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Abstract

The nuclear response functions for high energy electron scat-
tering were calculated in the wide region of excitation energy.
The three typical regions were studied: the quasi-elastic region,
the M-excitation region and the intermediate region where the
meson-exchange currents give significant contribution. In the
quasi-elastic and the A regions the response functions were found
for finite size nucleus with account of relativistic kinematics. The
contribution of the meson-exchange currents was calculated in the
relativistic Fermi-gas model. The results were compared with the
electron scattering data at high momentum transfer from 12C and
16{}.
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5 Introduction

In a number of experiments on inclusive electron scattering from nuclei,
Afe,e') X, a wide range of the energy and momentum transfer has been cov-
ered [1] - [8].- The inclusive spectrum, as a function of the energy transfer
w is characterized by two broad and prominent peaks clearly related to the
processes of quasi-elastic scattering and A(1232) resonance electroproduc-
tion. Although the other nucleon resonances are also visible. the A is the
most prominent feature of the transversal nuclear response function and in
the present paper we shall not discuss the region of higher resonances.

In recent years extensive theoretical work has been performed in studies
of the inclusive electron spectra and the nuclear response functions (see [9]
for the full list of references). Although the problem of the Coulomb sum
rule became less pronounced after the reanalysis of the world data [10}, the
situation is still not well established and nceds further study. In this connec-
tion, the data at the highest available momentum transfer are of particular
interest. At high momentum transfer the role of the nucleon correlations in
nuclear medium decreases and we can hope to reproduce the response func-
tions at high momentum transfer within sim ple independent particle models.
The fact, that the response functions are better reproduced in theoretical
calculations at higher momentum transfer has been already noted. see e.g.
[11].

With increasing the momentum transfer, due to mass difference hetween
N and A, the relative distance between two peaks decreases and they start
to overlap. This feature prompts for unified description both nucleon and A
degrees of freedom in this region of excitation energy. At high momentum
transfer the relativistic effects begin to work. This is seen very clearly in the
quasi-elastic region, where the non-relativistic calculations of the differential
cross-section produce a very broad maximum covering not only quasi-elastic
region but the A region as well (12]. We suggest the way. how the relativis-
tic kinematics can be accounted for a finite nucleus using formalism of the
response functions. This approach is also used as the base for the mentioned
above unified description of the whole region.

Apart from nucleon and A degrees of freedom the meson-exchange cur-
rents are also necessary to exhaust the cross-section. especially in the deep
region between N and A 3, 13, 14].

In the present paper we develop a formalism that allows to calculate the
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response functions of a finite size nucleus with proper account of the relativis-
tic kinematics for outgoing nucleon or A. Full relativistic treatment of the
nuclear response has been done in [15]. It was done for very specific nucleon-
nucleon interaction. within the Walecka model [16]. In our approach, which
is certainly not fully relativistic, we can use all the variety of the nucleon-
nucleus interactions developed for Schrodinger equation. The only correction
we make is the improvement of the relation between the momentum of out-
going particle and the energy transfer w. This approach has been already
used in the calculations of parity violating nuclear response functions [17].

The paper is organized as follows. First, we discuss the quasi-elastic
region. We calculate the particle-hole response functions using several mod-
els. Just for the reference we present the calculations for the non-relativistic,
non-interacting Fermi-gas, and non-relativistic response functions for finite
size nuclei. We demonstrate that even for high g the low-energy wing of the
quasi-elastic peak 1s sensitive to the finite size effects.

Next. we calculate the response functions for non-interacting, but rela-
tivistic Fermi-gas. It differs by the very important feature: the differential

cross-section in the quasi-elastic region does not broaden in the relativistic -

model. and the quasi-elastic peak position is better reproduced.

Finally. we generalize the calculation of the response functions for finite
suclei in order to include the relativistic kinematics for outgoing nucleons.
With these response functions we made calculations of the (e,e’) cross-sections
for '2C and '°0 nuclei. We compare our calculations with the measured
inclusive spectra. This is less informative than the comparison of the response
functions. however. the response functions are not yet extracted from the data
at this high momentum transfer. The calculations show that such ”quasi-
relativistic® model describes the data at high initial energy somewhat better
than the pure relativistic Fermi-gas model.

Similar approach has been used for the A-excitation. The A-hole re-
sponse function was calculated for a A moving in the Woods-Saxon optical
potential. The finite size of the target nucleus is even more important in this
case since the kinetic energy of the A can be small enough providing strong
final-state interaction with the residual nucleus.

Finally. we discuss the deep region and the contribution of the meson-
exchange currents. It was shown [18] that the meson-exchange currents give a
significant contribution to the transversal nuclear response behind the quasi-
elastic peak. Extensive study of the pionic effects has been performed in [19]
within the static Fermi gas model. We made the calculations in the model of
relativistic Fermi-gas with account of the nonstatic w-dependence in the spirit
of [20]. We found that the meson-exchange currents (MEC) contribution
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in the differential cross-sections is significant. It improves considerably the
agreement of the calculations with the data.

2 Low energy and quasi-elastic region.

The inclusive (e,e’) cross-section from an unpolarized target in terms of
Coulomb and transversal structure functions is given by

d’o ¢t ¢2 J k
o = m [ @) + (= g ¥ ton 0/2))Srw, @) ()

q
where o is the Mott cross-section, w = E — E' is the electron energy loss, q
is the tree-momentum transfer, ¢* = w? — q° is the four-momentum transfer
squared, and @ is the electron scattering angle.

The structure functions Sc(w,q) and Sr(w,q) are related to the imagi-
nary parts of the corresponding response functions

Selw,a) = —29m [ dtet <T@ pla N> @

1 0 B
Sr(w,q) = —=(%; - q—q%i}%mf dte'* < T(J!(q.t)J5(q,0)) >. (3)

where p(q,t) and Ji(q,t) are the Fourie components of the charge and elec-

tromagnetic current densities.
The Coulomb response function R¢(w,q) for the non-relativistic Ferm

gas is given by
Relw, q) = § ; P_ LK ; 4

where ny, is the proton occupation number and €, = p*/2m.
For finite size nucleus the response function depends on two momenta q
and q'. It can be presented for a spherical nucleus as

Re(w,q,q) = 167° ) Yir (@Yo (@)
JM

o
f ridrr2dr'jy(gr)is(g'r" ) As(wir, 1), (5)
0

where the particle-hole propagator Aj(w:r, ') is

1 4 - " 2
27+ 1 E ny, Ry, (7) R, ()i Y o H2g2))|
1873

Al rr') =
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Here Gi,;,(r,7’;€) is the Green function of the radial Schrodinger equation
with the appropriate boundary conditions at infinity, R, (r) is the radial wave
function of the occupied bound state |v), and (I;j1||Ys||l2j2) is the reduced
matrix element of the spherical harmonics Yy (8, ¢). The structure functions
(2,3) are related to the diagonal part of the response (5) by

Sclw,q) = —4 Ff{qz) Z(ZJ + 1}/ r2drr'édr'jy(qr)is(gr')SmA s (w;r, v'),
0

J
(7)
where F.(g?) is the proton charge formfactor. Note, that the imaginary
part is nonzero only for the + w term in (6). For the transversal response
the similar expressions were obtained. They differ from (6) by the tensor
operators in the corresponding particle-hole response functions. The explicit
expressions can be obtained from

2
J(q) = Z Fe{‘?:}}—‘%'%ﬂﬂ:wq,aupﬁ s Fm(qz)%[q x aL+q,agaa“1p.a‘]*
(8)
The calculations of the cross-section for free Fermi-gas and the finite
size nucleus are shown in Fig.1. Here we clearly see the difference in the
shape of the quasi-elastic peak for these two cases. The difference in the
shape reflects the difference in the momentum distributions of the nucleons
in these two models. The peak is more narrow for the finite size case although
the position of the maximum is the same in both models. Notice, that the
sum of all contributions produces the peak slightly wider in the quasi-elastic
region than the data even at this lowest electron energy E = 961 MeV. For
higher electron energy the nonrelativistic calculation produces unreasonably
wide quasi-elastic peak. This reflects the necessity of using the relativistic
kinematics for these high values of the momentum transfer {12].
Let us compare now the response functions for the nonrelativistic and
the relativistic Fermi-gas. For the Coulomb and the transversal responses of
the nonrelativistic Fermi-gas we have

p.o.o’

L d°p Mp = Nlp4q
Retw @) =2 | s paymraorel @

d
h R("t)"'g"_fdﬁp e _Tpta '
TW,q) = (27?)3 i qﬂ/gm ikt (pq)/m+ 25{...«"”{.:.-’!
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In the case of relativistic nucleon we have for the electromagnetic current
density:
Jp(m) = ﬂ)(r}rpﬂ?{f},
where :
I'g v
Iy =Fy - %J““q ;
The Dirac formfactors F; and Fs are related to the charge and magnetic
formfactors by

F=——m—, F=——, 5=-—. 11
! L+7n : 147 ? 4m? (1)

For the Coulomb and the transversal responses we find then

2 . 2 /d?* [ Alq®,w) Alq?, —w)
AT S p[u+q2/?m— (pa)/m —w+q:’/?m+(pq}/m]
(12)

R f ; A'(q?,w) A'(q?, —w)
ey (2m)3 " p[w +4¢%/2m - (pq)/m —w+¢*/2m+ {pq}/m}’
(13)

where
WO W, p2[ 0 L .

A(q®,w) = 1+q(1+%€] +}'m[1+q(1‘?‘%] -4m2]~ (14)

; Fiqnlbls 2 mw + g°/2)? -
PRSP 237 SN SRS /0 Y A

1479 m? m?
The Egs. (12,13) were obtained assuming nonrelativistic motion of the nucle-
ons inside the nucleus, putting thus Ey, = m whenever it is possible. For this
reason, we expect the difference between (12) and its nonrelativistic analog
(9) to be mainly in kinematics. Comparing (9), (12) and (10), (13) we find
the difference in the following. First, in the denominators of (9) and (10) we
have to substitute w — w + w?®/2m. Second, instead of simple formfactors
squared we have the factors that are the combinations of the formfactors with
some other factors depending on w and ¢%. These factors give the difference
between Rosenbluth formula for the electron scattering cross-section from
the proton and its nonrelativistic analog. It is worth to note that with these
factors we have now the contribution to the Coulomb response from neutrons
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Figure 1: The quasi-elastic peak, 1 - free Fermi-gas, 2 - finite size nucleus.

The upper line is the full calculation for nonrelativistic finite size nucleus
including quasi-elastic, A , and MEC contributions

300 400 500 600 700"

via the magnetic formfactor. At high momentum transfer this contribution
is not negligible.

The substitution of w is even more important. Due to this change the
quasi-elastic peak is not broadening and keeps the correct peak position and
the shape compared to the nonrelativistic response. In Fig.2 we see that the
nonrelativistic response produces very broad quasi-elastic peak in comparison
to the relativistic Fermi-gas response. This is not surprising because now we
have the correct relativistic relation between the energy transfer and the
particle-hole energy in the final state. After the substitution we have for the
kinetic energy of outgoing nucleon the relation

3

i - 1
w + P (16)
Even if we use for the nucleon the nonrelativistic Schrodinger equation where
T = p?/2m, we obtain from (16) the correct relativistic relation between the

energy-transfer w and the momentum p of the nucleon in the continuum.

W = afm? +?— m. (17)

So, the main effect of this substitution is pure kinematical. There is, however
another effect. It is the presence of the negative energy intermediate states
in the loop. However, in our region of w < 2m this part is real and does not
contribute to the cross-section.

Since the main effect has pure kinematical origin, we can try to extend
our calculations for the finite size response functions to the region of high
momentum transfer just by substituting « in the argument of the Green
functions in (6) by w + w®/2m. This substitution will improve the energy-
momentum relation for outgoing nucleons stabilizing, thus, the quasi-elastic
peak. In Fig.3 we show the results of our calculations of the response func-
tions for the finite size nucleus where we, first, substituted w — w + w?/2m,
second, redefined the formfactors F — A(q® w) for the Coulomb response
and changed

FigngF2 ~g21
Ff—}ﬂ—]:‘:—;‘i‘-, }'f,—-}-Fi[qu, (18)
for the transversal response function. These last changes do not influence
much the result, except for the Coulomb response of neutrons. The main
effect comes from the improved kinematics. With these changes the result of
finite size calculations does not differ much from the relativistic Fermi gas,
except the low-energy wing of the quasi-elastic peak as it was found in [17).
One should keep in mind that the change (18) in the formfactors can be
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Figure 3: 1, 1’ - finite size nucleus, 2, 2’
- " quasi-relativistic” finite size nucleus
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justified for the spin saturated nuclei only. For other nuclei one has to use
the explicit relativistic corrections for the electromagnetic currents.

For a finite nucleus the response functions were calculated in the inde-
pendent particles model where the particles were moving in the Woods-Saxon
potential [21]

U(r) = (V + W) f(r) + Viers {15}% d};(:}

+ Vel(r), (19)

where
1

5 l1+exp(r—R)/a

The inclusion of the meson-exchange currents and the final state interac-
tion for the outgoing nucleons leads to inevitable use of the optical potential
for nucleons in the continuum [22]. In the region of the quasi-elastic peak we
found the value of the imaginary part of the optical potential (19) W = 13
MeV. This value is consistent with the parameters of the optical potential
found in elastic proton scattering at the same proton energy [23].

The imaginary part of the optical potential brings an additional prob-
lem. It violates the conservation of the electromagnetic current. This non-
conservation is very natural, since the imaginary part of the optical potential
describes the flow of nucleons from single-particle to many-particle configura-
tions. However, the amplitude of the process remains gauge invariant. In the
amplitude the hadronic current is multiplied by the conserving electron elec-
tromagnetic current and the gauge dependent part of the amplitude, which
is proportional to g, disappears. The Coulomb response function 5.(w, q)
depends explicitly now on both the charge density and the space-longitudinal
part of the current density. However, we can redefine the hadronic current
subtracting its 4-dimensionally longitudinal part

it (A zz—g U ()W (r) ¥ (r) (20)

For this corrected current we have the same expressions for the S¢(w, q) via
J}, as given by (2).
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3 A-isobar excitation

The A - production contributes to the Sr(w,q). The elementary amplitude

of the A - production is given by [8]

j"r\ -‘.\( }

fﬂ- N A ; :
Funlg?) - 2 f12y=1= i|S; x q|T3;e'95, 21
Nig® (+’?/’}m&§[J q|Ts; (21)
where Fn(g?) is the usual nucleon electromagnetic formfactor, and t =
6GeV//c. The coupling constant fyn o=3.6 was found from the reaction on
a single proton [8]. S and T are the spin and the isospin transition matrices.
For a spherical nucleus it is convenient to use the multipole expansion

=4 3 () hnler)(S - Yy @)[Yie(@ xaly  (22)

JLM

[S; x qlue™™"

where Y%, (n) is the vector spherical function. The multipole transition
density in terms of the tensor operators (22) is defined by

or —r;
pag(r) = 38 - Yy () Ty ) (23)

j

The structure function Sp(w, q) can be presented then as a sum of con-
tributions from different multipoles

: 4rF2y A (0%)
St(w,q) = M_ﬁ

Z{ (J+DWi_ys_ 4w, 0)+

& J=0

JWy J1r1(w,g) — VI +1) Wi_1s41(w,q)—
VI(J +1) ”J+1.r—1("~v'19] +(2J + )Wiy(w,q)), (24)

where 1V, ,(w,q) is the diagonal Fourie component of the imaginary part of
the response function

Fi(gh)(1 +¢*/t%)*

g ] . ":l 3 7 3 !
Wi (w,g) =-"~—~fn r2drjp (qr)ImRy (r,r';w)jp (gr')r 2dr’,  (25)

-
ik

5 g 1
8abarar REpi(r, 15 w) =< il (0 i BB+ -=PJ”H A(r)i> . (26)
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The many-body hamiltonian H in (26) includes the A - nucleus and nucleon
- nucleus single particle hamiltonians together with free A width and the
A — N and N — N restdual interactions.

A-1A4-1
H:h;_\~-iF¢/2+Z:Zl'r’h.v{ra—f‘; ﬂgi“ re—r;)  (27)
i=1 j= i)

The transition density operator (23) acting on ground nuclear state cre-
ates a A - hole state. Using this set of states and neglecting the residual
interaction one can obtain the following expression for the response function

(26)

, 2 1
R (e rhw) = TSk
< vp||St - Y5 |lvs ><wallS - Yillvn > Ry, (r}R. (r) RS, (F)R,, ()
Z Risi
s ) H-F+Euh— ""A?Tl"r'!l.l{ }2
(28)

where ¢, and R,(r) are the single-particle energies and the wave functions of
the A and the bounded nucleons. In (28) we neglected the contribution of
the backward loop because it has large energy denominator, of the order of
2Am, and it does not have the imaginary part at all.

In order to calculate the response function (28) of a finite nucleus it is
convenient to define the Green function of the single-particle radial equation
fora A

j'«

r)

Hr ' r R:_I :
Gissalr, r";f]:Z aiata () 4;3-'&{

29
o €= €Enajata +il(€)/2 k=D
that satisfies the equation
i ¢ '
{f_ h:-".:.fa}giafa{r! P €) = ofr—r). {30}

A
where hj,i, is the radial A - nucleus Hamiltonian. The asymptotic behavior
of the Gj,i,(r,7'i €) at large r, 1’ is determined by a pole position in (29).
G

Jala

{r r') ~ exp(ikr). (31)

where k = \/Qm,g.,f‘hg{f + i['/2). The expression for the response function
(28) becomes

. -
Rip(r,viw) = 55741

L".-'_\lifh

n,, < vallS" Y5 lva >< vallS- Y5llva > x
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The A-isobar contribution
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sz_-.fz:. (r'. r";w - Am+ Ewg}' (3?)

The A-nucleus optical potential has been taken in the Woods-Saxon form
with the parameters found from the pion-nucleus data [24]. The results of
the calculations of the A-isobar contribution into inclusive spectrum for the
electron scattering from *2C at the energy of incident electron 1108 MeV are
shown in the Fig.4.

4 Meson-exchange currents

It is known that the single-nucleon and single-A degrees of freedom do not
exhaust the spectrum especially in the intermediate region between N and A
peaks. The meson-exchange currents are necessary to account for quantita-
tive description of the spectra [25, 26]. Part of the MEC has been included
already into the A-excitation process. Here we shall discuss only the nucleon

sector of MEC.
As it can be inferred from [25] there are three types of diagrams shown in
Fig.5. This diagrams correspond to the following expressions for the current

densities:
Jr=in=Il = 2iP, (P — q/2) - 611 (P + q/2) - 22

fo(P—q/2)- [«(P+q/2)
(me2 — (P +¢/2)%)(m:? — (P —q/2)%)

Fig.5 (c), which is usually called the pion-in-flight contribution.

[71 % T2]a- (33)

Jeont = {[U(PS)(P + §/2)vsU (P2) U(P)yursU (Py) [y x 723

f=* (P +¢/2)
(me?2 — (P +¢/2)?)

+ U(P)(P = §/2)75U (P1) U(P3)2uvsU (P2) [r1 x 72

_ f(P - q/2)
(my? = (P —4/2)?)

Fig.5 (b), which is called the contact contribution. and

J (34)

ro TT ! 1 * 5 TT i r
S el ey A B L
e R
1
(P+q/2)Y(P+4q/2)°- E{I 4 ré”)r“} Py
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1

+T (P s : WU(P1) - U(Py)1e7sU(Pa):
(P T 1) - U(Ps) (P2)
. '7“1 (1], ffE{P'I"qIJE}
W ( P 5. 1) a2l {11 .
(P o2 1P +g/ B A w ST B o010

fx* (P —4/2)
(mz? = (P —q/2)7)
Fig.5 (a), which is the propagation contribution. The factor f¢(P) 1s a pion
formfactor and it was taken as in [25)

fx(p) = (A% = mp)/(\ - p°) (36)

+[1 & 2,6 —q]- (35)

In our calculations the best agreement with the data was obtained for A
= 1250 MeV.

The total current, which is the sum of these three terms J, = JImin=itiy
Jgont + JEroP | is really conserving,

Let us discuss the diagram (a) more closely. Here we have two different
situations for the positive and the negative energy states in the propagator
of nucleons. We would like to note. that the diagrams have a pole in the
region of the quasi-elastic peak and we inevitably cross it during the inte-
gration over the initial momentum of the nucleon. This singularity produces
infinite contribution to the cross-section. The way of treating this singularity
in given order of perturbation theory has been indicated in [19]. We would
like to use different approach in the interpretation of the pole. Let us remark
that the pion-exchange is not specific in this diagram and it can be replaced
by any other interaction. The pole in the diagrams does not disappear. One
can immediately draw the higher order diagrams. where the singularity will
be accumulating. As it was shown in [22], this kind of diagrams corresponds
to the interaction in final state for the positive energy states of propagating
nucleon. Summing these diagrams we come to the optical potential for the
final state nucleons and the contribution of the diagrams (a) for the interme-
diate states with positive energy should be omitted at all if we use an optical
potential in order to avoid double counting.

As for negative energy intermediate states. it was shown in [26] that their
contribution is small and we neglect it here as well.

In order to calculate the cross-section we have to square the obtained
currents and to integrate them over three momenta P. Pi. and Py. The
simplest way to do it is to calculate the corresponding response functions as
it has been done for the single-nucleon channel. The diagrams for the response

17
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functions are presented in Fig.6. It 1s seen clearly that the integration over
the momenta is almost factorized. We have separate integration in the upper
loop over (P;). in the lower loop over (Ps), and over the momentum carried
by the pion (P).

The calculations of the particle-hole loop for the pion channel have been
done in [28]. We need to compute the upper loops enly. The result is: for
the diagram (a)

. A{QT“"J?P! Pl)
RN q, P) = /dﬂP -
9 P = o | O T P P TP

% *"l{q.r""":rpf_Pl) ]
«+ Py — (g4 P)*/2m— (P1-(q+P))/m)’

(36)

where

Ala-. PP = 4[2m* + Py (g = P))- (g = 2235)-
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qu(qP1) 0.(9P1) 9u(gP1) g.(9P)
—mﬂp—iﬁyLyum- ﬁ1}+un—nf?quﬂ~ e
vigP "
+[Pp-‘ququ)}'{lplu"q{q2 i)) [3”

Here A(q,w, P) is written in a symbolic form both for the Coulomb and

the transversal responses.
For (b) we obtain

9 , B(q,~, P, P)
(6) " &P 3
Rup(w,qi,P] (Qﬂ):’l/ 1|iw+Pﬂ+(q+ P)?/‘Zm—ltpl'{Q"'p])fm

£ B(varpiupl} ] {33}
w+Po—=(g+P)/2m— (P, (qg+P))/m
where
B 'Q"ﬂ[qp}
B(q.w, P, P) = 4[zm (P = 2P~ gt
+[P1#_T)(2Pu—qv]'{{q- )" +2-Pilg )) (39)
Using the above expressions for the response functions we obtain
d*P f(P)?
e - — . lopr, & PR, b PY- .
R(.»,T(qu] 4] (2??)4[ Rup ("‘" q: ] qu'( . q ) (PE 2 m,E]F

fo(P) fxle = P)’
(P2 = my2)((g = P)’ — my?)
: fx(P)’felg = P)
4R (w,q, P)R® (v, q, P)-
AR P e b 0 ) P = mbY)
f«(P)’ fxlg = PY’
9 9 2 {491
(P2 —me?) ({g— P)" — my?)
The contribution of each response function is shown in Fig.7. As in the

previous calculations the transversal response is considerably larger than the

longitudinal response [27].
In general, at high momentum transfer the contribution of the meson-

exchange currents is considerable and can not be neglected.

+2R{®)(w,q, P)R};,(w,q, P)

d
+R®(w,q, P)R(2) (w,q, P) -

{ow
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5 Results for 2C and '°O

The final results of our approach are shown in Fig.8, where we present the
spectra at high electron energy for two nuclei 12C and %0 [7, 8]. For both
nuclei the calculations were performed with the same set of the parameters
(except the size of a nucleus). Again, the best fit was obtained to the data
with the highest momentum transfer, Fig.8. At lower momentum transfer,
Fig.1 and Fig.2, there is a small systematic shift of the quasi-elastic peak
position. This can be indication that either some 1p-1h correlations still
present in the final state even at this high momentum transfer, or it can
be the difference in the potential depths for the bounded nucleons and the
nucleons in the continuum. The oxigen data show the large contribution to
the cross-section behind the A-peak. This is the indication of higher nucleon
resonances excitation. However, just the number of MEC diagrams is much
larger in this region and they can hide the resonance contribution. This
problem needs separate investigation.

In conclusion, we calculated the inclusive cross-section in the regions of
quasi-elastic peak, A - peak and the intermediate region. It was demonstrated
that in accordance with the earlier calculations the nonrelativistic approach
fails to reproduce the shape of quasi-elastic peak at high momentum transfer
and the simple recipe was proposed to account the relativistic kinematics for
the finite nucleus calculations.
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