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Abstract

The high order corrections to renormalon are considered. Each
new type of insertions to the soft(hard) gluon(photon) line generates
the correction to renormalon of the order of ~ 1. However, this series
of corrections to the asymptotics although have no small parameter
but is not the asymptotic one. The summation of these corrections
for UV renormalon may change the asymptotics by factor N°. For
IR renormalon the m-th correction diverges like (—2)™. However, this
divergency has no infrared origin and may be removed by proper re-
definition of IR renormalon.
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1. The running coupling constant seems to be an inevitable com-
panion of any nontrivial renormalizable field theory. In its turn the
asymptotics of perturbation theory for any quantity calculated in the
theory with running coupling in general is determined by renormalon |1,
2, 3, 4]. The renewed interest in this kind of asymptotic estimates have
been demonstrated in last few years [5, 6, 7, 8, 9, 10, 11, 12, 13]. It
results even in attempts [14] to use renormalon for calculation of ex-
perimentally measurable quantities.

However, the accurate determination of renormalon-type asymp-
totics appears to be not so simple problem. It was recognized [8, 9,
10, 12, 17] that the overall normalization of the renormalon could not
be found without taking into account of all terms of the expansion of,
say, the Gell-Mann-Low function. However, the usual proof of this
fact do not refer on the direct counting of the Feynman graphs.

In the present paper we would like to estimate the role of the arbi-
trary high order insertions to the dressed gluon line. It will be shown
both by diagrammatic consideration and by direct analytical calcu-
lation that each new type of insertions generates the correction to
renormalon of the order of ~ 1. However, the k-th correction to the
asymptotics for large k is not expected to have any k! enhancement.
Thus at least the series of corrections to the amplitude of renormalon
asymptotics is not the asymptotic series. The summation of this se-
ries leads to the sufficient change of the asymptotics. We show that




for the UV renormalon taking into account of the high order correc-
tions may change the N-th term of the perturbation theory by the
factor NY (although with § unknown even for QED). The m-th cor-
rection to the IR renormalon diverges like (—2)™. Due to that the IR
renormalon does not exist in the usual sense. We propose in the last
section the proper rearrangement of the series which allows to avoid
this difficulty. The IR renormalon now will be associated with certain
non-Borel-summable series but the coefficients of this series themselves
are the Borel-summable series in a;.

It is a tradition now to consider the renormalon for QED. In this
paper we will also discuss only the QED-type diagrams of the per-
turbation theory, without the self-interaction of gluons. The heuristic
way for extending this result for QCD may be given by the so called
‘naive nonabelization’.

The contribution of the diagrams with exchange of one soft gluon

(photon) tosome “physical” quantity which accounts for the infrared(IR)

renormalon has the generic form

dik
Rin= [ SR s (1)

The Feynman graphs corresponding to this value are shown in fig. 1.
Similarly the exchange of very hard gluon(photon) generates the ul-
traviolet(UV) renormalon

2d4k
By~ f;,,- - u(k‘)QkE : (2)

Now only the diagram of fig. 1a contribute. During the last two years
it was understood [12, 17] that the traditional UV renormalon (2) with
exchange of only one hard photon does not give the largest contribu-
tion to the asymptotics. The diagrams with exchange of at least two
photons turns out to be much more important. We will return to
discussion of this new. UV renormalon later while now our consider-
ation of the traditional UV renormalon is of mainly methodological
importance. '

Figure 1: The renormalon graphs with exchange of one gluon. The internal gluon
line will be dressed in the following figures.

In (1,2) we have written down the effective running coupling con-
stant a(k) = aeys(k), which is trivially connected with the transverse

part of the gluon propagator. The function a(k) satisfies the RG equa-
tion:

da
E = b(]ﬂ.’z + 61{13 + 62&'4 in 3 z=In (QZ/}G?) = (3)

It is to be noted here that we have fixed the renormalization scheme
by considering the effective charge. Thus our coefficients b, b3, ..
are neither the free parameters, nor the known, say, for MS scheme,
bo(MS), b3(MS) . At first stage one may neglect by, bo, ... in (3)

2 = -
Rip = ——f a(z)e ““dz
Qg Jo
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N=0

Here we have chosen some convenient overall normalization of the
renormalon. We will consider now only the asymptotics of the per-
turbation theory and leave the issue of the nonperturbative ambiguity
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of the integral (4) due to the Landau pole to the very end of the paper.
The integral (1) describes adequately the contribution of a certain
chain of Feynman diagrams only for k£ < () . It is seen from (4) that
the main contribution to the N-th order of the expansion comes from
k2 ~ Q2%~N/2, Thus the renormalon contributions to the first few
terms of perturbation theory are completely irrelevant. On the other
hand, for sufficiently large @) a lot of terms of the expansion (4) come
from the region A}op € k? < Q? where the effective charge is small
and the perturbative approach for calculation of a.;s (3) seems to be
useful.

Very similar calculation for the UV renormalon (2) leads to the
same result as (4) up to trivial replacement % — —bo. This means on
the one hand that the UV renormalon asymptotics in general is much
more important (in 2"V times) than the IR one. On the other hand
one may see that depending on the sign of by the series associated with
one of the two renormalons should be non-Borel summabile.

2. Before passing to straightforward but rather formal manipula-
tions with the RG equation (3) let us illustrate the role of complicated
contributions to renormalon by the explicit estimate of Feynman
graphs. In this section we will consider only the IR renormalon.
Generalization for the UV one is straightforward. The fig. 2 shows
the chain of diagrams corresponding to (4). We show only the QED-
type diagrams without gluon self-interaction. Each of the N bubbles
from fig. 2 generates the factor bpagIn (Q?/k?) in the integrand of
(1),(4). The difference between QCD and QED may be thought to be
hidden in the factor by, accompanying the single bubble.

Now let us replace two of the simple bubbles by the more complicat-
ed diagram of fig. 3. The two loop bubbles generate the factor
biaZin (Q%/k?) in the integrand, which has one power of large loga-
rithm less (or one ag more) than the leading order contribution (4).
However, a large combinatorial factor N appears due to a number of
permutations of the second order bubble among the simple bubbles,

OO o

Figure 2: The simplest chain of dia- Figure 3: The example of diagram
grams corresponding to the renormaliza- with two-loop insertion into soft gluon
tion of the soft gluon line. Each bubble line.

generates the factor boao In (Q?/k%).

leading to

"2 2% feats N
Nblﬂrg In (f_?) [f)ﬂﬂ’n In (%‘)] w4 (?ﬂ;ﬂ) N‘% . (5)
0

Thus we see that taking into account one second order insertion into
the soft gluon line leads to the correction of the order of one to the
trivial asymptotics (4).

Consider now the more complicated diagram of fig. 4 with dressing
of the internal gluon line of the second order bubble. To this end it
is natural to write down explicitly the last integration over internal
momentum of the two loop diagram

Q? Q? o3
2 : q
0 fk" [bnﬂuln (@2 )] g*
- Sy lblﬂfﬂ In (}}E—) [bu&'nlﬂ (ﬁ)j’ . - (ﬁ)
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Figure 4: The dressing of internal gluon line of the second order bubble by n
simple bubbles. :

Thus up to the overall factor 45 the contribution of diagram of fig. 4
coincides with that of fig. 3. Summation over n naturally leads to
In(N). Taking into account a number of large bubbles of fig. 4 allows
to exponentiate the correction

N 5 N e
(b“:”) N'lexp (Zb—? ln(N)) = ('b%k—n) NE%LNI - (7)
0

This is the generally recognized expression for the IR renormalon. Qur
argumentation up to this stage repeats the line of reasoning of the
paper [7]. However, the argument of the exponent in (7) was found
with the ~ 1/In(N) accuracy and therefore the nontrivial overall
factor as well as the function of N, weaker than N7, may appear in
(7).

Now let us consider the three loop correction (fig. 5 with n; =
ng = 0). This contribution generates the factor byagIn (Q%/k?) in
the integrand of (4). Thus here we have two extra ag which at first
glance could not be compensated by one combinatorial N and hence
the diagram of fig. 5 seems to generate only the ~ 1/N correction
to renormalon. However, let us see, what happens if one dresses the
internal gluon lines of the three loop diagram. Now summation over

iy

Figure 5: Three loop insertion with dressing of two internal gluon lines by the
simple chains of bubbles. The summation over n; and n, allows to compensate all
extra a-s.

the number of trivial insertions n;,n; gives:

Q2 N—Hl—ﬂg—z
byagIn | = )
N n(kz Z %o ny+nge+1

SNy ,ng

~ baagln (9—-2-) X ( N)z
k2 ¥p . (8)

Here the factor (n; + ny + 1)~ appears after integration over the
internal momentum of the large bubble, while (N—=ny—ny—2) accounts
for the combinatorics. We see that after dressing of all gluon lines the
three loop (~ b;) diagram generates the correction to renormalon of
the order of ~ 1. One can easily show that four loop (~ b3), five loop
(~ bg) etc. diagrams generate the corrections of the same order of
magnitude. Previously the analogous proof of the importance of the
high loop corrections was done by Mueller[15] but this result was not
published.

3. It is easy to integrate formally the renormalization group equa-
tion (3)

1 1 bl o
ey Eln (&—ﬂ) - (@ - ao) — e3(@’® - af) - ... = bz , (9)
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where, Cy = bg/bn e b%fbg y L3 = (63/53 e 26251,/53 +b:13/bg)/2, vei v HOP
arbitrary k one has ¢ = (bx/bo — ...)/(k = 1). This “exact” solution
still is too informative for us. First of all, most of the terms containing
ao in (9), namely cyaq, €303, c403, ... will contribute only to the ~ 1/N
corrections to the asymptotics. Therefore we may write

a = s . (10)
1 = boagz — (b1 /bo)ergIn(a/ap) — craeg — c302ag — ...
Let us introduce now the truncated running coupling
o = (11)

i 1 — bgapz — (blfbu)ﬂfu lﬂ(ﬂftfﬂu) .

Now one may again formally expand the exact & (10) in the series

a = Oy (1 + ﬂzﬂftz + ,83(1’? + ...) y (12)

The explicit formulas for a first few coefficients 8 may be easily found.
However we will be interested only in the large-k asymptotic behavior
of Bk. Naturally for our definition of the effective charge (3) the coef-
ficients b, themselves form the asymptotic series by ~ k!. Due to that
one easily finds the asymptotics of §;

pe=g(1+0(3)) - (13)

In the previous section we have shown diagrammatically that con-
tributions to the asymptotics from the high order terms of the RG
equation (3) ~ bg, b3, by, ... (or now ~ S5, (3, f4, ... (12)) are not small.
However, the contribution induced by the second (two loop) term b, a3
play an outstanding role due to the additional enhancement by In(N).
This is the reason for taking the truncated coupling oy (11) as the
expansion parameter in (12).

The expression (11) itself is the transcendental equation for func-
tion a;(ap) which may be solved iteratively. In ref. [16] the IR renor-
malon asymptotics with a,s in (1) replaced by the only truncated o
(11) has been considered in details. This calculation turns out to be
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surprisingly sophisticated. For any finite number of iterations in the
transcendental equation (11) the asymptotics contains some new func-
tional dependence on N compared to the usual IR renormalon (7). The
generally accepted result is restored only after performing the infinite
number of iterations in (11). However we will skip now the discussion
of the role of the first few terms of the series (12) and concentrate our
attention on B; with very large k. In this case it will be enough to
make only one iteration in (11) (namely In(a; /ao) = —In(1 = bgagz)
in (11)).

Consider first the UV renormalon. Moreover, let us restrict our-
selves on the UV renormalon for pure QED. The first important ob-
servation (see [12, 16]) is that the series of corrections to renormalon
generated by (12) although have no any reasonable small parameter
but also is not the asymptotic series. In order to show that it is so
consider for the moment the simplified version of (11,12) with &; = 0

Now one has immediately for the UV renormalon (2)

1 i Qp i B N N Bm
;a‘a[{} B (1 +ﬁuy&u) € dy_ ;D"D (*bﬂ} Nl(—bg)mm! ;
(14)
We see that though f,, themselves are determined by the UV renor-
malon and therefore have the form g3, ~ m?Y(—bo)™m! the two most
dangerous factors from the 3,,, the m! and (—=bg)™, have been removed
from the series.

Up to now we have chosen rather arbitrarily the overall normaliza.
tion of renormalon. In order to go further in understanding the role
of high order corrections to UV renormalon chain we have to specify
the normalization. Consider following ref. [12] (and almost everybody
others in the renormalon business) the correlation function of two elec-
tromagnetic currents (see also the egs. (1,2) of ref. [12] connecting this
quantity with Re*s‘—}hadrons]

I, = i/dmeiqm(ﬂlT{ju(m)J‘u(ﬂ)HD> = (quqv — guqu)H(Qz) . (15)

We will be naturally interested in IT(Q?) in the Euclidean domajn.
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The simple calculation of the diagram fig. 1a for k& > Q gives

2 g k2 2 4k2
(Qﬂ) gLk {]n (52) G T -:'i;r-f&(k} In (QE) Qk‘ }

(16)
Here the first term in brackets is the parton model prediction, while
the integral is expected to generate the asymptotic series of the pertur-
bation theory. One may substitute into (16) the one loop running cou-
pling constant and easily reproduce the “traditional” (before [12, 17])
UV renormalon [18].

The polarization operator II is trivially connected with the S-func-
tion for the effective charge (3)

(@) = Lhle@r . (17

However, because we are interested only in the asymptdtics we may
find directly from the equation (3) that

d
dIn(Q?)

Thus for our purposes

4rI(Q%) = ) ba[a(Q)]" (19)

Now we have to substitute the series for the effective charge a(k) (12)
into the integral (16) and expand the result in series in a(Q)). The
effective method which allows to find the coefficients of such expansion
was developed in (16). First of 211 11 s convement Yo introduce Yhe new
variables

nl(—=boa)"® = (n + 1)!(—boa)™H! (1+o(;1;)) . (s)

a= —bnﬂ‘g y ,3 = —blfb.g . (2[})

For QED by = — 3£ , by = -k and # = gf-. With this new variables

the truncated eﬂ'ectwe charge in the first nontrwmi approximation
takes the form

1 a

0y =

12

k? |
_EE 1—az+ Baln(l - az)  a=in (5’3) 2 (21)

The contribution of the n-th term of the formal expansion (12) to the
polarization operator (16) is of the form

00 a 'rl.+1
M, = / [
1211'2( bn)“ 1 —az+ faln(l - azx)

e~dz- . (22)

Note that this is the n-th term of the expansion in the series in trun-
cated running coupling a;(k) and it still contains the whole series in
a(Q). As before we are looking for the N-th term of the series in a(Q).
Below we will see that the most important contribution comes from
n ~ N. The simple binomial expansion now gives

ey a n+1
I, = »
12?!'2(—5{))“ / ’1 - {II]

(n+m)! [-PBaln(l —az)1™ _,
e mgﬂ m!n! [ 1-—az ] o Py
s —Pn a”
- 127%(—=bo)" f (1 — az)n+!
n+m)! [-faln(l — az)]™ _,
X E ( gt { S e *dz. (23)

m=0
Here in the second equality we have used that

ar 1

l—ﬂ.a"':_l—ﬂ:r_l (24)
and than have neglected the —1 (one may easily see that this less
singular contribution will lead to the ~ 1/N correction to the asymp-
totics).

For estimation of the N-th order of perturbation theory we will use
the formula for N-th term of the expansion of the integral in powers
of a '

{ fjiﬁ [1—at] [lnl—at]m} _“NN' llﬂﬂ*] .- H285)
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Here both m and k are supposed to be large. In order to derive (25)

one has to use the asymptotics of gamma-function as well as the trivial
identity

()" = lim (55 ) 7 (26)

Formula (25) allows now to calculate the N-th term of the expan-
sion of (23) in series in o (aV)

e ~Bn p™ (n i m)! N )
M)}y = V! &
{n}n 12”2(_50)7;“ NlmZ:n (n+m)! m!n! [ln n + m] -
e 1 T Ny?
T 10l (—bgﬂ’u) (—_bu-)rﬂ-! (ﬁﬂ_) ; (2?)

Here we have neglected m compared to n in the argument of logarithm
because effectively m ~ In(N) while as we will see in the moment

n ~ N. Combining together (19,27) and the asymptotics of Br (13)
one finds the equation for by

1o hy
n (—bu)“nﬁﬂ!

1
by = — ~bo) VNP NI
N 3?:'5(]( bo)" NV N {EN

(28)

I'!ere B = —by /b3 = 9/(4N;) for QED. This equation is even further
simplified after simple substitution

by = (=bo)"NPNley | (29)
% 1 c 1
n% ﬂr('—3ﬂ'bu} Nf n; n ( + O (R))

The solution to this last equation is evident ex = const x NNt and
for by one has

by = const(—bo) "N T 1 | (30)

su we arrived at the surprising result: taking into account all possible
insertions to the renormalon chain allowed to change the power of N

14

in the asymptotics, which for many years was thought to be determined
by only the two terms of the Gell-Mann-Low (3-function by and by .

The overall constant in (30) could not be found in closed form. In
terms of the equation (29) this constant is determined by the initial
condition at N ~ 1. But for N ~ 1 the equation (29) is no more valid
as we have indicated explicitly by writing (1 + O(1/n)). |

This reduction to the initial value problem shows how one may
reformulate the problem of the overall normalization. Finally, the
solution looks almost like tautology. One is allowed to look for the
renormalon asymptotics in the form

Ry = A N3 (=b)VN! . (31)

Here n is the number of terms of the perturbation theory which were
calculated ezplicitly (n < N). The normalization constant A, may be
found with only the ~ 1/n accuracy. This is the important difference
between the renormalon and instanton [19] induced asymptotics. For
instantons not only the overall amplitude of the asymptotics is known
but also the ~ 1/N corrections to this asymptotics were considered
[20].

However, one may consider the renormalon calculus only as a way to
extend the explicit perturbative calculations by one more approximate
term. In this approach the equation (31) still is quite informative. It
means that after the explicit calculation of N terms of perturbation
theory one will immediately found the N + 1-st term with the ~ 1/N?
accuracy. ;

4. Our formula (30) for asymptotics of the coefficients by would
be a nice new result if published 2-years ago. However, as we have
told in the introduction Vainshtein and Zakharov in their preprint of
April 1994 [12] have shown that the traditional UV renormalon (2) (fig.
1a) does not give the largest contribution to the asymptotics. They
have found a series of new diagrams (starting from two three-loop
diagrams) which generate the asymptotics much larger than (2). The
authors of [12] have used the OPE in order to find the contribution to
polarization operator of these new diagrams (see Parisi [2], who first
proposed to use the OPE for renormalon calculus). Finally, the new
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result for I1{Q?) reads

(FRYRE .

Nyv(Q?) = const f Q) 73

k>Q

with v for the QED case

Ve P INPRINT I oo
T .

Now it is easy to substitute the two loop running coupling (11,21) into
(32) and find the UV renormalon of the form (31) with

9 .
d=14+v+4 m : | (34)
However, it is clear that this result for § will be changed immedi-
ately if one substitutes the all-loop a.y; into (32) and repeats the
simple calculation which we have performed in the previous section
for I1{Q?)(16). The magnitude of the correction to § (34) now will
depend on the explicit value of the overall normalization of (32) which
may be extracted from [12, 17].
On the other hand, if we are going to substitute the exact run-

ning coupling into (32) we should also take into account all possible
corrections to this formula

2+
yv(Q?) = const / (ﬂ*eu(k)) " (14 T rma ) S

>Q \ a(Q) k©
(35)
If the coefficients here behave like
i
e (36)

for large m, taking into account of this series will change again the
exponent & (34,31). Moreover, if 7, grows faster with m than (36) it
will be a catastrophe for asymptotics as may ‘be seen from (29). The
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eq. (36) is likely the upper bound for the coefficients of the expansion
(35).

Unfortunately we do not see now the clear way to estimate the
asymptotics of the coefficients 7, in (35). It is rather probable that
mm and aesf(k)?* will compensate each other in the correction to 4.
Furthermore, the authors of [12] have demonstrated in their conclu-
sions that they are ready to meet any surprise from the high order
corrections to the renormalon. Therefore, even if such compensation
do not take place and d (34) is changed this result will not be in com-
plete disagreement with [12].

Anyway, after one finds the new § from (35) the overall normaliza-
tion of the UV renormalon will be found with only ~ 1/n accuracy
and only after the explicit calculation of the first n terms of the series.

5. The IR renormalon have attracted much more interest during
the last few years than the UV one. This conclusion may be drawn
even by simple counting of the number of papers. It seems that most
of the authors do not consider the UV renormalon as renormalon at
all.

The reason for such asymmetry is quite evident. In QCD the UV
renormalon is Borel summable while the IR renormalon is not. Physi-
cally this non-Borel-summability means that depending on the details
of chosen resummation procedure the obtained predictions for observ-
ables will vary by some power corrections. Namely for the case of light
fermions and inclusive cross sections this correction will be of the form
~ (Agep/Q)*. There is absolutely no way to find the amplitude of
this nonperturbative ~ Q=% contribution from the perturbative renor-
malon calculus.

If there is no rigorous way to calculate the ~ (Agcp/Q)? correction
one may try at least to extract them from the comparison of theoretical
prediction with the experiment. Naively one may take say the experi-
mental value of B 4+ .~_1.dr0ns Subtract the parton-model contribution
and 2 — 3 known ~ ¢, corrections and look for the power corrections.
Certainly this procedure will not work. The more or less reasonable
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procedure is the following: one has to calculate a huge number

2
HmG) boa(Q)
terms of perturbation theory (Njp is the function of Q !) and subtract
them from the experimental ratio R(Q). The rest will be the needed
(A/Q)* correction.

The first problem (if not worry about the terrible analytical cal-
culations) which will encounter us upon performing this- procedure
is the UV renormalon. The series for UV renormalon blows up at
N = 1/(boa(Q)) — twice before the critical value (37). However the
way to avoid this problem seems to be rather clear. As we have seen
(1,2) the UV and IR renormalons originate from the very different re-
gion of variation of the internal momentum in the diagram (k in the
fig. 1). Naturally one may divide the integral into two parts k < @
and k > @ and than obtain the result in the form

M= (-bo)"N! + 3 (%ﬂa)Nw! . (38)
Uuv

IRN<N;g

(37)

Here the first series is much larger than the second one but allows
the explicit(Borel) summation. So one has to sum up exactly the
series for the UV renormalon in (38) and then subtract this resummed
contribution from the experimental value of B+ .- 12drons-

Our goal is to reach the best accuracy of the perturbative QCD
~ (A/Q)*. Therefore the summation of the UV renormalon in (38)
also should be done with ~ (A/Q)* accuracy. This is also not so
easy to do because even the smallest term of the series for the UV
renormalon is of the order of ~ (A/Q)% - much larger than the accuracy
we want. For example if we simply substitute the 1-loop a(k) into say
naive renormalon (16) the accuracy of the resummed value will be
O(a?) and so on. It is quite probable that in order to sum up the UV
renormalon with the (A/Q)* accuracy one still has to calculate exactly
about Njr = 2/(boa) terms of the series.

However, suppose that accurate enough summation of the UV renor-
malon in (38) has been done. Let us see, what can we say about the
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IR-renormalon part of the polarization operator in view of our expe-
rience of workinig with high order corrections to renormalon chain?
The corresponding contribution to IT (15-19) now has the form of the
integral (1). Simply repeating the calculations (22-28) one gets

Bn

bo/2)"n2b1 /% p!

N
{llir}y = const (%&) N2 /% Ny Z ( - (39)

But 83, ~ b, now is determined by the first UV renormalon and thus
Bn ~ (=bg)®n! . Therefore we see that the sum of the multiloop
corrections to the IR renormalon leads to the correction of the relative
order of magnitude

5 “—(bn/ﬂzfinn! XIS o (40)

n

The series of the corrections to renormalon is not asymptotic, but
is ugly divergent. It looks like some interference of the IR and UV
renormalons.

Nevertheless, as we will see now the divergency itself of the series
(40) is not connected with the infrared physics. As wesaw in (4) the N!
in the leading contribution to the IR renormalon appears simply due to
the N-th power of the large logarithm 2V = In(Q?/k*)" . Therefore as
we have told after the eq. (4) this trivial renormalon contribution falls
down into the infrared momentum region like k2 ~ Q%e~™/2, On the
other hand, as we have seen in the section 2 for high order corrections
to the renormalon chain the same N! appears not only due to the
power of logarithm but also due to the more and more complicated
combinatorics. This change in the origin of the N! would not be taken
into account if the series of corrections to renormalon was convergent.
However, for divergent series of the kind of (40) one should naturally
to reformulate the method of calculation of IR renormalon in order to
be able to control from what distances each contribution came. To
this end let us rewrite the renormalon (1) in terms of the series in the

powers of In(Q?/k?)




I
b
e

=
X
5
o

m“"!——!"
b=

.
2

(41)

Now all the high order corrections to renormalon chain are hidden in
F,(a). The function F,(a) itself may be expanded in the asymptotic
series. But it would be the Borel summable serjes.

In the previous two sections we have tried to show that there is a
lot of open questions concerning the UV renormalon. Therefore, now
we will illustrate only by the simple toy example how the functions
Fn(a) (41) will be found after one solves all this “ultraviolet problems”.
Suppose the running coupling a(k) in (41) is described by the simplest
Borel integral

.

4

= ¥, - ' - i ~ )
i fn 1+ boal(z)y® Y “,;f R e (42)

- 5 ap s Q? s L2
oz)= o e z =l (—EE—) , ¥=In (-}t—i—) .

Here é&(z) is simply the one loop run ning coupling for the momentum
k. The trivial expansion in the series over z now gives

00 e~y
F, =
i 1+ boaoy) ™1 ¥ (43)

Of course this F,,(ap) may be expanded in the asymptotic series in aq.
For very large number n the integral in (43) is even further simplified.
For example for the last F),-s which one is allowed to work with (with

n & Nir (37)) the expression (43) reduces to almost trivial result
Fyro=1{3.
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