieHIIO BRIUNCISETCS CIIEAYIOMNM 06pasoM:

Da ocHoBaHNN TeopeMbl b 1 HepaBeHCTB (60) MBI MOXKEM ONEHHTE MOTPEITHOCTH
17 — Q|| < Allz]] ,

rae

X=9 w(D)V 28241 o
1=2vVM(2M —1) A, (N)(142vVM (2M = 1) A, (N))u(D)

(NM(QM — 1A, (N)(1+ 2V M (2M — 1)Ay(N)) + 2M A, (N)(1 + QMAP(N))) .
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ObpaTuM BHEMAaHIE, YTO

< 1l _ el
T1-A 1-A
" cJieagoBaTeJIbHO N
T—-Qz|| < —||z]|.
7 - @2l < —<llal

Da creMyIoleM Iare aJropuTMa TPOUCXOMNT peirenne ciucrembl DF = f(1) . B pesyabrate Bhrancie-

Huil 6yneT HalifeH HEKOTOPLIA BEKTOP T, ABJILIONIUIICI TOUYHBIM pellleHIneM BO3MYIIEHHON cucTeMbl DT =
~(1)

I rme
~ ~ ~ ~(1)

D=D+03 O =5 4@ Marpuna Q3 u sekrop w? MomeIUPYIOT MOIPELIHOCTH IpH pe-
MMEHNN CUCTEMBI W YAOBJIETBOPAIOT OIEHKAM

123 < VM 25 (1D,

1—2e,

@] < 22| 70|
coraacHo dopmyram (48) u (49). Dosromy mo Teopeme 2
7 — 2| < Afl]l,

e MDbL 0003HAYNIN

X_. 2V M (D)
A=a (1—261 +2) 1—2e0V/Mp(D)/(1 - 2e1)

O‘IeBI/I,HHOC CJIEACTBHUE M3 IIOCJACOHETO HEpaBEHCTBA
12l < (1 + A)J]].

Vcnomnpsys HepaBeHCTBO A ||Z]|, MOy deHHOe BEIIIE, HAXOMNM

17 <

[ll]-

ns HEPABEHCTBA TPEYTOJBHUKA JIETKO IOJYyYaceTCAa

= * = o~ ~ * A—i—&
7= @ al < llw =2l + {7 - =l < T—=<ll=ll

DakoHeI Ha TOCIeHEM ITare TPOUCXONUT NMpUMEHEHHe TTpeobpasoBaHud () K BEKTOPY & U Mpeobpa3oBaHus
P* x BeKTOpY HEBSI3KH 7. JPH 5TOM SYIYT MOMYIEHBI BEKTOPHI & oy = QT 4E U Pyam = P*7+1n. Cornacuo
orerike (44) Ha cTpanuie 25 TOIYINM

€Nl < VMeo + MA(N)||Z]].

B urore OI€HKAa TOTPEMIHOCTU pENIcHUA JUHEWHON CHCTEeMBI IPOM3BOJIBHOI'O BHUOa, paBHad PasHOCTHU
MeEXK Oy MalIUHHBIM Xyg; 1 TOYHBIM X 3HAYCHUAMM, BBEILJIAOUT TaK:

sias — 2] < JQF + & — 2| < |[F - Q2! + |Ié]| <

Z(1+MAP(N))-|-Z+MAP(N)HxH_|_\/MEO.
1-A
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5 3akjadeHue

DoJiyueHble BHIIE TeOPETHYECKIE BHIBOIBI OBLTH MCIIOIB30BaHBl HAMHI MPH pa3paboTKe MakeTa MPpOorpamMM
IIUTS PeIeHnsT HEKOTOPBIX 3a/1ad JINHENHON aireOphl. J0onpobHOe OMUCaHre CONEPAKMMOTO MaKeTa Ha s3bIKe
POITIAD-90 MoKHO HANTH B DPUIOKEHII, a 3IeCh MBI JaAUM KPATKIH 0030D €ro BO3MOKHOCTEN.

OCHOBHBIME SIBJISIOTCS IIBe TIPOIENYPHI. JepBasg — nponenypa LinSystemSolution nis pemteruns cu-
creMbl Az + 7 = f ¢ npousBoibHOI npsaMoyroakHoil N x M-matpuneit A, (N > M). Eé napameTpamn
SBJASIOTCS MaTpuiia A, mpaBas dacThk f, pellleHrne ¥, HEBSA3Ka T W OIeHKA TOYHOCTH pelieHus. Bropas
— mporenypa InverseMatriz nis mocTpoeHns o6paTHON K KBaAPATHON MaTPHIE, MapaMeTpaMu KOTOPOM,
KpoMe UCXOMHON M obpaTHOW MaTpPHIl, TaKXKe ABJIAeTCd OTeHKa OINMTIOKH.

DOMEUMO 5THUX IBYX, MAKET COMEPXKUT P BCIOMOTATEIBHBIX CJIYKEOHBIX TTPOTEAY P, HEKOTOPHIE U3 KO-
TOPBIX MOT'YT 3aMHTEPECOBATD MOATOTOBIEHHOTO TOMB30BaTe d. Tak, mognporpamMa TwoDiagonalisation
C TIOMOIITBIO OPTOTOHAJIBHBIX MPeobpa3oBaHuil TPUBOANT HpousBonbHylo N x M-marpuny A, (N > M)
K ABYXAUAroHAJIBHOMY Bumy. [ momydenoit TakuMm oOpa3oM HBYXAMATOHAJIBHON MATPHUITHL (DYHKITIA
TwoDiagCond BbimaeT ee 4ncyio 00yCIIOBIEHHOCTH, a mpolenypa SingValue — cHHTYASpHOE YHCIIO C 3a-
JMAHHBIM TOPSIIKOBHIM HOMEDPOM.

B camoe bamxaiitiee BpeMs MBI INTAHUPYEM JOTOIHUTE MAKET PSIIOM HOBBIX MPOTIENY P, CPENN KOTOPHIX:
1) BBIUNCIIEHIE COOCTBEHHBIX UNCE] I BEKTOPOB CHMMETDHUIECKON MATPHIT; 2) pellleHre HeloOmpeneseH-
HOW CHCTEMBI, TO ecTh cucTeMbl Ar = f ¢ mpsamoyroawroit maTpuieir pasmepa N x M mpu N < M;
3) npeAcTaBIeHNe MATPHIIHL B BIIE TPON3BEICHIS OPTOTOHAIBHON 1 BEPXHEN TPeYroJbHON MaTpHIL (T.H.
() R-pasnoxenue ). Bece o Takke OyayT BBIIABATH ONEHKY TOYHOCTH BBIMHCIIEHHI.

Mui cosHaTeIbHO HEe BKIIOUIIN B TEKCT KAKUX-IUOO MOKA3aTEIbCTB MPABUIBHOCTH PabOTHI HAIIHX
nporpamMm. Ilesio B TOM, 94TO cO3/aTeN TEOPUH HCIOJIB3YEMBIX HAME AJTOPHTMOB COOPAJIN KOJIIEKITITIO
APKUX MIUTIOCTPATUBHBIX IIPUMEPOB PabOTHl MEXaHU3MOB OlleHKH To4HoCTU [2]. VIMeHHO 5TH mpumepb
MBI U UCTIOIB30BAIN B KAYeCTBE TECTOB. Je3yJBTAThHl TeCTHPOBAHUS MOJHOCTHIO YIOBIETBOPSIIOT TEOPUH
U COBIAMAIOT C MPUBEMEHHBIME B YKA3aHHBIX MOHOT PadmIx.

ABTOpHI ncKpenHe bmarogapsT A.M.DnoxnHa 3a HHHIIHATUBY MO OPraHU3AINN PaboT, HAlpaBIeHHBIX

Ha CO3/IaHNe BHIYNCIUTENbHBIX aJITOPUTMOB HOBOTO ToKosteHnus, JI.d.Xalao 3a KOHCYIBTAIlNN U COBETHI,
2.B.YuprkoBa 1 B.B.BedeciaBoBa 3a BCeCTOPOHHIOW TOAMEPKKY U TOMOIITE.

IIpunoxenne

A  Omnucanme mporpamMmm

DporpaMMHBIH MakeT COCTOMT W3 4eThIpex momyieit: SingMod, TDiagMod, LSysMod u ArithMod. Dep-
BBIe TPH U3 HUX SBIAIOTCS OCHOBHBIMU U CONEPKAT TOANPOTPAMMBI BBIUNCICHUS CHHTYJISPHBIX YUCEST
MaTPHIIBL, YIciia 00y CIOBIEHHOCTH, PEIIEHNEe CUCTEMBI JTUHENHBIX yPABHEHUI, OOPAIIEHNS MaTPHUITHL. D0~
CIeTHUT MOMYJTh ABJISETCA CIIyKeOHbIM. B HEM cobpaHbl Takue IpoIeayphl, Kak ompeesieHre MalTiHHbIX
KOHCTAHT, BBIYUCIEHWE YTOUHEHHOTO 3HAUEHUs KBAAPATHOTO KOPHS, TeHepalus HYJIeBON W eNMHUYHON
MaTPHIl, BEIYUCIEHHE HOPMBI BEKTOpa U APYTHE.

A.1 Moayns SingMod

B sTom Monyite ocHoBHolt siBasiercs dyuknus TwoDiagCond, 3HaUeHE KOTOPOH €CTH YHCTIO 00y CIIOBJIEHHO-
CTH IBYXIWATOHAJBHON MaTpUIBEl. Tak Kak 9ucao oOyCIIOBIEHHOCTHT PABHO OTHOIEHNIO MAaKCHMAIBLHOTO
U MUHUMAJbHOTO CHHTYJIAPHBIX UHCENT, TO OUeHb BAXKHOI SIBIsETCS TakK¥ke Mporenypa Sing Value, Beram-
cagronas X 3HauYeHNnd.

A.1.1 ®yukuma NormEstimation

DasHadycHHue:

BoruncigeT omeHKY cBepxy e€BKIMUIOBOW HOPMBI NBYXAWATOHAJBLHOW MAaTpHUIlBl. BosBpalnaeT
BEIIECTBEHHOE MOJIOKUTEIBHOE YUCJIO ¢ ABOWHON TOYHOCTBHIO, KOTOPHIM OllEHHBaeTCd HOpMa
ABYXINATOHAJIBHON MaTPHIIHL.

O6paintesue kK GyHKITUN:
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NormEstimation(MainDiag, SecondaryDiag)
DapamMeTphbI:
MainDiag — BxOmHOI MapaMeTp, TJIaBHas JAHATOHAJD.
SecondaryDiag — BxomuOW mapamMeTp, mOOOUHAS MHATOHAID.

Touku OCTAHOBKH H COOﬁIJ.IeHI/IfI: OTCYTCTBYIOT.
I/ICHOJ'II:?,yeMI:Ie BHelIlIHNEe IIoAIIPpOrpaMMBI:

MachConst (Modyav ArithMod)

A.1.2 ODoamporpamma SingValue
D asHaueHue:

Broruncasger J-e CHUHT YJIAPHOE YUCJIO ,HByX,HI/IaI‘OHaJ'H)HOfI MaTpHUIbL. CI/IHI‘yJ'IﬂprIe YHcJia CHH-
TAaTCAd PacCIIOJIOXKECHHBIMHI II0 BO3pacTaHNIO.

OG6paiieHne K mOaIporpamMmme:
Call SingValue(Sigma, MainDiag, SecondaryDiag, J,error)
DapamMeTphbI:

Sigma — BBIXOTHON mapaMeTp, NeNCTBUTENBHOE YHUCIO € ABOMHON TOYHOCTBIO, COMEPIKUT BBIUMCIEHHOE
3HaveHne J-To CHHTYIIPHOTO UHCTIA.

MainDiag — BXomHOI mapaMeTp, OMHOMEPHBI MaccuB JIMHBI N BelIeCTBEHHBIX YUCEN C JIBOMHON TOYHO-
CTBIO, CONEPKUT 3JIEMEHTHI TJIABHON NWATOHAIN IBYXIHMATOHAJIBHON MATPUIIHI.

SecondaryDiag — BXoOTHON TapaMeTP, OMHOMEDPHBIN MaccuB AAUHBI N — | BeIlleCTBEHHBIX YHCEN C ABOMHOM
TOYHOCTBIO, CONEPKUT 3JIeMeHTHl TOOOYHON MUaroHaJ i ABYXANATrOHAJTBLHON MaTPHUIIHL.

J - BXO,HHOI7I nmapaMeTp, HeJIO€ MOJOXKUTEJIBHOE YNCJIO MEHBIIIE N, HOMED paCcYUTBIBAEMOI'O CUHT YJIAPHOTO
HucJIa.

error — BBIXOIHOH TapaMeTp (ABJseTca HeobA3aTeNBLHBIM ), BEMECTBEHHOE YNCIO C NBOMHON TOYHOCTBHIO,
CONEPKUT OILEHKY OIMMMOKK IpH pacuére Sigma: ||Sigma — oj|| < error.

ToO4YKM OCTAHOBKM U COOOGITIEHMA: OTCYTCTBYIOT.
Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)
2.NormFEstimation (Modyav SingMod)

A.1.3 ®yskmua TwoDiagCond
Da3zHadYeHHeE:

Broruncaser auciio O6yCJ’IOBJ’IeHHOCTI/I ,HByX,HI/IaI‘OHaJ'H)HOfI MaTpHUIbL. B03BpamaeT BeIIeCTBEH-

HOE YUCJIO € IBOMHOM TOYHOCTHIO I = z’;”: , THE Omaz , Omin — MAKCUMAJIbHOE I MITHIMAJTbHOE

CHHTYJISIPHBIE YHNCIa UCXOMHON MaTPIITH.
O6paintesue kK GyHKITUN:

TwoDiagCond(MainDiag, SecondaryDiag)
DapamMeTphbI:
MainDiag — BxOmHOI MapaMeTp, TJIaBHas JAHATOHAJD.
SecondaryDiag — BxomuOW mapamMeTp, mOOOUHAS MHATOHAID.

ToOYKM OCTAHOBKHM U COOGITICHMA: OTCYTCTBYIOT
Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2.SingValue (Modyav SingMod)
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A.2 Moaynab T'DiagMod

DoanporpaMMbl 3TOTO MOIYJIs paboTaloT C IBYXIHArOHAJILHBIME MaTpunamu. Jpotenypa TwoDiagSystemSolution
pelIaeT CHCTEMY C ABYXJAHAroHaJbHON MaTpuIell KoshduiueHToB, mponenypa InvTwoDiagMatriz npons-
BOOUT OOpallleHIe NBYXANATOHAJBHON MATPUITH.

A.2.1 ODoamporpamma TwoDiagSystemSolution

DasHadycHHue:

D0 3aIaHHBIM IUATOHAISM IBYXINATOHAJBHON MaTPHIIBI U 3aJaHHOI MPABOil YaCTH BHIYUCIIS-
eT pellleHNe JUHENHON CUCTEMBI, HEBA3ZKY C MIUHUMAJBLHOU HOPMOW, OIEeHKY ONTNOKH.

OGpalierue K MOAIIPOTpaMMe:
Call TwoDiagSystemSolution(Sol, Md,Sd, RHS,r,error)
DapamMeTphbI:

Sol — BRIXOMHOI apaMeTp, OMHOMEDPHBLIN MACCUB IINHBI M BEIIECTBEHHBIX YNCEN C IBONHON TOYHOCTHIO.
Dociie UCHOMHEHNST TPOTPAMMBI COIEPAKUT KOMIIOHEHTHI PEITIEHNS] CHCTEMHI.

Md — BxomHOIl TapaMeTp, OMHOMEDHBIN MAacCHB MIHHBI M BeIeCTBEHHBIX UNUCEN C HBOWHONW TOYHOCTHIO.
ComepXuT 3HAYEHNS SJIEMEHTOB TJIABHON NUATOHAIN MATPUITEl PEITAeMO CHCTEMHI.

Sd — BxomHOI MapaMeTp, OMHOMEPHBIN MaccuB MINHBL M — | BellleCTBEHHBIX 9HUCEN € ABOWHON TOUHOCTHIO.
ComepXuT 3HAYEHNS SJIEMEHTOB TIODOYHON MUATOHAIN MATPHUIIBI PEITaeMOil CHCTEMBI.

RHS — BxomHOIl mapaMeTp, OMHOMEPHBIH MaccuB MiauHbl N > M BellleCTBEHHBIX UMCEN ¢ IBOMHON TOYHO-
crbio. Comep:KUT 3HAUEHUS KOMIOHEHT BEKTODA MPABON YaCTU CHCTEMHI.

7 — BBIXOMHON HeODI3aTeNILHBIN MapaMeTp, OMHOMEPHBIN MaccuB ManHbl N, ComepxKuT 3HAYEHHUS KOMIIO-
HEHT BEKTOpa HEBA3KH CUCTEMBEI.

error — BBIXOIHON HeoO43aTeJIbHBIN NapaMeTp, MOJIOKUTEIBHOE BellleCTBEHHOE YNCEJIO C JIBOMHOM TOYHO-
crbio. ComepKUT ONEHKY HOPMBI OIMTUOKH:

rjge £ — TOYHOE pelleHue CUCTEMBI.

Touky ocTaHOBKM M COOOIIIEHMS:
Ecan pasmeproctn maccusos Sol, Md, Sd, RH S| r HeynoBIeTBOPSIOT ONUCAHUIO, TO TPOTrpaMMa MpeKpa-
maeT CcBOI0 paboTy C coOOIeHNeM:

Bad data dvmension in “TwoDiagSystemSolution”

2
CUHT yJISIpHOE YMNCJIO MaTpHUIbl CUCTEMBI, ( — O6yCJ’[OBJ’IeHHOCTb MaTpPHUIbl CUCTEMEI, £no — MaKCHMaJlb-

HOE MOJIOKUTEJIBHOE MAINHHOE YHUCJIO, TO BBIYUCJIEHUS MOTYT OBITH NPEpPBaHbl W3-3a HEBO3MOXKHOCTH,
PasMeIeHNs Pe3YITbTATOB MPOMEKYTOUHBIX BEIYHCIEHNIT B MAMATH MaIlnHbL. JosTomy, ecin ||[RHS|| >

Ecnm Hopma mpaoil wacTu ||[RH.S|| mpeBocXomnT MUHUMYM U3 01€c U a;';, rae 0; — MHUHHUMaJbHOE

min {0’1600 , 52;';}, TO BHIAETC TpPedyIpeXKIeHTe:

Warning: Calculation can be winterrupt, Right Hand Side is too big

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)

2.SingValue (Modyav SingMod)

3. VectorNorm (Modyas ArithMod)
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A.2.2 Doamporpamma InvTwoDiagMatrix
Da3zHadYeHHeE:
DaxonuT obpaTHYI0 MATPHUIY K UCXOMHOW ABYXIHATOHAIBHOI.
OGpalierue K MOAIIPOTpaMMe:
Call InvTwoDiagMatriz(Md,Sd, Inverse,error)
DapamMeTphbI:

Md — BxomHOIl TapaMeTp, OMHOMEDHBIN MAacCHB MIHHBI M BeIeCTBEHHBIX UNUCEN C HBOWHONW TOYHOCTHIO.
ComepXuT 3HAYEHUS SJIEMEHTOB TJIABHON NWATOHAIN MATPHITHL .

Sd — BxomHOI MapaMeTp, OMHOMEPHBIN MaccuB MINHBL M — | BellleCTBEHHBIX 9HUCEN € ABOWHON TOUHOCTHIO.
ComepXuT 3HAYEHNS SJIEMEHTOB TIODOUHON MUaroHa Il MaTPUIH .

Inverse — BBIXOIHOW MapaMeTp, MBYMePHBIN MaccuB paszMepa M X M BelllecTBEHHBIX UNCET C IBOWHOM
TouHOCTBIO. COMEPKUT 3HAUEHUS IEMEHTOB 0OPATHON MAaTPHIITH.

error — BBIXOIHON HeoO43aTeJIbHBIN NapaMeTp, MOJIOKUTEIBHOE BellleCTBEHHOE YNCEJIO C JIBOMHOM TOYHO-
crbio. ComepKUT ONEHKY HOPMBI OIMTUOKH:

|[Inverse — A71||

1A=

< error,

roe A~! — TouHoe 3HauYeHme OBpPATHON MATPHUITEL

Touku ocTaHOBKM U COOOIICHMA:
Ecnn pasmepnbl MaccuBoB-TapaMeTpOB He COOTBETCTBYIOT OMUCAHWIO, MPOTPaMMa TpeKpaliaeT paboTy.
DpHU 5TOM BBIIAETCS COODIEHTE:

Bad Data Dimension in “InvTwoDiagMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. Reflection (Modyav LSysMod)

2. VectorReflection (Modyav LSysMod)
3.MachConst (Modyav ArithMod)

4.Eye (Modyan ArithMod)

A.3 Monyns LSysMod

OcHOBHBIE TPOTpaMMBbI 5TOT0 MoIyJist — LinSystemSolution (pemerne nuHeiiHof cucremsl) u InverseMatrix
(obpamenne kBamapaTHON MaTpuibl). OCHOBOI WCHOIB30BAHHBIX B HUX aJTOPHTMOB SBJISETCS MPUBELIE-
HIle MATPUIBl K [BYXANATOHAJBLHOMY BIAY TPH TIOMOIIN OPTOTOHAJBHBIX NpeoOpa3oBaHUil. ITH Hell-
CTBHUS OCYIIECTBIAIOTCS Hoanmporpammami TwoDiagonalisation (MpuBeneHne K ABYXINATOHAJILHOMY BH-
ny), Reflection (Brrancienne npeobpasoBanns oTpaxkenus), VectorReflection (mpumeneHue mpeobpasoBa-
HIsS OTPaKeHNs K MPOM3BOJILHOMY BEKTODY).

A.3.1 ODoamporpamma TwoDiagonalisation

DasHadycHHue:

DpuBOnUT mpom3BoIbHYO MaTpuny A pasmepa N x M, N > M x nByxAmaroHaJIbHOMY BH-
Iy TPU HOMOIIN OPTOTOHAJIBHBIX Tpeobpasopannii: D = PAQ, A — ucxomnas marpuna, D —
KBaJpaTHAas ABYXANaroHadbHasd MaTpuna pasmepa M, P u () — KBagpaTHBIE OPTOTOHAJIbHBIE
MaTpunsl pasmMepoB N u M. BreimaeT ONeHKY OTHOOCUTETHLHOW MOTPEITHOCTH NBYXINATOHA-
JIN3AlNN.
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OG6paiieHne K mOaIporpamMmme:
Call TwoDiagonalisation(Matriz, MainDiag, SecondaryDiag, MirLeft, MirRight,error)
DapamMeTphbI:

Matriz — BXOITHOM u BBIXOIHOL mapaMeTp, JIBYMEDHBIT MacCHB pasmepa
N x M, N > M, BellleCTBEHHBIX YHCET C HBOWHOW TOYHOCTBIO. ‘D& BXOIE COAEPKUT BJIEMEHTHI
HCXOTHOW MAaTPHUIIBI, HAa BBIXOAE — BHIYUCIIEHHBIE BJIEMEHTH IBYXINATOHAJIBHON MaTPIIIH.

MainDiag — BbIXOMHON HeObA3aTENBHBIN TApAMETD, ONTHOMEPHBIN MacCHB IJINHBI M BelllecTBEHHBIX YHCENT
€ MBOWHON TOYHOCTHIO, CONEPKAIIII BHIYNCIEHHBIE HJIEMEHTHI HTOTOBON ABY X THATOHAIBHON MaTPH-
ITHL.

SecondaryDiag — BbIXOMHON HEOOS3aTENBHBIN TApaMeTP, OMHOMEPHBIH MaccuB mianHbl M — 1 BelllecTBeH-
HBIX YHCEJI ¢ ABOMHON TOYHOCTBIO, CONEPXKAINN BBIUYHNCIEHHBIE 3JIEMEHTHI TOOOYHON NMAaTroHal HTO-
TOBON NIBY X/IMATOHAJBHON MaTPUIIHL.

MirLeft — BRIXOTHOI HeObS3aTeNBLHBIN MapaMeTp, ABYMEPHBIA KBaJpPATHBIN MAacCHB BEIECTBEHHBIX UM-
ceJl ¢ NIBOWHON TOYHOCTHIO pasMepa N, comepiKallinii MpomW3BelleHne Npeobpa3zoBaHUil OTpaKeHud,
NIPUMEHSAEMBIX CJIeBa.

MirRight — BEIXOIHON HeOOA3aTEILHBIN TTapaMeTP, IBYMEDHBIN KBaAPATHBIN MACCHB BEIIECTBEHHBIX Y-
ceJl ¢ MBOWHOW TOYHOCTBHIO pasMepa M, comepkKalliuil Mpou3BeneHne Mpeobpa3oBaHUl OTpaKeHNud,
NIpUMEeHAEMbIX CIPaBa.

error — BbIXOI[HOfI HeoOsI3aTebHBIN mapamMeTp, DOJOXKMNTEIIbHOE BEIIECTBEHHOE YHNCJIO C I[BOI71HOI71 TOYHO-
CTBIO, OIICHUBAIOIIICEe HOPMY ONITNOKHN:
||DMaLLI - PMaLUAQMaLUH S error.

Touku ocTaHOBKM U COOOIICHMA:
Ecnn pasmepnbl MaccuBoB-TapaMeTpOB He COOTBETCTBYIOT OMUCAHWIO, MPOTPaMMa TpeKpaliaeT paboTy.
DpHU 5TOM BBIIAETCS COODIEHTE:

Bad Data Dimension in “TwoDiagonalization”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. Reflection (Modyav LSysMod)

2. VectorReflection (Modyav LSysMod)
3.MachConst (Modyav ArithMod)

4.Eye (Modyan ArithMod)

A.3.2 Dommporpamma Reflection

DasHadycHHue:

Ecan we 3apan mapameTp I, mporpaMma BBIUHCIASET BEKTOP HOPMAJN K MJIOCKOCTH, OTHOCH-
TeJILHO KOTOPOHU NOJIKeH OBITH OTpaken BekTop Vectorl, 9ToObl OBITH KOJITNHEAPHLIM BeK-
Topy Vector2, m matpuny orpaxennd. Ecau sapmam mapamerp I, To Vector2 npunumaer
caenyonumii Bum: nepble | — 1 KOMIIOHEHTHI COBIIAMAIOT € COOTBETCTBYOIUME KOMITIOHEHT &~
MU BekTopa Vectorl, Bce KOMMOHeHTH HaunHadg ¢ [ + 1-off paBHBEI HYJIO, a /-9 KOMIOHEHTA
HaXOOUTCA U3 yCJIoBUA paBeHCTBa HOpM Vectorl m Vector2.

O6parieHue K NOAIPOrpaMMe:
Call Reflection(Vectorl, Vector2, ReflVector, RefiMatriz,I)

DapamMeTphbI:
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Vectorl — BxomHOW mapaMeTp, OMHOMEDPHBIN MAacChB IIMHBI N BeIlleCTBEHHBIX YWCESl ¢ ABONWHOW TOTHO-
CTHIO, COEPXKAIINI KOMIOHEHTHI NCXOMHOT'O BEKTOPA.

Vector? — BXOMHON-BBIXOMHON HeOOA3ATEIBLHBIN TapaMeTP, OMHOMEPHBIN MACCUB NJINHBL N | BEITeCTBEHHBIX
4qucesl ¢ ABONHOM TOYHOCTBIO, COAEPXKAIINI KOMIOHEHTHl BEKTOpA, MOJYYaeMOro U3 MCXOHHOTO B
pe3yabTaTe AeficTBUS onepaTopa OTPaKeHNd.

ReflVector — Brixomuol HeobOA3aTENBHBIN MapaMeTp, OTHOMEDHBIN MAaCCHB HJIHHBL IV, BEIIECTBEHHBIX Y-
ceJl ¢ NBOWHON TOYHOCTBIO, COHNEePXKAINN Ha BBIXOAE BBIYUCJIEHHBIE 3HAYEHUS KOMIIOHEHT BEKTODPA
HOPMAaJIN TUTNEPIIIOCKOCTH, OTHOCUTEIBHO KOTOPON OCYIIECTBIIAETCI OTPaKeHue.

ReflMatriz — BHIXOMHON HeoOs3aTeNBHBIA MapaMeTp, ABYMEPHBIA MaccuB pasmepa N X N | BellecTBeH-
HBIX YHCEJ C JBOWHON TOYHOCTBIO, CONEPXKAINIT Ha BBIXOIE BBIUYHNCIEHHBIE KOMIIOHEHTHI MaTPUIIHI
omepaTopa OTPaXkKeHNS.

I — BXomHOW HeOOA3ATENBHBIN TapaMeTp, 00g3aTeNleH MPK OTCYTCTBUN TapaMeTpa Vector2. Ilesoe uncio
1 <7 < N. YkasbiBaeT Ha TO, UYTO WCKOMOe TIpeobpa3oBaHme OTPaXKeHUs, NEWCTBYA HA BEKTOD
Vectorl, coxpansgeT nepBble [ — | KOMIIOHEHTHI, 3aHYI9eT KOMIIOHEHTH Haunnad ¢ [ + 1-oit no N-oii,
HE W3MEHSS MIPH 5TOM HOPMHBI.

Touku ocTaHOBKM U COOOIICHMA:
1. Ecam mapaMeTphl TpoTpaMMbl He COOTBETCTBYIOT ONUCAHWIO, TO paboTa MOANPOrpaMMBI MpeKpala-
eTcs. DPH 5TOM BBIIAETCS COODIIEHME:

Bad Data in “Reflection”

2. Fcam oTcyTeTBYyeT mapamMeTp I, a ayleMeHTHI MaccuBa Vector2 CAUIIKOM MAaJibl, TO €CTh

N
Z [Vector2(4)|? < o ,

j=1

e £€p— MHHHMAJIBHOE IIOJIOKUTEJIIBHOE BEHICCTBEHHOE YHCJIO C ,HBOI7IHOI7I TOYHOCTBIO, TO pa60Ta IpeKpa-
maeTcd ¢ BbI,Ha‘IefI COOIIcHMA:

Bad Data in “Reflection”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1.MachConst (Modya» ArithMod)
2.Eye (Modyav ArithMod)

A.3.3 Dommporpamma VectorReflection
Da3zHadYeHHeE:
OTpaxeHne BeKTOpa OTHOCHTENBHO THIEPIIIOCKOCTH € 3aJaHHBIM BEKTOPOM HODMAJIH.
OG6paiieHne K mOaIporpamMmme:
Call VectorReflection(ReflVector, Vector)
DapamMeTphbI:

ReflVector — BxomHOm mapamMeTp, OMHOMEPHBIN MacCHB IAJINHBI N BeIECTBEHHBIX YHCET C IBOWHON TOY-
HOCTBIO, COEPXKaInil KOMIIOHEHTHI BEKTOPa HOPMaJI K HEKOTOPOH MJIOCKOCTH.

Vector — BXOHHOfI—BbIXO,HHOfI, O,HHOMeprIfI MaCCUB OJIMHBL N, BEIIECTBEHHLIX YMCEJ C ,HBOI7IHOI7I TOYHO-
CTLIO. Ja BXone — HavdaJILHBI BEKTOP, Ha BBEIXOHE — KOOPpAMHATHI BEKTOPpa, IIOJy49acMOIro U3 MCXOO-
HOT'O IOCJIE €TI0 OTPpaXXEeHNAd OTHOCUTEJIBLHO ITJIOCKOCTU C HOPMAaJIBIO R@flVGCtOT.
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Toukym OCTAHOBKN M COOOIIICHM:
Ecnn pasmeprnoctn maccuBoB Re flVector m Vector e coBmamaioT, TO IporpaMma mpekpaliaeT paboTy
C CcOODIIeHmEeM

Bad Data Dimension in “VectorReflection”

I/ICHOJ'II:3yeMBIe BHelIlIHNEe IIoAIIPpOrpaMMBI:

MachConst (Modyav ArithMod)

A.3.4 Dommporpamma LinSystemSolution

DasHadycHHue:

DonnporpaMMa pelraeT JUHERHYIO CUCTeMY ajreOpandecKnx ypaBHeHUH ¢ MaTpunein M atriz
pasmepa N x M, npuuém N > M w npasoit vacteio RHS. B kadecTBe perieHus: BeimaeTCs
BekTOp Sol, a Takke BEKTOD HEBSI3KH T W OIEHKA OIMTUOKU €77 07:

[|Sol — ||
error > —————
[l z]]
rie ¥ — ICTUHHOE pellleHie CHCTEMBbI.
OGpalierue K MOAIIPOTpaMMe:
Call LinSystemSolution(Sol, Matriz, RHS,r,error)

DapamMeTphbI:

Sol — BRIXOMHOI apaMeTpP, OMHOMEDPHBLIN MACCUB JIINHBI M BEIIeCTBEHHBIX YHCEN C IBONHON TOYHOCTHIO,
colepKalnil KOMIIOHEHTHI BEKTOPa PENIeHNd CUCTEMBI.

Matriz — BxonmHOI mapaMeTp, ABYMepHBIN MaccuB N X M BelllecTBEHHBIX YHUCET C ABOWHON TOYHOCTHIO,
MaTpuia KosGdUIneHToB JHHENHON CHCTEMBI YPaBHEHU.

RHS — BxomHOIl mapaMeTp, OMHOMEDPHBI MacCUB IJIMHBL N |, BEINIECTBEHHBIX THCE C MBONHON TOYHOCTHIO,
colepKalluil 3Ha¥eHNA KOMIIOHEHT BeKTOopa IPaBoil YacTH! CUCTEMBEL.

7 — BBIXOMHON HeODI3aTeNILHBIN MapaMeTp, OMHOMEPHBIN MaccuB ManHbl N, ComepxKuT 3HAYEHHUS KOMIIO-
HEHT BEKTOpa HEBA3KH CUCTEMBEI.

error — BBIXONHON HeobA3aTeIBHBIN IapaMeTp, IOJI0KNTEIbHOE BEIleCTBEHHOE UHCETIO ¢ IJBOMHOM ToY-
HocThio. ComepKuT oreHKy HopMbl ommnbku: ||Sol — z||/||z|| < error, Tne x — To4HOe pellieHIe
CHCTEMBI.

Touku ocTaHOBKM U COOOIICHMA:
Ecan pasmeprl mapamMeTpoB He COOTBETCTBYIOT OIMUCAHWIO, TO HporpaMMa TIpeKpaliaeT paboTy. Ipu
5TOM BHIAETCI COODITIEHTE:

Bad Data Dimension in “LinSystemSolution”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. TwoDiagonalisation (Modyav LSysMod)
2. TwoDiagSystemSolution (Modya TDiagMod)

A.3.5 Dommporpamma InverseMatrix

DasHadycHHue:
DonmporpaMma, Mo UCXOAHOR MaTPHUIEe CTPOUT 0OpaTHYIO K Heil.

O6pailrteHne K moanmporpamMMe:
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Call InverseMatriz(Matriz, InuMatriz,error)
DapamMeTphbI:
Matriz — Bxomuont mapameTp, MmaccuB N X N | cOmepXKUT BJIEMEHTHI HCXOTHOW MaTPHIIHI.

InvMatriz — BBIXOmHOW TapameTp, NBYMepHBINI MaccuB N X N. Da BBIXOHNe CONEPKUT BBIYUCICHHBIE
3HaUeHNd OOpATHON MATPUITHI.

error — BBIXOIHON HeoO43aTeNIbHBIN mapaMeTp, MOJOKNUTEIbHOe BEIIeCTBEHHOE YUCJIO ¢ JBOWHON TOYHO-
crbio. ComepKUT ONEHKY HOPMBI OIMTUOKH:

|[InvM atriz — Matriz™1]
[|Matriz=1]|

< error

Touku ocTaHOBKM U COOOIICHMA:
Ecan pasmeprl mapamMeTpoB He COOTBETCTBYIOT OIMUCAHWIO, TO HporpaMMa TIpeKpaliaeT paboTy. Ipu
5TOM BHIAETCI COODITIEHTE:

Bad Data size in “InverseMatriz”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. TwoDiagonalisation (Modyav LSysMod)
2.InvTwoDiagMatriz (Modya TDiagMod)

A.3.6 ®yukmua MatCond

DasHadycHHue:

Brraucaser uumciao o6ycaoBIeHHOCTH MPou3BoabHON MaTpuiikl Matriz pasmepa N x M, N >

M . BosBpaImaeT BellleCTBeHHOE UNCIIO C IBOWHON TOYHOCTHIO paBHOE [ = zm”” ,TIE Omaz , Omin
min

— MaKCUMAaJIbHOE M MUHUMAJIBHOE CHHTYJIAPHBIE UNCIa MATPHUITHL.
O6paintesue kK GyHKITUN:

MatCond(Matriz)
DapamMeTphbI:

Matriz — BXomHOI mapaMeTp, AByMepHBINT MaccuB pasmepa N x M, N > M BelllecTBEHHBIX YHCET C
JMBOWHON TOYHOCTBIO, BXOMHAS MATPUIIA, YACIO 0OYCIOBIEHHOCTH KOTOPON BBIYUCIISIETCS .

Toukym OCTAHOBKN M COOOIIICHM:
Ecnn mapaMeTphl He COOTBETCTBYIOT ONMCAHIIO, TpOrpaMMa IpeKpalinaeT paboTy. OpH 5TOM BBIAAETCSI
COODITIEHNE:

Bad Data size in “MatCond”

Wcnonb3syeMele BHENTHUE MOAIPOTPAMMEL:
1. TwoDiagonalisation (Modyav LSysMod)
2. TwoDiagCond (Modyav SingMod)

A.4 Monaynb ArithMod
A.4.1 Dommporpamma MachConst

DasHadeHMeE: ONpeNeseT MAITUHHbIE KOHCTAHTHL Y, 0, €1, oo -
O6pawtenne k mopuporpamme: Call MachConst
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A.4.2 Dopmporpamma Eye

DasHaueHMe: BXOAHYIO KBAAPATHYIO MATPUILY 3aMEHICT Ha eUHUIHYIO.

O6partenue k moanporpamvmme: Call Eye(A)

DapameTp: A — BXOTHON-BBIXOMHON HapaMeTp, ABYMEDHBIl MACCHB BEIECTBEHHBIX YHCEJ C IBONHOM
TOYHOCTHIO paszMepa N x N. Da BHIXOE COIEPKUT eAUHUYHYIO MATDUILY.

Wcnonbsyembie pHemane nopnporpammsr: MachConst (Modyas ArithMod)

A.4.3 ®ysaknus VectorNorm

Dasumauenue: BrrunciaseT HOPMY BEKTODA.

O6partenue k monuporpamme: VectorNorm(Vector)

Dapametrp: Vector — BxomHoii mapaMeTp, OMHOMEPHBIN MAacCCUB BEIeCTBEHHBIX UNCET ¢ NBOWHOW TOU-
HOCTBIO MJTHHBL V.

De3yJIbTAaT: BEIMECTBEHHOE UNCIO C MBOMHON TOYHOCTHIO, BHIYICIEHHAS HOPMAa BEKTODA.
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