K 42
//?‘?7’2 The State Scientific Center of Russia

U The Budker Institute of Nuclear Physics
SB RAS

[ V.M. Khatsymovsky

ASHTEKAR CONSTRAINT SURFACE
| AS PROJECTION OF HILBERT-PALATINI ONE

Budker INP 96-90

HOBOCHUBHUPCK




gr-qc/9604053

Ashtekar constraint surface
as projection of Hilbert—Palatini one

V.M. Khatsymovsky

o Budker Institute of Nuclear Physics SB RAS
630090 Novosibirsk, Russia

Abstract

The Hilbert-Palatini (HP) Lagrangian of general relativity being
written in terms of selfdual and antiself{dual variables contains Ashtekar
Lagrangian (which governs the dynamics of the selfdual sector of the
theory on condition that the dynamics of antiselfdual sector i1s not
fixed). We show that nonequivalence of the Ashtekar and HP quan-
tum theortes is due to the specific form (of the "loose relation” type)
of constraints which relate self- and antiselfdual variables so that the
procedure of (canonical} quantisation of such the theory is noncommu-
tative with the procedure of excluding antiselfdual vanables.
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1 Introduction

Ashtekar formulation of general relativity (GR) [1] was shown to follow
from Hilbert-Palatini (HP) tetrad-connection Lagrangian upon partial
use of classical equations of motion together with certain gauge fixing
[2]. Alternatively, one can first introduce Ashtekar Lagrangian and
show that it results in HP Lagrangian upon using equations of mo-
tion (see, e.g., reviews [3] and, for more detail, [4]). However it may
be, equations of motion for selfdual sector from HP and Ashtekar La-
grangians coincide [3].

Another question is that of correspondence between the two the-
ories, HP and Ashtekar ones, on quantum level. Since the two La-
grangians differ by more than pure divergence, these theories may be
not equivalent in the framework of canonical quantisation. Of course,
one can present examples in which the two Lagrangians which do not
coincide up to the total divergence nevertheless provide equivalent the-
ories (the most evident are examples of locally trivial theories such as
241 dimensional gravity). Therefore it is interesting to study in what
cases such the equivalence takes place and when it does not.

In this note we show that canonically quantised HP and Ashtekar
theories are inequivalent. To see this it is most convenient to represent
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HP theory as a "sum” of two copies of Ashtekar theory: selfdual and
antiselfdual ones, and study commutators (Dirac brackets) between
field variables. The self- and antiselfdual sectors are not independent:
these are related by some (class II) constraints (which for the pseu-
doEuclidean metric signature become well-known reality conditions,
but survive also in the purely real Euclidean case). Because of the
specific form of class II constraints (which are of the type of "loose
relation” for antiselfdual variables to be excluded) the commutators of
the same variables are different depending on what theory is quantised,
the total HP or only it’s Ashtekar subset. It should be mentioned that
this fact is not connected with the infiniteness of the number of the
degrees of freedom of the theory and may take place even for rather
trivial systems, as it is shown in the simple example below.

In particular, the quite natural feature of standard GR that the
quantum states cannot describe transition through unphysical points
with degenerate metric shows up in quantum HP theory as singularity
of quantum commutators of field operators at these points, whereas
Ashtekar theory is completely nonsingular at these points and allows
such the transitions.

2 A simple example

To describe the situation, let us consider the theory whose phase space
is coordinatised by N canonical pairs (p,q) and N primed canonical
pairs (p/, ¢') subject to 2N; class II constraints of the form

def
94(p, 9,7, q) = 04(p,q) — 64(P', ) = 0. (1)
Besides, there are Ny = N — N, pairs of class | constraints
®;(p,q) =0, ®;(p,q)=0. - (2

The usual way of quantising the theory with class I constraints
is to impose these constraints on the Hilbert space of states. As for
the class Il constraints, these cannot be imposed on states due to
their noncommutativity; the only consistent way is to take them into
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account in operator sense by projecting the fields appearing in Poisson
brackets orthogonally to the surface of class II constraints. Thus we get
Dirac brackets as consistent choice for commutators when performing
canonical quantisation:

{9} % {f.9) - {/,04}(A"1)"B(Op, g}, (3)

where {f, g} is Poisson bracket and A~! is matrix inversed to that of
the Poisson brackets of the class II constraints:

(a™")*%{@5,8¢} = 6. (4)

Now, if N3, half the number of class II constraints ©,4 coincides
with the number N of the canonical pairs (p,¢') to be excluded then
the matrix of the Poisson brackets of © 4 is easily invertible:

(0,0)™ = 2{0,0);" = 3{m 1} )

Here n = p or ¢ and index at brackets means the set of variables
treated as canonical ones w.r.t. which the brackets are taken. Then
simple algebra shows that commutators coincide with Poisson brackets
for the kinetic term 2pg which should arise in the Lagrangian upon
excluding primed variables (in suggestion that class II constraints are
nondegenerate and give p' = p, ¢’ = g, at least locally):

L = 2pg-H (6)
{f&g}ﬂ b %{fag}Fﬂ?'

Thus, if the number of (irreducible) class II constraints equals precisely
the number of canonical variables to be excluded, the latter can be

excluded on quantum level.

If the number of class II constraints is less than the number of
canonical variables to be excluded, we have a freedom in finding the
latter; on the one hand, due to the symmetry generated by the class
I constraints the resulting Lagrangian is invariant w.r.t. this freedom.
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On the other hand, the matrix of the Poisson brackets cannot be in-
verted in a simple way as in (5) and Dirac brackets may be much more
complex as compared to the Poisson ones. For example, consider the
following Lagrangian:

L = p1g1+page + 2141 + 0545+ 2@ (p, ¢) + N'®(p, ¢) + 101+ 11202 (7)

where A, A’ are Lagrange multipliers at the first class constraints
o(p',q') =pi - 1 (8)

and gy, po are the multipliers at the second class constraints

(I'(p' Q) =0 — D2,

91:P1+P2‘—P’1—P’2$ @2='§’1+§'2—§'{—93- (9)

These class IT constraints provide the following Dirac brackets between
the coordinates and momenta:

: 3 ] R ! 1
P1 3 _45 i 1
P2 ] ’ - i 4 %{

{ ’ 1(@115’21?11(}2)}1{): 41 41 43 W (10)
1 LRI
! 1 5 ¥ ‘a3
15} 4 $. 51 4

(The brackets of the coordinate-coordinate and momentum-momentum
type are zero).

Also we can try first to exclude p’, ¢’ here. The number of con-
straints ©;, O, is unsufficient to uniquely express p’, ¢’ in terms of
p, q. However, the class I constraint ®(p’, ¢') generates the symmetry

w.r.t. the transformation
h=q—€ Gd+e (11)

which makes it possible to exclude primed variables from the La-
grangian to give

L =2piq1 + 2p2q2 + A(pr — p2). (12)

The commutators are defined here, up to an overall factor, by the
Poisson brackets

-

P 2

{(p;)a(ﬁ;ﬁ)}ﬂ:(é E’) (13)
g |

This looks simpler than the corresponding upper lefthand 2 x 2 block
in (10).

Qualitatively, we can say that looseness of the constraints 0, 0
in the latter example admits nontrivial additional degree of freedom
(11) which modifies the commutators.

3 Ashtekar formalism

Finally, let us turn to the central point of interest, namely, Ashtekar
formalism considered as reduced HP theory. Consider this for both
cases, namely those of Euclidean and pseudoEuclidean metric signa-
ture (these cases will differ by minor modifications). The formalism
itself is now well-elaborated (see, e.g., the reviews [3], [4]), and here
we only define our notations. The original HP action

1
S = gfdd‘m Eﬂbcdf“”’“eﬁeﬂ[ﬂhﬂp]“d, (14)
where D)y = J) + w) (in fundamental representation) is covariant
derivative, and w2 = —w’ is element of so(3,1), Lie algebra of

50(3,1) group in the pseudoEuclidean case or an element of so(4),
Lie algebra of SO(4) in the Euclidean case. Raising and lowering in-
dices is performed with the help of metric ,; = diag(%1, 1, 1, 1), while

8 =41, a,8,...=1,2,30r u,v,...=0,1,2, 3 are coordinate in-
di¢és and ,b,... = 0;1;2, 3081, 5,.0. = 1.2, 3 are Jocal ones. The
canonical variables are w, (coordinates) and conjugate momenta 7°:
o 1’-:5 PS8 15

Mab = 5€abed€” ' €5Ex. (15)

The antisymmetric tensor fields A,; are split into seifdual *A and
antiselfdual ~A parts, which in pseudoEuclidean case take the form

1

it
A_Z

A= TA4 A, (At i%eﬂf’chcd). (16)

Each tensor part is then embedded into 3D vector space (complex
in pseudoEuclidean case) by expanding over basis of (anti-)selfdual
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matrices

k= £i(6582 — 6F60) + epas, (17)

so that
+pab _ E4k :I:Eab/Q o 21 :l:Eab/Q (18)

In particular, 3-vector images of (anti-)selfdual constituents of area
bivector 7 in terms of tetrad take the form

b %E“ﬂw(;wg x & — €58, + €%83). (19)
In the Euclidean case these definitions are modified by replacing i =
v/—1 by 1 so that everything becomes real: besides, we change overall
sign of *L¢, in order that these would obey algebra of Pauli matrices
times ¢ in buth cases. The (anti-)selfdual projections of area bivector
onto the (now real) 3D vector space in terms of tetrad then read

e = %E“’B"’(ZFE}; X &y — €3€y +€2€p). (20)

The phase space of HP theory can be coordinatised by 9 canoni-
cal pairs (*7%, *J,) and 9 canonical pairs (7, =@G,). Each sector
of variables, selfdual or antiselfdual ones, is subject to the same set
of class I constraints, ®;( *r, *w) and ®;( 7, “w) where 7 functions
®;(m,w) take the form

=

Daf®, €apy® R, eap @ x 7. R (21)

(Gaussian, diffeomorphism and Hamiltonian constraints, correspond-
ingly). Here Do(-) = 8x(") — Ga X (+), 2R® = —e2P[Dy, D,], and
(7%, @q) are (*7%, ¥@,) or ("7, <F,). Besides, there are class II con-
straints ensuring the tetrad form (15)-of area tensors r%,,

B e L Y |

: (22)
and those following by d}ﬁ*erentiating these in time,

v tple s 4, 4ph) _ v ogle x pRf) =0, (23)

The (a...3) means the sum of objects with indices a...F and 3. ..«
The (22) and (23) relate selfdual and antiselfdual sectors. Of course,
the part of class I constraints is then the consequence of others, For
example, it is sufficient to set diffeomorphism and Hamiltonian con-
straints in only one of the two sectors, selfdual or antiselfdual one, in
order that these would hold modulo other constraints in also another
sector. This fact is important for establishing the correct number {two)
of the degrees of freedom of gravity system (but it is unimportant in
our analysis).

Thus we arrive at the situation described in section 2 of this paper
where now (p,q) = (*r, W), (p/,¢) = (7, ~w), the class II con-
straints (1) take the form (22) and (23) and class I constraints are of
the type (21). In the simple model given in that section the class I
constraints (8) play the role of Gaussian ones in the problem at hand,
while the class II constraints there (9) resemble the recent (22) and
(23) (especially this is seen if one linearizes the latter in the vicinity
of the flat background). Therefore the structure of the Dirac brackets
is similar to that of the simple model; in particular

1 1
+r ﬂr +,k v | &l Y +__ak 24
{ }D 5{:‘5 4913’1’ t det 9agll % (24)

and

5 L 1
{+ ;:r! k}D _5,5' +rY ok

o t-__l:
et ™ 3 g lgasll
(25)
[f, however, we first exclude antiselfdual variables from the HP La-
grangian using the class II constraints, we find much more simple ex-
pression for nonzero brackets for the rest variables:

1
{*r2, tuh}p = {*n7, Wh} = 2636+, (26)

Thus, nonequivalence of Ashtekar and HP formulations of gravity
on quantum level has quite transparent (but not quite trivial) reason
and is connected with the "loose relation” type of class II constraints
which allows to express antiselfdual variables in terms of selfdual ones
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only up to an SO(3) rotation. In other words, Ashtekar formulation
cannot be obtained from usual tetrad (or metric) general relativity
on quantum level by equivalent transformations, and this can be ex-
plained by quantum fluctuations of this SO(3) rotation not taken into
account in Ashtekar theory. Important is that this circumstance holds
for both Euclidean and pseudoEuclidean cases. The only difference be-
tween these cases is that in pseudoEuclidean case the (anti-) selfdual
parts become complex, and the class II constraints can be interpreted
as some reality conditions. But the reality of the Euclidean case does
not mean, as we have seen, that problems connected with class II con-
straints disappear. In view of this, the strategy of quantising gravity
which consists in considering the Euclidean Ashtekar theory and then
making some generalised Wick transform to pseudoEuclidean case [6]
does not allow to avoid these problems.

The different quantisations might give different explanations of why
there are no metric signature changing transitions in the real world.
The fact of absence of such transitions of metric passing through un-
physical points of zero determinant may be more conceivable in the
usual HP theory where commutators are singular at such points. One
can say heuristically that the SO(3) rotation which connects selfd-
ual and antiselfdual parts strongly fluctuate at these points leading to
infinitely large quantum uncertainty of the tetrad and/or connection
there. Situation in the Ashtekar theory in the considered aspect is less
evident, because this theory is completely nonsingular at the degen-
erate metrics. However, one can hope that the set of states sufficient
to describe real world is contained in the completely defined quantum
Ashtekar theory.
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