Siberian Branch of Russian Academy of Science

BUDKER INSTITUTE OF NUCLEAR PHYSICS

V.N. Baier and V.M. Katkov

THE LANDAU-POMERANCHUK-MIGDAL EFFECT
AND TRANSITION RADIATION
IN STRUCTURED TARGETS

Budker INP 99-13

NOVOSIBIRSK
1999



The Landau-Pomeranchuk-Migdal effect
and transition radiation
in structured targets

V.N. Baier and V.M. Katkov

Budker Institute of Nuclear Physics
630090 Novosibirsk, Russia

Abstract

The radiation from high-energy electrons is investigated for the case
when a target consists of several separated plates. The spectrum of ra-
diation is considered in the region in which the bremsstrahlung is under
influence of the multiple scattering of a projectile (the LPM effect), the
polarization of a medium and the hard part of the boundary radiation
contribute. In this region the general expression for the radiation spec-
trum is obtained for the N-plate target. A qualitative description of
the arising interference pattern is given.
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1 Introduction

The process of bremsstrahlung from high-energy electron occurs over a rather
long distance, known as the formation length. If the formation length of
the bremsstrahlung becomes comparable to the distance over which a mean
angle of multiple scattering becomes comparable with a characteristic angle of
radiation, the bremsstrahlung will be suppressed (the Landau-Pomeranchuk-
Migdal (LPM) effect [1], [2]). An influence of polarization of a medium on
radiation process leads also to suppression of the soft photon emission (Ter-
Mikaelian effect, see in [3]).

A very successful series of experiments [4] - [6] was performed at SLAC
during recent years. In these experiments the cross section of the bremsstrahl-
ung of soft photons with energy from 200 keV to 500 MeV from electrons with
energies 8 GeV and 25 GeV is measured with an accuracy of the order of a
few percent. Both the LPM effect, and dielectric suppression (the effects
of the polarization of a medium) were observed and investigated. These
experiments were a challenge for a theory since in all the previous papers
calculations (cited in [7]) were performed to logarithmic accuracy which is
not enough for a description of the new experiment.

Very recently authors developed the new approach to the theory of the
LPM effect [7] in which the cross section of the bremsstrahlung process in
the photon energies region where the influence of the LPM is very strong
was calculated with a term o 1/L , where L is characteristic logarithm of
the problem, and with the Coulomb corrections taken into account. In the
photon energy region, where the LPM effect is "turned off”, the obtained
cross section gives the exact Bethe-Heitler cross section (within power ac-
curacy) with the Coulomb corrections. This important feature was absent
in the previous calculations. The polarization of a medium is incorporated
into this approach. The considerable contribution into the soft part of the
measured spectrum of radiation gives a photon emission on the boundaries
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of a target. In [7] we investigated the case when a target is much thicker
or much thinner than the formation length of the radiation. A target of an
intermediate thickness was studied in paper [8] . In the last paper we derived
general expression for the spectral probability of radiation in a thin target
and 1n a target of intermediate thickness in which the multiple scattering,
the polarization of a medium and radiation on the boundaries of a target are
taken into account. In [9] the effect of multiphoton emission from a single
electron was studied, this effect is very essential for understanding data [4]-
[6]. The LPM effect was recently under active investigation, see e.g. [10],
[11] and review [12].

In papers [7], [8] the target is considered as a homogeneous plate. A
radiator which consists of a set of thin plates is of great interest.

The radiation from several plates for the relatively hard part of the spec-
trum in which the bremsstrahlung in the condition of the strong LPM effect
dominates was investigated recently in [13].A rather curious interference pat-
tern in the spectrum of the radiation was found which depends on a number
(and a thickness) of plates and the distance between plates. In this part of
the spectrum one can neglect the effects of the polarization of a medium.

In the present paper the probability of radiation in a radiator consisting
of N plates is calculated. The transition radiation dominates in the soft part
of the considered spectrum, while the bremsstrahlung under influence of the
strong LPM effect dominates in the hard part. The intermediate region of the
photon energies where contributions of the both mentioned mechanisms are of
the same order is of evident interest. We consider this region in detail. In this
region effects of the polarization of the medium are essential. The numerical
calculation was performed for the radiator of two gold plates with thickness
l1 = 0.35% Lyad, Lraq is the radiation length, (the same object was considered
in [13]). The interference pattern depending on the distance between plates
was analyzed in the intermediate region. An another interference pattern
was found in the soft part of the spectrum where the transition radiation
contributes only.

2 Radiation from structured target

With allowance for the multiple scattering and the polarization of a medium
we have for the spectral distribution of the probability of radiation (see



Eq.(4.4) of [7],and Eq.(2.1) of [8])

d—w——Re/ dtz/ dtlexp< / p(t)dt)

x (0|r1S(t2,t1) + rapS(ta, t1)p|0), (2.1)
where
l 2ee’
p(t) =1+ rig(t), t= o =
rlz(z—j, rz_l—l—i;, K?o:t)—p,
wp =qwo, V= %, wy = 47::71, (2.2)

here ¢ is the energy of the initial electron, w is the energy of radiated photon,
¢’ = & —w, n is the density of electrons in a medium, [ is the length of the
trajectory of a particle, the function g(¢) describes change of the density of
a medium on the trajectory. The mean value in Eq.(2.1) is taken over states
with definite value of the two-dimensional operator g (see [7], Section 2).
The propagator of electron has a form

ta
S(ta,t1) = Texp [—z/ H(t)dt] , (2.3)
t1
where the Hamiltonian H(?) is
H(t) = p* —iV(0)g(t), p=—-iVp,

4 2 Z2 2t 2
V(e) = Q¢’ <L1+1n_2_20)a Q=221 lehlci\sz
Q

4 27
m-w ¢

Gs2 _ ~1/8,-1 _ _ 2N !
o = 1832707 f = f(Za) = (Za) l;k(k%r( (2.4)

c Za)?)’
where C' = 0.577216... is Euler’s constant. The contribution of scattering
of a projectile on the atomic electrons may be incorporated into the effective
potential V(g). The summary potential including both an elastic and an
inelastic scattering is

/\2 2
V(o) +Vele) = ~Qese* (In o= +n L=+ 20), (2.5)
ef
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where

Qef = Q(l + %), Clef = Ug2 exp [M]

1+Zz

In Eq.(2.1) it is implied that the subtraction is made at V' =10, x = 1.
In [8] the target was one plate of an arbitrary thickness Iy

g(t) =0@)I(Th—1), Ty=0hL/l

Here we consider the case when the target consists of N identical plates
of thickness /; with the equal gaps l5 between them. The case I} < [. will
be analyzed where [, is the characteristic formation length of radiation in
absence of a matter (kg = 0)

l l l
3 0 0 h _

= = 1 I, 1 2.
1_1_72792 1+pza lc ( +pc) 1<< 3 ( 6)

where 9. 1s the characteristic angle of radiation.
In [7] (Sect.b) we obtained the following expression for the operator S(tz,%1)

ta
S(ta,t1) = exp(—iHot2)T exp [—/ V(e +2pt,t)dt| exp(iHot1), (2.7)
t1

where Hq = p%,V(o,t) = V(0)g(t), T means the chronological product. Let
us introduce new variables

tl Ian—Tl, t22n2T+T2—|—T1, TIT1—|—T2,
0<m <T (n>1), 0<m<T (ny <(N-1)). (2.8)

Substituting these variables into Eq.(2.7) we have

S(tz,tl_) = €Xp [—iHO (nzT + 7 + Tl)] (29)

noT+T1
X eXp —/ V(e +2p(nT + 7))dr
noT

(ne—1)T+T,
X exp —/ V(e +2p((n2— l)T—i—T))dT]
(ne—1)T

exp [{Ho (mT + m1)]

n1T+T,
X eXp —/ Vie+2p(niT + 7))dr
nT

Using the equality
V(e + 2pnT) = exp(iHonT)V (o) exp(—iHonT') (2.10)
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and the condition (2.6) we obtain

S(ta,t1) ~ exp(—iHom) exp(—=V (0)T1) exp(—iHoT) exp(—V (o)1)

...exp(—itHoT) exp(—=V (0)T1) exp(iHom). (2.11)
Here we neglected the term —iHTy in the exponent (exp(—iHg(m2 + T1))
— exp(—iHgTs)) since HoTy ~ p?Ty < 1, we neglected also the term 2pr
in the argument of the function V(g + 2p7) (the term of the order 1/p, is

conserved in comparison with the term of the order p T3, see [7], Sect.5).
We will use below the matrix element of the form

gn(P',p) = (p'exp(—a(o)) exp(—iHoT) exp(—a(e))
-..exp(—ifloT) exp(—a(e)) |P) , (2.12)

where a(g) = V(9)T1, the matrix element is calculated between states with
definite momentum. The potential V' (g) in Eq.(2.4) we write in the form

V(o) = Vile) +v(e), Vile)=qo®, q=QLs,

a2 (]92 92
Ly=1L = ln —22 =—2 [In==+42C 2.13
» = Lier) "2 v(e) L <n49§ * ) (2.13)

where the parameter g, is defined by a set of equations (we rearranged terms
in Eq.(5.9) of [7]):
2 11
oo=1, Ly=1Ly for 4QL1T1=—L <1, ¢=QLy;
o

rad

o 1 In o2
AQL(0p) Ty 0% = E”legg (1— ngb) =1, for 4QLiTi > 1, (2.14)

where L; is defined in Eq.(2.4). The parameter gy ~ 1/p. is determined by
a characteristic angle of radiation (momentum transfer). We will calculate
the matrix element g, (p’, p) in the first approximation neglecting correction
terms containing v(g). Then

Vie) ~Vi(e) = q0°, ¢1(p',p) = (p'|exp(—qT10°) |P)

= [ ol eloxvi=iTie))] e)elp)

- L / d*oexp [i(p — p)o— qT10°] = b exp {—b (p—p)°|, (2.15)
(2m)? T A

where b = 1/(4¢qT1). In the calculation of the expression (2.12) we insert
the combinations of the state vectors |p1) (p1]...|Pn-1) (Pn—1| between the
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operators exp(—a(g)) and use the matrix element calculated in (2.15), we
have (the details of calculation are given in Appendix A)

b n
gn(p',p) = (;) /dzpl/d2p2~~/d2pn—1 exp {—b(P/—Pl)Z

—ipiT — b (p1 — p2)2 —ip3T ... —b(pn_1 — p)2 - ipi_lT}
b b
= . exp {_E [(p'2 + pz) (dp — dp_1) — 2pp/]} , (2.16)
where
dy = dy(a) = _ {(a—i—\/az—l)n— (a— az—l)n} L= 1—|—£
2va? —1 2b
(2.17)
The obtained function d,, («) is the polynomial with respect to « of degree
(n—1)

do=0, di=1, do=2a, d3=4a"—1, dy=4a(2a”—1)... (2.18)

After substitution o = cosh  we find from Eqs.(2.17) and (2.16)

__ sinhnp , _ bsinhp b
=———, (P, P)= ————ex -

sinh 5 msinh ny sinh nn
< [(p" 2\ [ e _ 9 /
P +p ) (sinhnn — sinh (n — 1)n) — 2sinh npp] , (2.19)

where

sinhy = 2¢/i¢WT (1 + iqTy T).
For the case n <« 1 one has

- = _ Ty L
~ 2 T =2T —g— =
n ['E N g, q9q=4q T qh T 12’
by by
/ /2 2 /
nP,p) = ———— —— hnn— 2 2.2
(P, P) msinh ny exp{ sinh nn [(p tp ) coshny pp]}( 0)

For the limiting case nn < 1 one has

gn(p',P) = %exp{—b (p’—p)2}~ (2.21)

n
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Using the results obtained we can calculate now the mean value entering

Eq.(2.1)

(0] .S (t2, 1) 10) I/dzp’/d2p<0|p’><P'ISn(tz,t1)|0><p|0>

1 b
— a2y’ d? a2 2 " ! —
(271_)2 / P / pexp( Ip T2 — 1P 7'1) g (P ,P) Ay )

. b
'Yn:0’721—67214'20'”(7'1—1-7'2)—7'17'2, Bn = d_ Unzﬁn(dn_dn—1)~(2~22)
If we use the same procedure for the second mean value in (2.1) we obtain

b2
<0|PS (tz,tl)P |0> W (2.23)

We split now the spectral distribution of the probability of radiation into
two parts

dw B dwp, dwtr

do ~ dw ’

dwbr = / dts dt1 exp (—z/ u(t)dt)

% (0] ry ( (ta,11) — SO >(t2,t1)) trap (S(t2, 1) = 5O (12,1)) p [0) (2.20)

dw” = _Re/ dtz/ dt [exp (—Z/ 2 (t)dt) — exp (—i(ty _tl))]

<0|r15 V(ta,t1) + 1apSO (ta, t1)p |0
SO (ty,11) = exp [—iHo (t2 — t1)], (2.25)

where dwy, /dw is the spectral distribution of the probability of bremsstrahlung
with allowance for the multiple scattering and polarization of a medium,
dwy, /dw is the probability of the transition radiation obtained in the frame
of quantum electrodynamics.

Note that the subtraction in Eq.(2.24) has to follow the procedure

(0.5, 10) = {015 (g = 0) |0) . (2.26)
The integral in the exponential in (2.24) is

ts — — 2
/ p@)dt = 7+ + kT +(n— DRT, k= 1+ &3, &= 1+rx2, w2 = lﬁj_ll ’
¢ 1 2

(2.27)




where we used notations introduced in (2.2) and (2.8).

Substituting (2.22), (2.23), (2.26) and (2.27) into Eq.(2.24) we obtain the
following expression for the spectral distribution of the probability of the
bremsstrahlung with allowance for the multiple scattering and the polariza-
tion of a medium for the N-plate target

dw!Y)
dbr = —Ren ; O/drz / dryexp[—i(m + 7+ £T1 + (n — D)ET)]
<[4 (G = Gal0)) + 72 (62 = G2(0)] (2.25)
where

= ﬁn |:(dn - dn—1)2 - 1i| +¢ (dn - dn—l) (Tl + TZ) - 6;17—17—2;
N>n=ny—nm+1>21;n1=0,0<1<0o0; na=N—-1, 0<m <o
ng>1, 0< <T; na<N—-20<m<T, (2.29)
here we used (2.22), (2.23) and (2.8). Note for the subtraction procedure one
has that when ¢ — 0, the function b, 3, — co.

The formula (2.28) can be rewritten in the form which is more convenient
for application

= —Re/ drz/ dry exp [—i (11 + 70 + &T1)] (2.30)

+(N —n—1DHT — mn)¥T — m)] +exp[—i(N — 1)RT] -Rn (71, Tz)} ,

where Ro(11,72) = 11 (G — G (0)) 4 12 (G2 — GZ(0)) . (2.31)
For one plate (N = 1) we have ny = ny =0, n = 1 and
1
Gl_lzi(Tl—FTz)—ETsz, Gl_l(O)Ii(Tl—i—Tz). (232)

In the integral (2.28) we rotate the integration contours over 7, 7 on the
angle —m/2 and substitute variables 74 5 — —ixq 5. Then we carry out change
of variables # = x1 + #9, 9 = zx. We have

dwéi) a e ! 1
= ET/ eXp(‘x)dl’/o [ (“W) (2.33)
10



419 (1 - gz(ii’z))] dz = %COS(HTH /000 exp(—bz)
X [rlFl (ﬁ) + raFh (@] )

g(l‘,z) =1+ %z(l —z), Fl(u) —1_ In (u-|-\/1_|_—u2)

uv1 + u?

1+ 2u?
uv1 + u?

Here the integration by parts is carried out in the term o 7 first over & and
then over z in the term containing In(1 + zz(1 — z)). The expression (2.34)
was derived in [7], Sect.5 (see also references therein) with allowance for the
correction term v(g) (see Eq.(2.13)).

We handle now to the case when a target consists of two plates (N = 2).
Since the formation length is enough long for the soft photons (w < ¢) only,
we consider the term with rs in (2.28) as far as r; = w?/e? < 1. For the case
(N = 2) the sum in (2.28) consists of three terms: 1)n; = no = 0; 2)ny =
n2 = 1; 3)ny = 0,n2 = 1. For the two first n = 1 and we have from (2.32)

Fy(u) = In (u—l— 1—|—u2)—1.

dwéi)l dwéi)z ary . - ’ .
T T T Re exp(—mTl)/O de/O exp(—i(m + 7))

1 1
(rn+7m)2 (7'1—1-7'2—1—1'7'17'2/[))2] dﬁ]' (2.34)

For the third term n = 2, d2 = 2« (see (2.18)) and we have

_ . . T 2 iT
G21 =T +1 (1—1— ?) (11 + 7)) — : <1+_2b) T
. 2 T 7.
=il +m4m)—nm+ —Zb [m +72) — —ﬁf‘} . (2.3p)
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so that

) o0
dwyyy _ arz p [exp(—i(ET-l-lfTﬁ) / di (2.36)
0

dw W

x/ooo exp(— (w1 + ) [( !

iT + 21 + 22)?

_ : 2
[iT + 21 + @5 + 2012 + L (2 + 2y 4+ B22)]°

Here we rotate the integration contours over 7y, 7 on the angle —7/2 and
substitute variables 7 » = —iz1 2.

In the case of the weak multiple scattering (b > 1) neglecting the effect of
the polarization of a medium (x = 1) and expanding the integrand in (2.34)
and (2.37) over 1/b we have for the probability of radiation

2 2 2

dwl? _ de;ﬂ; N dwiy 2arm [ 3 +Lom

dw dw dv ~ 3mwbh 106 b ’

oo .3 2
e z” exp(—x) 3z x

G(T) = T /0 m (1 — 10T2) COS (T — 4arctan T)
+2_x sin (T — 4 arctan i) (2.37)

T 7) | )

If the distance between plates is small (7" < 1) we have

3 1 19
T —— 412" (In=-C—- — . 2.
G(T) 10—1— (nT C 24) (2.38)
In the opposite case (T >> 1) one can obtain asymptotic expansion of G(7')
using the method of stationary phase (similar method wasw used in derivation
of the Stirling formula)

2
G(T) ~ % cos (T — 4 arctan %) —1—$ sin (T — 4 arctan %) .
(2.39)
Note that the main term of the decomposition in Eq.(2.37) is the Bethe-
Heitler probability of radiation from two plates which is independent of the
distance between plates. This means that in the case considered we have
independent radiation from each plate without interference in the main order

over 1/b. The interference effects appear only in the next orders over 1/b.
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In the case of the strong multiple scattering (b < 1, p? > 1) we consider
first the transition region from 7' < b (the formation length is much longer
than the distance between plates) to T > b (at small T, T <« 1). We introduce
parameter § = ¢T'/b, then assuming b < 1,T <« 1 we obtain

d (2) d (2)
Gy _ MWpry _ OT2 {exp(—mTl)fl(é)},

dw dw W
dwéi; _am e 9ikT 5 2.40
i = T Be [expl-2inT) £(6)] (240
where
b 2 ln(1—|—5)
F1(9) = (1 +6) In(1 49) + 7= (In(bd) + €' = 1) + b3 (7”5 - 1) )

f2(5)zlﬂ<%)—1—C+b[ln<%)+1_c]
bd

——2_[(1426) (In(b3) + C) + In(1 + &) — 4]

144
b b3 (1 +5)) | (2.41)

HIETITEY) “( 240

When the formation length is much larger than the target thickness as a
whole (T <« b, |d] < 1), one can decompose the functions fi(d) and fa(J)
into the Taylor series over 4. Retaining the main terms of the expansion we
find for the probability of radiation

dw'?  ar 2

= Tj [(1 +b) (mz +1-— C) - 2] cos(2xT1) (2.42)
In the opposite case b < T < 1 (|d] 3> 1) neglecting the effect of the
polarization of a medium (k7} < 1) we have

d (2)
Do 072 [(1 + 2b) (mz +1- C) - 2] (2.43)

dw W b2

Note that when T' = 1 the probability (2.43) is within logarithmic accuracy
doubled probability of radiation from one plate with the thickness I;:

(1)

dwbi ary 1
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The case of the strong multiple scattering (b < 1) for the photon energies
where the value T > 1 is of the special interest. In this case we can neglect
the polarization of a medium « = ¥ = 1, and disregard the terms x 73
in the exponent of the expressions (2.34) and (2.37) since 71 < 1. In the
integral over 7 in (2.34) we add and subtract the contribution of the interval
T < 7 < oo. The sum gives Eq.(2.34), i.e. the radiation from one plate, and
in the difference the main contribution gives region m ~ 1 so that one can
disregard the second terms in the square brackets in Eqs.(2.34) and (2.37).
We obtain as a result

dw'? dw'?) dw'?) dw'?  dw®

dw'?) ars
br  _ 2 brl 4 br3 2 br br3 br3 _ 712 F(T),

dw dw dw ’ dw Tw

dv —  dw
(o) (o) 1
Re F(T) = d dr———= —1 +
e F(T) /0 TQ/T ol ) exp(—i(m + 1))
dr

= / — exp(—it) (17 = T) = —(ci(T) + Tsi(T) + cosT), (2.45)
T T
where si(z) is the integral sine and ci(z) is the integral cosine. At T > 1 we

have
cosT'

T2 "
We carried out the analysis of cases N = 1,2 using Eq.(2.28). We illus-
trate an application of Eq.(2.31) for the case N = 4:

F(T)=— (2.46)

dw!? a o0 T
—br = —Reg exp(—ikT}) 2/ de/ dr exp[—i(m + )] (2.47)
0 0

dw W

T T
X (R1 + exp (—iRT) Ra + exp (—2irT) Rg) + / drs / dr exp [—i(m + T2)]
0 0

}.

We consider now the case of large N (N > 3). If the formation length of
the bremsstrahlung is shorter than the distance between plates (T' > 1) the
interference of the radiation from neighboring plates takes place. Using the
probability of radiation from two plates (2.37) we obtain in the case of weak
multiple scattering (b > 1)

(2R1 + exp(—iRT)R2) + exp (—i3&T) / drs / drexp[—i(m + )] Ra
0 0

dw™  Nar, 3 _N-—1
dw — 3mwb 1_1_019—1—2 Nb G|, (248)
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where for T'>> 1 the function G(T') is defined in (2.37). In the case of strong
multiple scattering (b < 1) and large T we have (compare with Eqs.(2.45)
and (2.46))

(2.49)

dwéiv) ~ N dwéi) ary N — 1cosT
dv dw mwb Nb T2

In the opposite limiting case |n| < 1, (n? ~ &) N|n| < 1 (see Egs.(2.20)
and (2.21)), i.e. when the formation length of the bremsstrahlung is longer
than the radiator thickness, the radiation act takes place on a target as a
whole. In this case, as it follows from Eq. (2.21), the parameter b diminishes
N times (the value p? increases N times). The analysis of the case of two
plates conducted above in detail supports this result. In the limiting case of
strong multiple scattering (b < 1) one can see this from (2.42).

In the case || < 1 (the formation length of the bremsstrahlung is longer
than a distance between plates as before) and large N (including the case
when |N|n| 3> 1) one can substitute the summation over n by integration in
the expression for the probability of radiation (2.28). Using Eqs.(2.19)-(2.22)
we have

7 7 sinh vt
~nT2/ig —t by ~ VibT = =—, dy— ;
nn =~ nT2\/if —tv, byp=\i N ;
bn ?

- = = — , dp —dp_1 — coshut;
B sinhvt  vsinhwt " n=t

Gl > L [sinh vt + v (71 + 72) cosh vt + v mysinh vt] (2.50)
1%

where v = 2./7q (see [7], Sect.2). The four regions contribute into the sum
and integrals over 7, 72 in Eq.(2.28), see also Eq.(2.31).

1. The first region 0 < 1 < 00, 0 < 7 < T (11 = t1, nT — t3), so we
have in this region
v
(sinh vty + vty cosh vts)’

Gn—>—iN1, Ny ~

where we take into account that vT = n < 1.

2. In the second region 0 < 7, < T (nT = ta — 11 = 1)

Gn — —iNs, Ny~ —2

sinh vt

3. The third region gives the same contribution after substitution 7 <
To, €1 > 2.
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4. In the fourth region 0 < 7,7 < 0o (112 = t1,2)

v

Gn — —iNy, Ny~ : .
N 4 (14 v2%yts)sinh v NT + v(t; + t2) coshvNT

Substituting these expressions into Eq.(2.28) we arrive to the formula (2.11)
of [8] which describes radiation on the plate of the thickness NT' (in units of
the formation length). This case was analyzed in detail in [8].

3 A qualitative analysis of the radiation in the
structured target

: : : P dw .
We investigate the behavior of the spectral distribution w— using as an

example the case of two plates with the thickness [; and the disc,‘éance between
plates ls > I which was analyzed in detail in the previous Section. For plates
with the thickness {y > 0.2%L, 4 and in the energy interval w > w,, in which
the effects of the polarization of a medium can be discarded, the condition
(2.7) is fulfilled only for enough high energy €, when the characteristic energy

_ 167720
- 2

g2

A

We v2ng In (3.1)

m
where n, is the number density of atoms in the medium, is such that w, <
we. We study the situation when the LPM suppression of the intensity of
radiation takes place for relatively soft energies of photons: w < w, < €.

We consider first the hard photons w. <« w < ¢. In this interval of w the
formation length ly (2.2) is much shorter than the plate thickness {; (71 > 1),
the radiation intensity is the incoherent sum of radiation from two plates and
it 1s independent of the distance between plates. In this interval the Bethe-
Heitler formula is valid.

For w < w. the LPM effect turns on, but when w = w. the thickness of
plate is still larger than the formation length [y (the opposite case will be
considered in the end of the Section)

27 1
:Tl(WC)ETc:Ele

> 1, (3.2)

so that the formation of radiation takes place mainly inside each of plates.
With w decreasing we get over to the region where the formation length
le. > li, but effects of the polarization of a medium are still weak
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(w > wp). Within this interval (for w < wyy) the main condition (2.6) is
fulfilled. To estimate the value w;; we have to take into account the charac-
teristic radiation angles (p? in Eq.(2.6)), connected with mean square angle of
the multiple scattering. Using Eq.(2.14)) and the definition of the parameter
b=1/(4¢Ty) in Eq.(2.15)) we find

2 o I 27 { ] In 04 7 (14 InT, .
Pe = 0 = "0 Laa n(ase/A0) ) = ¢ R AA
w We

¢ s = =
LO+p) =" TLO+T)

It is shown in [8] (Sec.3, see discussion after Eq.(3.6)) that wsp ~ 4wp (in [8]
the notation ws was used instead of wp). Naturally, wip < we/Te, and when
w =we/T. one has Ty = 1, [ = ly. Tt is seen from Eq.(3.3) that when the
value [y decreases, the region of applicability of results of this paper grows.

So, when w < wyp, the formation length is longer than the thickness of the
plate I; and the coherent effects depending on the distance between plates o
turn on. For the description of these effects for T'= (1 4+1{3/1;)T1 > 1 one
can use Eq.(2.45). For T' > 7 > 1 one can use the asymptotic expansion
(2.46) and it is seen that at 7' = 7 the spectral curve has minimum. Let us
note an accuracy of formulas is better when w decreases, and the description
is more accurate for T3> T (I2 > l1).

With further decreasing of the photon energy w the value 7' diminishes
and the spectral curve grows until 7' ~ 1. When T" < 1 the spectral curve
decreases o InT according with the second formula of Eq.(2.44). So, the
spectral curve has maximum for 7'~ 1. The mentioned decreasing continues
until the photon energy w for which (1 + 2/6)T ~ 1. TFor smaller w the
thickness of the target is shorter than the formation length. In this case the
first Eq.(2.44) is valid which is independent of the value T'.

The next characteristic region of the photon energies is w < w, where
the polarization of a medium is manifest itself. For w ~ w2l; < w, one has
kT ~ 1 and for the bremsstrahlung contribution instead of Eq.(2.44) we have
to use Eqs.(2.42)-(2.43) which include the interference of the bremsstrahlung
on the plate boundaries. However, in this region the transition radiation
gives the main contribution.

The spectral probability of transition radiation in the radiator consist-
ing of N thin plates of the thickness [; separated by equal distances [, was
discussed in many papers, see e.g. [3]. It has the form

(3.3)

Weh =

dw”) o [ ydy ( K3
do — omw )y (1+y)2 \(L+kf+y
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where

e st (V)
P (y) =sin”5 sin(¢/2) (8:5)

here y = ¥242, ¥ is the angle of emission with respect velocity of the incident
electron (we assume normal incidence) and

wh

@1:W(1+n§+y):T1(ﬁ+y),
l wl
©= W(1+y)+leng:T(l+y)+HT1 (3.6)

The formula (3.4) can be derived directly from Eq.(2.25) if one gets over to
the p-representation (make

1
o

than one substitutes the real part of the double integral over time by one-
half of the modulus squared of the single integral. After substitution p? =
y, d*p = mdp® = wdy we pass to Eq.(3.4).

In the case N = 2 one has

/d%m><m,|<pm>ﬁz

$y(y) = 4sin2% coszg. (3.7)

In the integral in (3.4) for y < 2/T > 1 the function ®5 ~ sin?kTy and in
the interval k > y > 2/T we can substitute cos?p/2 by it mean value 1/2.
As a result we have within logarithmic accuracy

£ :/000 (1?3;)2 ((1+:§+y))2%(y) - /1 %%(y)

T T

2 B gk - 1), (3.8)
2 2

The function F5 vanishes in the points xT} ~ 2Ty = 27n, the corresponding

photon energies are

2
~ sin’xT} In T + 2s1n

2

w%ll w1 T, “p
Won) = 7 —=—, Wi =5-—",
4mn n 2T we

n=172... (3.9)

In the points kT ~ m(2n + 1) the function F2 has minimums which depend
on the distance between plates [5

2(.01
T on+41’
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The function F» has maximums in the points where sinkT} ~ 1(k7T1 ~ m(m+
1/2)) and in these points

m) ~ 4(.01

( e
R |

Iy ~1Ink, (3.11)
i.e. as the values of the function F5 as well as the positions of the maximums
of F5 are independent of the distance between plates in the wide interval
Iy > 1.

Now we perform similar analysis for arbitrary N. In the region y <

2/(NT) > 1 one has

. o NKT;
Dy ~ sszl,

and in the interval k > y > 2/T the phase ¢ varies fast and the function

sin?(Ng/2)
sin® (p/2)

can be substituted by its mean value V. In this interval ®y ~ N SiHZ(K?Tl/Q).
In the intermediate region 2/7 > y > 2/(NT) the phases ¢ and ¢ are
approximately equal and the function ®x ~ sin?(N¢/2) oscillates fast and
can be substituted by it mean value 1/2. Taking this results into account we
find performing the integration over y

NgT: 2 1 &1 &1
~ a2 1 + .9 1
~ sln 5 ln—NT—I— 21nN—|—Nsm > 1n—2 .

= |1 + exp(—ip) 4+ exp(—2ip) + ... |*

(3.12)

It follows from this formula that positions of the minimums in the points w =
W(2n) are independent of N, while the minimums in the points w = w(an41)
are disappearing when the value N increases and for enough large N the
function Fiy has maximums in this points. The case N > 1 was considered
in detail in our recent paper [14].

We will discuss now the results of numerical calculations given in Figs.1,2.
The formulas (2.34), (2.37) and (3.4), (3.5) were used respectively. The
spectral curves of energy loss were obtained for the case of two gold plates
with the thickness [; = 11.5 pm with different gaps [5 between plates. The
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initial energy of electrons is 25 GeV. The characteristic parameters for this
case are:

we =~ 240 MeV, T.~29, b '~3.3, wp~80MeV,
T L+

wp=3IMeV, wi=30keV, - =k= ! ;“ 2 =3,5,7,9,11. (3.13)
1 1

At w > 80 MeV the radiation process occurs independently from each plate
according with theory of the LPM effect [8]. The interference pattern ap-
pears at w < 80 MeV where the formation length is longer than the thick-
ness of one plate and the radiation process depends on the distance between
plates T'. According to Eqs.(2.46), (2.48) the curves 1-5 have minimums at
w ~ mwep [k (T = m) which are outside of Fig.1 and will be discussed be-
low. In accord with the above analysis the spectral curves in Fig.1 have the
maximums at photon energies w ~ wyp/k (T = 1). These values (in MeV)
are w >~ 27,16,11,9,7 for curves 1,2, 3,4, 5 respectively. At further decrease
of w(T) the spectral curves diminish according to Eq.((2.44)) and attain the
minimum at wpin = wep/(k(1 4+ 2/b)) (T'(1 + 2/b) = 1). The corresponding
values (in MeV) are w ~ 3.5,2,1.4,1.2 for curves 1,2,3,4. The least value
of wimin ~ 1 MeV has the curve 5. However, one has to take into account
that at w < 1.5 MeV (k3 = p? ~ 2/b) the contribution of the transition
radiation becomes significant. Starting from w < 0.6 MeV the contribution
of the transition radiation dominates. The spectral curves for the transition
radiation in Fig.2 increase for w < 0.2 MeV as (k71)?In2/T (kT; < 1) ac-
cording to Eq.(3.8) and attain the maximal value at w(®) = 4w; = 0.12 MeV
(see Eq.(3.11)). The height of the spectral curves at this point within the
logarithmic accuracy is independent of 7" and roughly the same for all the
curves. The minimums of the spectral curves are disposed at w(;) = 2wy ~
0.06 MeV according to Eq.(3.10) from which it follows that in this point
for larger T' the spectral curve is higher. The next maximum is situated in
w@ = 4w1/3 = 0.04 MeV. At w(z) = w1 = 0.03 MeV the spectral curves have
the absolute minimum according to Eq.(3.8). At further decrease of w the
higher harmonics appear: maximum at the point w(? = 4w1/5 = 0.024 MeV,|
the minimum at w(z) = 2w; /3 = 0.02 MeV etc.

The approach developed in this paper is applicable in the interval of
photon energies where effects of the polarization of a medium are essential.
It includes also the soft part of the LPM effect. For the case given in Fig.1
our results are given up to wpar ~ 20 MeV. On the other hand, in [13] the
hard part of the LPM effect spectrum was analyzed where one can neglect
the effects of the polarization of a medium (w > 5 MeV for the mentioned
case). Although in our paper and in [13] the different methods are used, the
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Figure 1: The energy losses spectrum — in units —, in the target consisting

of two gold plates with thickness l; = 1('10.5 pum for tﬂile initial electrons energy
e=25 GeV:

— curve 1 is for distance between plates I3 = 2{1;

— curve 2 is for distance between plates I3 = 4l1;

— curve 3 is for distance between plates [, = 6ly;

— curve 4 is for distance between plates [, = 8l;

— curve b is for distance between plates I5 = 10/;.
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results obtained in overlapping regions are in a quite reasonable agreement
among themselves.

It is interesting to discuss behavior of the spectral curves obtained in [13]
from the point of view of our results. We consider the low value {; (T¢ is
not very large) and a situation when corrections to the value b in (3.3) which
neglected in [13] are less than 20%. This leads to the difference in results less
than 10%. We concentrate on the case of gold target with the total thickness
Nl =0.7% Lyqq. The case N = 1 where T, = 5.8, 6=1 = 7.3, w. ~ 240 Mev,
wip, = dwe/(Te(1 + Tt)) ~ 24 MeV is considered in detail in our paper [8].
The curves in figures in [13] are normalized on the Bethe-Heitler probability
of radiation, i.e. they measured in units arsT;/(37). In the region where
our results are applicable w < wyp, ~ 24 MeV in Fig.2 (G = 0) of [13] one
can see plateau the ordinate of which is 10% less than calculated according

E(w)

v

14¢

12}

10t

0.02 0.03 0.05  0.07 0.1 0.15 0.2

photon energy o (MeV)

d
Figure 2: The same as in Fig.1 F(w) = d—6 in soft part of the spectrum where
w

transition radiation contributes only.
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(2.34). The case of two plates (T. ~ b7 ~ 3, w. ~ 240 MeV, wyy, ~ w./T. =
80 MeV) is given in Fig.3 of [13]. The lengths of the gaps are the same as
in our Fig.1, except & = 9. The positions and ordinates of the minimums
and the maximums in the characteristic points (w ~ 7wy /k for minimums
and w ~ wp/k (T = 1) for maximums, see above) as well as behavior of

the spectral curves is described quite satisfactory by our formulas (see e.g.
asymptotic Eqs.(2.42)-(2.46)).

G(T)

0.1} /\
0 /\I\AA--

VA A

0.01 0.1 1 10. 100.

T

Figure 3: The function G(T') (2.37).

In the case of four plates (7. ~ b= ~ 1.5, wi, ~ w./T. = 160 MeV,
Fig.4 of [13]) the value b is not enough small and we can do the qualitative
analysis only. The curves in this figure correspond to the values & = 3,5,9,13
according to Eqs.(2.42)-(2.46), (2.49). For k = 13 we have from (2.46):the
first maximum is at w ~ wp/k ~ 12 MeV, the first minimum is at w ~
mwep/k =~ 40 MeV, the next maximum is at w ~ 27w, /k ~ 80 MeV, the
next minimum is at w ~ 3mwiy/k ~ 115 MeV, but it is rather obscure
because of large value of T' = 37w. The accordance of these estimates of the
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characteristic points with the curve in the figure 1s quite satisfactory.

Let us note in conclusion that for observation of the interference pattern
at large values b which is described by Eq.(2.37) (see Fig.3) one needs to use
very thin plates (i = aLyqq/(27b)). Since the interference manifests itself in
the terms o< 1/b only, the value b should not be very large. It seems at first
sight that in this situation one can use the light elements, e.g. lithium, for
which the radiation length L,,q4 is large. However, these elements have low
charge of nucleus Z and low density and because of this the LPM effect begins
at w < w. which is close to w, = wyy where effects of the polarization of a
medium are essential. So, one can expect that the optimal situation will be for
elements in the middle of the periodic table of the elements. For example,
for Ge one has L.4q = 2.30 cm, wy = 44 eV, and at energy ¢ = 25 GeV,
we = 34 MeV, wyp, = bwe = 100 MeV, w, = 2.2 MeV. Taking b = 3 we have
Iy = 8.9 pm, wy = 6.95 keV. In this situation there is rather wide interval of
photon energies w, < w < wy, where the interference can be observed.

If one wants to observe the interference pattern G(T) given by Fig.3 in
the wide interval of T': Thin < T < Thar, Tmin € 1, Tinar >> 1, then one
has to take into account that w = w71 = wipT/k (K = 14 12/11). In this
situation one has

T, Weh
Wmaz = % < Wth, k> Tmaxa
T inWth Weh
Wnin = %t >wp, k< D i (3.14)
“p

Acceptable parameters are Tpnae ~ 10, Tnin ~ 1/5. For T > 10 the ampli-
tude of oscillation is very small, while for 7' > 0.2 we have very distinct first
maximum. So we have k ~ [5/l; ~ 10 for the case considered.
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A Appendix

We start calculation of g, (p’,p) (2.16) with lower terms n = 2,3. Direct
application of formula of the type Eq.(2.15) can be written in the form

gn(p’,p) = an exp {—% [(p" 4+ p?) (dp — dpo1) — 2pp’]} , (A1

where dy, da, d3 are given by Eq.(2.18). For arbitrary n we will use the math-
ematical induction method. Let (A.1) is valid for n, than for n + 1 we have
from definition (2.16)

s 2= (L) fexo LD 107 402) 6 o) 2001}

X exp [—b (Pn—P)° — ipiT} d*p,. (A.2)

The integral here is of the type Eq.(2.15), so we have

( / ) b b arZL b (d d ) 12 b 2
n ) = —5 ex €Xp | =75 Gp — Gp— - )
In+1\P, P 7 Boan P 4B P 4, 1)P P
(A.3)
where
dn — dn_ p” . pp
ﬁn+12b<T1+20é—1), ai:4b2<d—2+2dn -|-p2 .

In order that formula (A.1) will be valid for n + 1 the following equalities
have to be fulfilled (they obtained from comparison of expressions Eqgs.(A.1)
and (A.3) at corresponding combinations of momenta)

b
rgr = dnyr, dy =14 dnrdngr, dogr=20dy —dpoy. (A4)

n

We consider the recursion relation somewhat more general than the last re-
lation (A.4):

Dpg1 = aDp —b*Dyy_y, (A.5)
with the initial conditions Dy = a, D3 = a? — b?. We will find the explicit
form of D,, using Okunev’s method. The quadratic equation 22 —az+56% =0
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has the roots

2
z1:%+A, = A A:\/%—b? (A.6)

2
Substituting these roots into Eq.(A.5) we can write
Dn+1 = (Zl + Zz) Dn - ZIZZDn—1~ (A?)
From this relation we have

Dn+1 — Zan = Z9 (Dn — Zan_l) =...= Z;L_z (D3 — ZlDz) s
Dn+1 — Zan =z (Dn - Zan_l) =...= Z?_z (D3 - ZzDz) (AS)

Multiplying the first relation by zs and the second relation by z; and sub-
tracting one from another we obtain
1

[ E)
SO CTICR)

:i[(g—l—fl)nﬂ—(g—fl)nﬂ], (A.9)

where A is defined in Eq.(A.6). If ¢ = 2«, b = 1 we have from the last
formula Eq.(2.17). The second recursion relation of Eq.(A.4) is also satisfied
by Eq.(2.17).

Note that n-lines determinant

Dn+1 =

a b 0 0 0
b a b 0 0
0 b 0 0
Dn+1: ....... a. ...........
0 0 0 a b
00 0 b a

gives the recursion relation (A.5) and so Eq.(A.9) gives value of this deter-
minant.
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