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1. INTRODUCTION

Perturbative QCD is widely used nowadays fm; the description of semihard [1]
as well as hard processes [2]. However, whereas for the later ones the theory is well
developed and understood, for the formers we have a lot of unsolved theoretical
problems. An applicability of perturbation theory improved by the renormaliza-
tion group for a hard process having a large typical virtuality Q? is justified by a
smallness of the strong coupling constant a,(@*). Contrary, for semihard processes
another essential parameter appears: the ratio of the typical virtuality @Q? to the
square of the c.m.s energy s of colliding particles. At sufficiently high energy the
value = Q*/s becomes so small that it is necessary to sum up terms of the type
a(In(1/2))™, with m < n (for the scattering channel which is considered here). Up
to now this problem is solved [3] in the leading logarithmic approximation (LLA)

onlv, which means summation of the terms with m = n.

The results of LLA have two serious disadvantages. Firstly, the Froissart bound

0wt < ¢ In° s is violated in LLA. In fact, calculated in LLA, the total cross section

LLA s ~ . ot . or of o
o7 grows at large c.m.s. energies as a power of s:
Lediy
LLA 2
Dot 7 3 (1)
Ins :

where, for the gauge group SU(N) (N = 3 for QCD), with coupling g (e,

e
i
e
]

ey,

Nln?2 - (2)

wp =

T

In terms of structure functions this means their strong power increase in the small
r region. The Froissart bound is violated in LLA because the s-channel unitarity
constraints for scattering amplitudes are not completely tulfilled in this approxi-

mation. The problem of unitarizetion of LLA results is extremely important from



a theoretical point of view. It is concerned in a lot of papers (see, for example,

Ref. [4]).

Another disadvantage seems to be even more important from a practical point
of 1;-fiew.ﬁ.r, since the results of LLA are applied to the small 2 phenonﬁenolog}f (see,
for instance, Ref. [5]). There is an uncertainty of the argument of the running
coupling constant which appears because the scale dependence of a, is beyond of
the accuracy of LLA. This uncertainty diminishes the predictive power of LLA,

ermitting to change strongly presents numerical results bv chaneine a scale.
) ':::' W ]. L '5:9‘ =

Therefore, the problem of calculation of radiative corrections to LLA becomes
very important now, as it gives us the possibility to fix the scale dependence of
the coupling constant, to reduce the uncertainty of the predictions of LLA and to

determine a region of its applicability.

A solution of this problem can be strongly simplified [6] by using the Reggeiza-
tion property of the non-Abelian SU(N) gauge theories. It was proved (3, 7] in LLA

that gauge bosons are Reggeized in these theories with the trajectory
t) =14+ w(t), (3)

where in the leading approximation

Et ;'\'r d,D—-E}:,:i
olt) =) = g o [T e (@
(27) = kg — k)J_
Here ¢ is the momentum transfer, ¢ = ¢? ~ ¢}, and D = 4 + ¢ is the space-

time dimension. A non zero ¢ is introduced to regularize Feynman integrals. The
integration in Eq.(4) is performed over the (D —2)-dimensional momenta orthogonal

to the initial particle momentum plane.
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The results of LLA are summarized [3] in the Bethe-Salpeter type equation for
the ¢-channel partial amplitudes. The problem of the calculation of corrections to
LLA, therefore, can be setted up as the problem of the calculation of corrections
to the kernel of this equation [6]. The kernel is expressed in terms of the gluon
trajectory and the Reggeon-Reggeon-gluon (RRG) vertex. The corrections to the
vertex are known (8, 9], therefore the calculation of the contribution w3(t) to the

trajectory in the next (two-loop) approximation has become most urgent.

In this paper we present results and details of the calculation of the two-loop
correction to the trajectory for the real case of QCD with massive quark flavours.
The result for w!(¢) in the massless quark case was published earlier [10]. The paper
1s organized as follows. In Sec. IT we discuss the method of calculation. In Sec. I11
we calculate the contribution of the two-particle intermediate state to the s-channel
discontinuity of the quark-quark scattering amplitude. An analogous calculation is
performed in Sec. IV for the contribution of the three particle intermediate state.

The final expression for the correction w®)(t) is obtained and discussed in Sec. V.

2. METHOD OF CARECULATION

The method is based on using s-channel unitarity. The two-loop contribution
to the gluon trajectory can be obtained from the s-channel disg@ntinuity of an
elastic scattering amplitude with gluon quantum numbers and negative signature
in the ¢t channel calculated in the two-loop approximation with the accuracy up
to a constant. Indeed, let us consider such an amplitude for a process of the type
A+ B — A"+ B’ at large s and fixed t. Assuming the gluon Reggeization, the

amplitude takes the factorized form

T
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where T, , are the particle-particle-Reggeon (PPR) vertices. They can be written
as

Thea = g{A1T9ANTD, + TR (6)

where (A'|T"|A) stands for a matrix element of the colour group generator in the
corresponding representation (i.e. fundamental for quarks and adjoint for gluons),
I‘EB]A and I‘Fj,h are respectively the Born and the one-loop contributions to the

vertices. Using Eq.(6) and the decomposition

9

w(t) = w(E) + w?(2) (7)

one can present the two-loop contribution to the s-channel cdiscontinuity [(Ag‘_ﬂ )

in the the form

| (=N\A'B '
(AS~ )AB (two-loop) ﬁ:(— ;

b

(AT A)(BT7 B)

0 \ 0 (1) (0) | (0 1 L T(0) (2 0 a
X Ty (0™ (8))? In (= )F‘BJB (AT B+ T TS () + T, w@(TC). . (s)

Since the one-loop corrections f{ r4 to the PPR vertices became available 18,11, 12],

the only unknown quantity in the RHS of Eq.(8) is the two-loop contribution w3 (¢)

to the gluon trajectory. Consequently, one may obtain it from the expression of the

discontinuity [(AS{_J)‘j;'(tWOJODp) _ calculated in the two-loop appmximation
; o

with accuracy up to a constant. The calculation of this discontinuity is the main

content of this paper.

By definition the trajectory should not depend on a particular type of scattered
particles, therefore we have a freedom in choising these particles. In this paper we
consider the process of the quark-quark scattering for calculating the correction to

the trajectory.

HE=



In LLA helicities of each of the scattered particles are conserved, so that in the

helicity basis we have

Fi:t].i = 0xha - (9)
On the contrary, in higher orders PPR vertex T{;jl may contain another spin struc-
ture. Because of the parity conservation, the one-loop correction Ff;}_q can be written
as [12]

F‘{ja]‘__l == 5"&_1}1{;]-—[::;:]._‘1 + 5,%_4‘.,—.1"._&; FE{_"L (1[])

if the relative phases of the states with opposite helicity are appropriately chosen.
Both quantities T{ﬂ are calculated in Ref. [12]. For our purpose the knowledge
of T'}) is sufficient. In fact, the correction w*(t) in Eq.(8) is multiplied by the
helicity conserving vertices, then for its determination only the helicity conserving

parts of the amplitudes entering Eq.(3) are necessary.

Let us write the helicity conserving part of the discontinuity of the amplitude
in the LHS of Eq.(8) in the tollowing form:

(+) ;
=g (A

e
"
}.—-—- )

Ti| AY(B'|T"| B) (_“’:"‘”\ Ay, (1)

AfB:
{ (Ag[_} ) - (two-loop)

g

where the superscript (+) in the LHS means helicity conserving part. Then Eq.(8),

together with Eqs.(9) and (10), gives us

W) = A, — (oW(1) 0 (Z) - (08 +TER) V) (12)

The only unknown term in the RHS of this Eq.(12) is the discontinuity A,. We
calculate it below by using the s-channel unitarity condition. In the two-loop ap-
proximation only two- and three-particle intermediate states do contribute. This

allows to divide the discontinuity under consideration into two parts respectively:

Ay =AP 4 AP (13)

1



3. TWO-PARTICLE CONTRIBUTION TO THE DISCONTINUITY
Let us consider the two-particle contribution in the unitarity relation:
442 s ;fd@ (Pa +PBipar,pB) S ALPr B (14)
A1,B,
Since we are considering the quark-quark scattering amplitude, the intermediate
particles can be only quarks and the summation is performed over their spin and
colour states; d®, is the two-body phase space element. In general case

D 5(D) m_dt®r l}p* 3
D, (P B ) = (20178 (P Zf )H 2B (27)D-1 (15)

=i =1

In order to obtain the two-loop contribution to the discontinuity we need to take
one of the two amplitudes in the RHS of Eq.(14) in the Born approximation and
the other one in the one-loop approximation (see Fig. 1). Both amplitudes should
be calculated in the region of asymptotically large c.m.s. energles /s and fixed
momentum transters. In this region the amplitudes acquire a very simple structure

in the Born approximation:

.;,gzb._
"-lgl fl

AL (Born) = (4 [T A)(By|T¢| B)6y . S O

(16)

where ¢; = (pa — pa,)°. The amplitude A%!5' may be obtained from Eq.(16) by

evident substitutions.

The one-loop contributions to the amplitudes AL and A5 have a much

more complicated form. Fortunately, it is sufficient to take into account only those
parts of these contributions which conserve the helicity of each particle and have
negative signature in ¢; and ¢j channels correspondingly (¢, = (p.y — P4, )7). Indeed,
let us consider the spin structure. We are interested in the helicity conserving part

of the discontinuity, so that only such a part should be kept in the product of the

6



Born and the one-loop contributions in Eq.(14). Since in the Born approximation
the helicities are conserved, as Eq(lﬁ) shows, the only helicity conserving part must
be taken in the one-loop contribution. Now let’s turn to the colour structure and
to the signature. In the Born approximation (16) the amplitudes evidently have
gluon quantum numbers 1n ¢; and {, channels and negativé signature (in the region
of asymptotically large s it simply means that they are odd functions of s). The
one-loop contribution to the amplitudes Ajbﬁl and Ajfgﬂ._ besides such a part, has
also a positive signature part, with colour singlet as well as octet state in the ¢,
and #7 channels. This part, however, is purely imaginary [12], whereas the Born

amplitude is real; theretore, their product cancel in the unitarity equation (14).

As for the result, to calculate the discontinuity AY' we may use, for the ampli-
tudes A% and A%!5" in Eq.(14), the representation (5) with the trajectory w(t)

and vertices I'S, 4, given by Eq.(4) and Eqgs. (6), (9) and (10) respectively. In the

one-loop approximation we get
A;jp” (one-loop) = (A1|T*|A) (BT | BY8x 114, 62505,

22 {w“-J(m [m (—) +In ( _f j] +2 (T (0) + r-gjg(m)} +..., (17)

by —i —i

where ciots denote terms which do not contribute to the discontinuity A'*). Here we
write explicitely the arguments of the vertex functions in order to stress that they are
not constant, but depend on #,. The amplitude A7{'5! (one-loop) is obtained from
Eq.(17) by evident substitutions. Using Born (16) and one-loop (17) amplitudes

and summing up in Eq.(14) over spin and colour states of the particles A; and B;

leads to the spin and colour factor

(AT T ANB|T'T?| BYSa u 5 0 6rp 0 -



Let us 1'61ﬁiﬂd that we need to calculate not the discontinuity (14) itself, but the
corresponding discontinuity for the amplitude with the octet colour state in the
t channel and negative signature. The calculation of the discontinuity for this
amplitude requires antisymmetrization with respect to the change A — A’, A’ — A
or, equivalently, B — B', B’ — B, which in our case reduces to change of the order

of the group generators into the factor (A’|T"T7|A). Using the relations
; ; ;o = I : - _.\'r =
L 0| s f 5 R ify *T'T = -=T%, (18)

where the coefficients f*7* are the group structure constants, the colour factor be-

COIIles

A - '
— (| T A)(B'|T]B)

Notice that the negative signature automatically leads here to the colour octet state

in the ¢ channel. Using the two-body phase space element

dd. [ . 1 dPgyy
2 (Pa +pBipay,PB,) = s (27)D—2 (19)
with ¢1 = pa, — pa, from Eqs.(14), (16) and (17) we get
4B (+) , - - 2718\ g°Nt
AN 7 (two-loop)| = gX(A'|TH AN B |TV|B (- ) :
(4522) 7 (two-loop) oy = S AITIANBITB) (- =) i
d\P~2gy) { : F)

x/ —— |wM(g? )In £ P RN+ TEL G200 20
(i — q)2.¢%, (411) — 2, aa(@i) +Tip(ary) (20)

Comparing Eq.(20) with Eq.(11) and the relation (13), we obtain

A —

5

gz_a'\f'.t / dED_?JQrI_L { (1), 2 ( 5 ) ~(+) 3 . (+) 5
, — : — (w'(g7,)]n — b+ I dileri )+l ainlar o (i
2r)o1) Ela—qp | ) ) T Dwalei) + Taislaly)] - (21



The helicity conserving part of the one-loop correction to the quark-quark-Reggeon

vertices I‘Sg(t) is calculated in Ref. [12]. For our purpose 1t is convenient to

express 1t as a sum of three parts having different flavour-colour dependence:

I‘gﬁ;},(é) = az(t) + ag(t,my) + a,(t mg) (22
Here the first term
. 2 D 1 ol =2
ag(t) = 22 QF(Q—;)Z/G dz- L — (23)
Wl g mi—a(l—a)]

s the contribution of the quark loop, the summation bein g over the quark flavours.

The second term

: W -) Jﬂ 2 N
< [5(51_3 $ 22 2me |, :(mé‘ﬁ—-} (24)

1s connected with the vertex and the quark self-energy diagrams. Eq.(24) is obtained

from Eqs.(39) and (68) of Ref. [12] with the help of the identity

. . L tz(l — z) 1t D —4)+ 4m? N2
(D—B)/ﬂ d::f,[ %:I/ﬂ da g~(rn) ,

m? — z(1 — 2)t]°" [m? — 2(1 — 2)t]°"

which in turn follows from the evident identity

1 d : ‘ D5
J, 4o | = (). (26)
0 dz m? — z(1 — T T

Finally, the last term, proportional to N, comes from the two gluon exchange and

quark self-energy diagrams; it can be written as

dalt, mé) = ag(t,0) + 6,(t,m3)) . (27)



Here ay(t,0) is given by Eq.(63) of Ref. id

 @N r(z—g)r?(§—1){ il B
ag(£;0) = =y T s (D - 3) [?.-f (3 2)

D 1 ; f
—Daly [ — _ 2 ! 2 o n
”1“(-? )”L“(I)JH(D—U DA™

where ¥(2) is the logarithmic derivative of the gamma function:

st

[

1

\-_._,V,._._p'
Eamme
[~Z
o
j S—

In turn, the second term d,(t, “"”o) comes from Eq.(64) and from the part propor-

tional to N in Eq.(67) of Ref. [12].

[t is convenient to modi fv its form using the
identity

) : i
// dtlfﬂmﬁl—m“y}(r 7’,@) L
[m2ai — tay (

C)L) 1’);1:1 g (] By Ig)]j_’%\ B
o D4
-_ﬂ-—j[m )T * 5 (29)
which provides us the relation
tay(l — 2y — 22)0(1 — 2y — 2
/ f ffi,lafa,o g SES I = LE.,J —+ (m? )%_2 =
[m?af —twy (1 — 2y —2,)"7 D -2
(1l —2y—ay) |(£ -2 te1(l — 2¢) +2(D = 3)m3222
/ f dz,dz, (% -2) - Jm?ai] C(30)
[m? 21— txa (1 — 2y — 25)] 3

Using this relation one arrives at

(_)?) (3——-) //Ffil{’fl:-ﬁl'rl—tl*—!})

tll—x D—-2 .
X —————( t1) (1 — 21 + ;rf) 5
4

:Qlt‘j

. 3-
{?ﬂé;ﬂ% —tzy (1 —zy — x-;)]

10



N m2 )2 -2
bl } (31)

4. THREE-PARTICLE CONTRIBUTION TO THE DISCONTINU-
ITY
Let us now turn to the calculation of the contribution coming from the three-
particle intermediate state in the s-channel unitarity condition. Since we are consjd-
ering the discontinuity of the quark-quark scattering amplitude, in the intermediate
state we face the same quarks with an additional gluon. The unitarity condition in
this case reads
AL s = [ s (py + PBiPA PG PB) ). ANE DA (39
’ 41,G,B,
where GG is the produced gluon. For calculating the discontinuity it is convenient
to use Sudakov variables. Let us introduce light-like momenta p_ and P+ close to

the initial momenta p4 and pp respectively:

ma sz
p-4:p—+Tp+r PBZP+—J——;—p_7
P2=pi=0, 2p,p =s. (33)

Thus any vector p; can be decomposed as
Pi = Bip- + cipy +piy (34)
so that

2 ) 2
p; = 803 + p;,.

11



In the region under consideration. i.e. for
$> [t| ~mi ~ mi | (35)
the essential kinematics in Eq.(32) is defined by three conditions:

1) [Pilﬂ et ip?‘}fl_i_[ Sy !PE}J_! it (36)

which means that all transverse momenta are limited:

i) Ba, ~apg ~.1, a4, ~ Bg, ~ =y (37)

e

that states that the order of magnitude of quark longitudinal momenta does not

change; and

t =
5 U s, Hendp (38)

~

'3

according to which the range of variation of the gluon rapidity is large. Since
2
sagPc = —pa, ~ |t ,

only one independent variable can take values in a large region, leading to a contri-

bution proportional to In(s) [3].

In LLA, where the discontinuitv should be calculated with logarithmic accurac
; ] 2 ¥,

only the multi-Regge kinematics could contribute so that the region was defined by

Eqs.(36) and by

|t]

o M=l cif, Bl ay, ~ fBp, ~ —

It | It '
5

I1

e

=]

o

Now we need to keep a constant term together with the logarithmic one, therefore,

besides the contributions of the region (38) we must also calculate those ones of the

12



fragmentation region of the articles A, A’ and B, B'. Let ys start with the first of
g g P

them. The region is determined. together with Eqs.(36), by the relations

[t
1‘9141:51: CEB-l%l} &,-llm.ﬁﬁlw__];
l
,Sc;rwl, {I{;""-‘[_E;—J. - (40)

Within the accuracy here required, the gauge nvariant expression for the amplitude
A : : . : :
AL in this region is given by
3

1 1 2(— / e {-—';_!"”1.}
AjBGB =7 J u(pa, ) {g&th"ﬁ'T”[ﬁ)zA P/'L-q(fmﬂ} : £c

fal

(Y, + Vo +my)

y. ?-\QT} py / L/ . .”" 2 '?"'-'. y
HAIT T4 o 0 TPl s e a T )
2 - (EUB _}JE1JE ) :)J}
X : / s o Do € — )4 — P 1 + : . e
(PAI — p4)? {ﬁ;‘(? LPG) Vg(f Lee) ,l/+ ((3 4 — Py " PB | €n
. ’ 1
X u(Pa) e BT | B)———a(pp, ). u(pg) . (41)
{p51 - pB)

All Feynman diagrams for the gluon emission in the quark-quark scattering (see Fig.
2) contribute to the amplitude (41) and one may easily recognize the contribution
of each diagram in the Feynman gauge. Let us remind that, if a diagram contains
a gluon line connecting two parts with strongly different Sudakov variables, then
for calculating its asymptotic contribution it is convenient to decompose g in the
gluon propagator in the form

(PEpY + pp)

S

g =2

+ 1" . (42)

T'he asymptotic contribution is given only by the first term in the RHS of Eq.(42),
supposing that the Sudakov variables of 3-type (a-type) at the p-vertex are much
smaller (much larger) than those at the v-vertex. Clearly, this trick is used for the

gluon lines with momentum ¢2 In the diagrams of Fig. 2(a,b,c). It is also used

13



for the gluon lines with momentum ¢1 1n the diagrams of Fig. 2(d,e}, because the
dependence on the gluon momentum is factorized for these diagrams, in the same
way as for the soft gluon emission, and after this we have all the consequences for

applying the trick.

We could perform all the calculations in a gauge invariant manner, but it occurs
that a suitable choice of the gauge makes our task easier. This happens in the axial
gauge

Gyt =l (43)
Let us then express the amplitude (41) in terms of the Sudakov variables and using

the gauge condition (43). First of all we mtroduce the simpler notations
K= pg EE L ; Uy 1 92 = pB, — PB ,

k=g —qp = apy + PBp_ + Kk, . (44)

Moreover, by means of the gauge condition (43) and of the transversality require-
ment ek = 0, we can express the polarization vector in terms of its transverse

part:
€4 u‘TL'_L

(45)

E=¢eL —py

p+k
Hence all the invariants necessary to calculate the amplitude A4L"?" acquire the

following expression in terms of the Sudakov variables:

| k2
2.k =38, 2p_k = LTL ,_ 20:pu; =81 = g},
S 5 A% a. H
2p-pa, = —4 gl—* . 2pak = 24P - o
pa k= milﬁg —(k + ,.-ﬂtgg}i f}f? __ qfl — mir_if":’ fjg 9 q.} (16)
<4, o 3(1_3) 1 ] = _]_—-.3 H 2w 2.1



Using now the polarization vector (45), the invariants (46) and the commutation

relation (18) for the term of Eq.(41) containing (A1|T<T|A), through a simple

calculation of spinor algebra, we arrive at

AP = 26%0(p.,) {(*"{I 77T\ A) (L (k) - L{ky + Bqa1))

¥ g . 1 ;-:Q Lo
Sl AT AY L(qre) — Lk, + 5¢2¢JJ}ﬂ+“(PAJ{BIJT”?JB>qz €GOrpap, - (47)
21
Here we have put

. VE(mad = BE,) + 247
Lho)= Luka)ert, 1r(ry) = W08 PR w2
m33% — k2

In order to go from Eq.(41) to Eq.(47) we must take nto account that in the helicity
basis one has

ﬂ(p51 )ﬂ— ”'(EDBJ = *55»\5,3"5_. : (49)
The corresponding expression for the amplitude APSPY can be obtained in the
same way and reads
AGEP = 26%a(pa,) HANTIT)AY Lk, + 8q1) — L(ky + B¢a))
—'ﬁff}jcfs%th.]A#}{L(ﬁfu = (1= 38)qL) - Lk, +,-'3*?u))}
X Prulpar)eg ———(By|T%|BYs, . 50
<P S i e

Let us note that this expression tollows from Eq.(47) by simple substitutions. In-

deed, the amplitude A2 must take the same form of A5t when expressed in

terms of primed Sudakov variables and primed vectors P+, defined by

' ?ni ; ﬂ?.%
Par =p_+ S g,

PBr = Py -

D' =i

15



i : i
where L means transversal to the (p4r,pp) plane. Since

L — ¢

i = +*-————‘5 =py —qu ,
/ . ”EEE_Q".EL ; o
PB =p+—r-‘——5——}?—“rﬁh; (:}2}

we get the following connection between basis vectors,

!

q1
Py = P+ _TF'-—“{"E'.L ,

; q .
P P oy g, (53)

and Sudakov variables,

o :
: ) 1P ! s G p;
3? ot _ff fiia= f__LCt:i + 2‘?-&3 2 | Cf;' ~ O i'i—r-'b)..; oy 2 ,{_Lp o 5 ?
o S B 5
: G+ = P 5
B gL, £ 0i)ql + qupir] - (54)

Keeping only the leading terms. in the kinematical region defined by Egs. (36),

(37) and (40), we find that the amplitude A4155%" can be obtained from the RHS

of Eq.(47) by the substitution

o
]|
T

A’TJ_ — Kk + .SE}L . 421 = PB;1 — @21 — ¢ ) (
besides the obvious change 4 — A’ and B — B

We are now able to calculate the discontinuity (32). Using Eqgs. (47) and (50)
and performing the summation over colour and spin states of the intermediate

particles, we obtain

4 6(5 ' St
> ALTTaacE . ) Dy [(A TT? PP AR

A B @':Z?.L(G’? = Q’}i L

iy ofiel AT T 4 R + i (A | TTIT) ) R
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—i fuel &' [T T'|A) Rl | (BT T B) (56)
Here the first two terms in the square brackets come respectively from the product

of abelian and non abelian parts of the amplitudes (47) and (50); one has

Ro = a(pa)fe |L*(kL + Bqa) — L*(ky + Bqu)| (7, + ma)

X [Lu(ki) — Lu(kyL 4+ 8q21)] Foul(pa) , (57)
with
’ S O ~H L O H
L(ky) = 747 o ff s = = (58)
and
Roa = u(pla)ys {ff“fh +3q1) — L*(q1e — (1 - 5)&)] (P(_J.l + '”1.4)
X [Lu(q12) = Lulks + o )] Hyu(pa) - (59

The remaining terms come from the interference of the abelian and non abelian
parts. It is not necessary to write them explicitely, because they do not contribute
to the discontinuity which we are interested in. Remind that we need to calculate
the helicity conserving part of the discontinuity for the.ﬁi:mplitude wih:uxh colour octet
state 1n the ¢ channel and negative signature. Asit waé,} discussed just before writing
the relations (18), we must antisymmetrize the colour factor (B’[TJJTHB) with

respect to the inversion of the order of the group generators (antisymmetrization of

the colour factor for the particle A leads to the same result).

Bearing that in mind, we first calculate the colour factors in Eq.(56). As for the
R, term, using the relations (18) and taking into account that the second of them

gives us (in the case of adjoint representation (T), = —if* 1m)
; : N
fijﬂ:fifrnjjmn == 7].{:-&? . (60)

17



we get

(B'TE|BYi fiu; fo . Fiiel AT TV A) =

R B

i'\-'r /" ; . i ",f *
T BITOBYi fir (AT T 4) =

9

] |r it
4

(B|THB){ AT 4) (61)

S
The same relations allow to show that the colour factors for the interference terms

are zero. For example, the colour factor of the R;,; term is

L o NP BV £ ) 4t i eme
58 kit (BT | BYi foyr (A'|TTITS| A) =

3 Pt (BT IB) Sy (ifsel AT ) + (A1TToT) 4)) =

ki g

T -— N o w— ;J_ i — .
3 (BITH1B) (i A1TT ) + TN TI) =0, ()

The same result is obtained for R;,;. For the calculation of the colour factor of the

i

£, term we need the relation

qreepa ‘Jll'llr e ‘
ITT_(@E——_?—),J . (63)

—

Here (5 is the eigenvalue of the Casimir operator 7T and its expression for quarks

18

Eq.(63) can be obtained using the relations (18). At the end, for the colour factor

of the R, term, we find
3 /vy 5(BIT*|B)(A' [T 79T ) =

_ g(B’fT‘:[B}(A’[T‘:T"‘TCH) = %iB’!T‘*%B}(A*!T"M 1 (64)

’_'
oo



It remains now to calculate R, and R,,. Tt is clear from Eqs. (57) and (59) that

both quantities can be obtained from the general expression

Freoms) = W) L4 rs) (B, + ma) Lulrs + 0 )hulps), (65

where 7, is linear in k, and ' does not depend on £, . Taking into account that

P+vL =0, J/i =0, 9P+P.41 =s(1 — g2l
and putting

!

dik,) = I'Tli B2 k2 ° (66)

we find that the expression (65) may be written as

Glra,rl) = s(1= B)d(ro)d(ry + v, )a(pa)

X K—-mﬂﬁg — 3 }Q) v+ ?«?‘ﬂ {rﬁf’J.y, ('??1.452 - By + }/")L +2(r + ?’f)*';zj Yoy
(1= B)d(rL)d(rL + ' )a(p.) [

Pa) =
D —2) (—-mi,ﬁ& + 3 (?i 5 fﬂJ.) g m*qﬁafi)

L (Pt 1 [T i) s 2?'?1‘4{32;/1} Piu(pa) . (67)

We have used here the fact that the term ¥, ', | being under tegration over the

azimutal angles, is equivalent to oy

The term | . after the integration is performed. becomes proportional to ¢

therefore it can be omitted. In fact, because of the relation (see Eq.(37) in Ref. 112])
Wpar) g foulpy) = W(par )Py — Py )fou(py) =

ﬂ(pa;)(—-imgjﬁ_ +s)u(py) =s (-&(_p‘_;:)u(p‘_l) — ?,méh,,y_{,) = —--.i.sw~¢§1;h_,1_¥ , (68)

1t does not contribute to the helicity conserving part which we are interested in.

After some algebra. Eq.(67) turns into
52
G("‘](?‘J_,?‘i) =K% . B)d(r )d(r, + 7 [~ (2(1 —B)+ (D — 2)_0_)
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; 1 1 - .
A2 -+ dm? 8%(1 — i 69
(?"‘ T d(ry +r') d(m_:') Famad 2 (69)

where the superscript (+) stands for helicity conserving part.

Let us denote by A®%) the contribution to A defined by Egs.(11) and (13),
which comes from the fragmentation region of the particles A and A’ Applying
the unitarity condition (32) and Eq.(56) with the colour factors given by formulas

(61), (62) and (64), we have

A4y _ 497 / d®s (pa + pB; pa,, k) (L

() LB
2743, (g2 — q)* 3

N* (+) -
8 RHGJ K (IDJ

s

5
where the superscript (+) means, as before, helicity conserving part. The integra-
tion runs over the fragmentation region of the particles A and A’, where the phase
space element takes the form

L d3  dP-2g, dP-2g,,

dPs (py + pg: Pa,.k.pg, ) e
27 T 4 A1 — 3) (27)2(D-1) "' (71)
with
41 = P4 — P4, , (2 = PB, — PB , k=q —qs .
It is convenient to split A4 into two parts,
.3(3.4] = A=) + AR (72)

which respectively contain the terms R(*) and R\Y). Using the phase space element
(71), the expressions (57) and (59) for R+ and R{*) respectively and Eqs.(65), (69)

tor G(ry, ), from Eq.(70) (here and below all vectors are (D — 2)-dimensional and

orthogonal to the (p4, pg ) plane) we get

-lt 3(5—2] J{L’J—?J e le iy 32 22
AlB4) _ 9 /f Do, Mol d8b o {Gu-¢n+%ﬂa—zo

2 8 J (27)P-1 (20} Pl g BgRlgr = 4 )2 2
| , | —¢ ¢ (2= q)°
d(k)d(k + Bq)d(k + B¢ : -
xd(k)d(k + Bq)d(k + B¢2) (d{fcn’—ﬁqgj -+ 20k + Ba) + a0%) )
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FAm(1 = 3) (d(k + Bz) — d(k)) (d(k + Ba2) — d(k + 5)] (73)

and
@) 9Nt d(D-2)g, go- z}q dg (1 - B)? Rl g -
“lﬂﬂ a 8 (‘}#)'D . 2 —/n ,‘5 Q’v g2 —'q) 2(1 3)_1_ 2 (D 2)
Xd(q1)d(k + Bg2)d( —(1_3))‘/ ¢ _ g g
v e DO\ dk + Ba) dg—(1-8)q)  d(q)
| 2 3'2
- ;nil} (d{k + Bq2) — d(q1)) (d(k + B¢s) — dlqgn — (1 — 5)@)):' ; (74)

Here 8, is a not specified, artificially introduced boundary of the fragmentation
region of the particles A and A’. Eqs.(7 2)-(74) give us the contribution of the
fragmentation region of the particles A and A’. It should he supplemented by two
contributions. One of them comes from the fragmentation region of the particles B
~and B’ which. in analogy to Eq.(72), can be divided into two parts accordingly to
the colour factors,

A(SE’] — _ﬁigﬁ} ; Q{EB}‘ (?5)

Evidently, AP#) and ABS) can be respectively obtained from Eqs.(73) and (74) by

o

the substitution

O —=5 1y , §— —q, Mg—+Mg |,

kz
s’

3{} =¥ . (76)

d—=a=ag =

The other contribution, that we call AGD, comes from the multi-Regge region,
defined by Eqs.(36), (37) and (39), which is intermediate between the two fragmen-

tation regions. This contrubution was calculated 3] and reads

galﬂ,r?.f/diﬂ z}q d(P— z}q /-@1 ds 1

ABD _
3 (} Dl),..)ﬂl |r|g}q Q'*r—q)



o] ff q§ (Q’E—Q)z | (TT)
qiler — q)*  ¢ik* (g1 — q)%k?

p. 4

One can easily recognize that it is obtained from the expression (74) for AB4) by
changing the limits of integration over § and going to small 8 in the integrand.
Notice that the abelian part (73) does not contribute in this case. It means that
the integrands of Eqs.(73) and (74) are valid in a region wider than that of the
[ragmentation one, namely not simply for 3 ~ 1 but for |¢t|/s <« 8 < 1. This is
not unusual because |t|/s is not an artificial bound but a natural one where the
applicability. should be broken. That allows us not to consider the multi-Regge
region separately, but to include it in any of the two fragmentation regions which,
then, become overlapping. Hence, the total three particle discontinuity can be

obtained as the sum of the contributions of the two fragmentation regions,

i

Here the first term in the RHS is given by Eqs.(72)-(74), the other one follows from
it by the substitution (76), with the parameters 3, and ag satisfying the condition
sPoap = —k*. Choosing

Gy = ag =/ — . (79)
we get ABP) from AB4 simply by the substitution my — mp.

For the abelian part AP of the last discontinuity, it is clear from Eq.(73) that
Bo could be put equal to zero because the small 3 region does not contribute. That
1s 1n accordance with our experience in QED, where it is well known that cones of

photon emission by two scattered particles do not overlap at high energies.

Performing the integration over ¢; in Eq.(73) with the help of the Feynman

Q]
]



d\P=2y 2 ( - "EJ‘) ¥ gy
d rd(r "f—:,I = = / S0
f (2m)P-1 (r)d( ) (47)F  Jo emg(l) (50
where
em(l) = [m} = Pa(l —2)P~7 | (81)
we find
Ap Tl Gl [(D=2), 1 1 2
ﬁiS‘-” — -.g_ ( Dz) / G "?..- _'jﬂ / dl {(_(1 0 3) + E_(D e
4 (4m)2 L ‘g3 (g2 — q)° Jo B-D) Jo k)
o g 1 1 2
X T - +4mi(1l - 3) ( - + s )} _ 39
(CmL.g) Gm(f{g)) . cm({])l ‘:m(q} Cm(“-j?) - ( )
Atter this step the integration over 3 can be easily performed and yields
2 & D | i
A(34) _ g't T (2 ~ ?) / hiidhy |
0 (4m)F S @m)Pig2 (g — )

1 I 1 qg Eqrg
ie| ( ] _
K/ﬂ N { ~J: + D g 3 (C?H({FJ C?n({]fj)

| 2m} ( 2 1 1 )] (83)
D=31enle) enle) (D)) ‘

In order to calculate the non abelian contribution A4 given by Eq.(74) with

Bo = \/—k?/s, we apply the following trick: we subtract and add this contribution
considered for a massless quark, AGY)(m, = 0). Performing the integration over

T

¢1 of the difference

bt =B AL i e b (84)

L

we may put Jo = 0. With the help of Eq.(80) we arrive at

1 arde il LB
6{3"_1:] = g{_’\" f F (3 - J
L 4_ (.J__:J’r)j_}

rh:l w |l




dP2=2) L (1=0) 4*
s o pre—e—— Pldag | AL =Byl (P9
Kf '37)5“192(@—9)2/0 R /n N el )

I (i~ ) - (et - s
Cms(g(l — 3)) co(q(l — G4)) h Cma{ga(1 —_.B)J co(g2(1 — B))

%mﬂiﬁz[ ! . 1 H )
A — — _ — , 85
C:rn_ﬁ(‘?(l = 3)) Cm_ﬁ(@’?(l - 3)) C'ﬂlﬁ(o} ( /

The total contribution of the three particle intermediate state to the discontinuity

18 then given by the sum

nao T L

Here APY and 6§84 e given by Eqs. (83) and (85) respectively, ABP) and s

TLO

follow from these equations by the substitution my — mp and AR (my = 0)

which is equal to ABB) (1 p = 0), comes from Eq.(74) with 8y = /—k2/s.

el \

5. TWO-LOOP CORRECTION TO THE GLUON TRAJECTORY

We are now ready to discuss the formula (12) for the correction W T
contains the discontinuity Ag which has been calculated in this paper and, according
to Eq.(13), is given by the sum of the contributions AY) and AL respectively
quoted in Eys.(21) and (86). Besides that, Eq.(12) involves the leading contribution
to the trajectory wW(#) shown in Eq.(4) and the one-loop corrections to the QAR
vertex FH'QF‘ which are given by Eqs.(22)-(24), (27), (28) and (31). Notice that the
discontinuity _\g] itself is expressed in terms of wM(t) and QQR vertex. Therefore,
the correction w®)(t) looks rather complicated. Fortunately, a series of remarkable

cancellations oceurs among various terms in it.

First of all. the term ABY in AY) cancels the term with ag(r,m?%) coming
from gf;] n Eq.(21) and F_{_tﬂ;u”}(t) 1n Eq.(12). One might easily see that putting

the expressions (24) for ag(r,m}) and (4) for w¥)(¢) into Eqgs.(21) and (12), and
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comparing the result with Eq.(83). Of course, the same cancellation exists between

the term A and the terms with ¢ r,m%). Quite analogously, the term §34)
a Q B o Tia

(85) in &E;SJ cancels the terms with &,(r, m?) (31). In order to make this cancellation

more evident, one only needs to change the variables in Eq.(31):

T, — 3, 2 — (1 -9)z . (87)

In turn also the term 635 cancels the terms with 0g(r,m3%).

After these cancellations are performed, one realizes that the correction w3 ()
of Eq.(12) does not depend on the masses of the scattered quarks, as it should be,
because the trajectory, by definition, could not depend on the properties of the

scattered particles. In fact, Eq.(12), because of Eqgs.(86), (21), (22) and (27), gives

¥

us
2 (D-2) .
()4} = 97 (34) it g~ IVt / d 4l [ (1} 2 3
W (t) = 2A0Y (m, = 0) + — (g2 In
( ( 7)1 ¢ (g - g)° . ~q
: A 2 S :
+2a7(g7) + 2a,(3,0)] = (wM(1))’ In (:) = 2u0(t) [as(t) + ay(¢,0)] ,  (88)

respectively.

Looking at Eq.(88), we observe that not all the cancellations are performed up
to this point. Indeed, the trajectory cannot depend on s, therefore the terms with
In(s) must cancel each other. Let us note that the cancellation of these terms is a
consequence of the gluon Reggeization in LLA, which was previously proved [3, 7],
and can serve as a check of our calculations, whereas the cancellations discussed

above confirm the gluon Reggeization beyond LLA.

In order to explicitely demonstrate the cancellation of the terms with In(s) and

to present the correction w!?)(¢) in a more transparent form, we integrate over 3 in



Eq.(74) with m = D We do that in the following way. We divide the integration
region into two parts, one from 3, = v —k%/s to &, the other one from § to 1, with
6 < 1 (at the end of the calculation we let § go to zero). In the first region we may
put B = 0 everywhere besides the factor dB3/3; thus the corresponding contribution

to AR (my =0) is

TN f d\P=2) (B3] e 1 [ q° 2 J ok ( 362 )
8 (2m)271 (27)P~ (g2 - 9)? Bl — 9 (@1 — q0)? = nlt)

(89)

In the second region the change DE the variable ¢; — (1 — 3)¢ actonzes the &-

dependence, yielding

L g | 32 | '
/ —"3-(1-,.-:3)5*“ ( B B3 B th)) =21In (5) —|—'2'r.£'-‘-fil]“2'{11'-‘(_.{)—3)—-5——3——-.
& i

5 5 (D -3)
(90)
To obtain this result we have used the decomposition
i -~ 1 d3 dp
22 f(B) = . / .
§ 3 S(B) s B LF(8) = f(0 oL
and the integral
L df
[ Za-8P-1] =) —p -3 . (92)
0 .3 L !
Given Egs.(89) and (90), from Eq.(74) we get
ABA (my = 0) = g*N?t d{DTE}Ch E{T{D*Q}q? _j 1 | [ .:, q° b }
" 3 (2m)P= (2m)P1 (g2 — ¢)? (31 — 92 (@1 — 2)?
[m( s ) +2(1) - 29(D — 3) - ~—3—~J (93)
—(g1 — ¢2)° — 3

We now substitute this expression. together with the expressions (4) for w (1), (23)

and (28) for as(¢) and a,(t,0) respectively, in Eq.(88). Making use of the equality

d(D-2),. 4T |2 == iRy
- il e, .

mpEmrie=rR e RR e T
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in order to represent the contribution of ay(%,0) in integral form, we arrive at the

final result
WO (1) = 941”*"2?5/ dP2q, {f dP=2g, [ e T ( ¢ )
4 (2 )P y2 (27)P=143 (o1 — ¢)%(q2 — ¢)? (1 — ¢2)2

—]" 2 e II] (——i]—-—l—)*fz- (—- g- g—f_ 2 )
(1t @—9?%" \(¢ —q) (71— q)(e2 — ¢)° " (g1 + g2 — q)2

< (2@(17 =95 -e,f::(:3 - —?) . zm(i? — 9} =il

2

[

e (- )] 4
(D=3)\4(D-1) D-4 1 N Tk (g

X / A4 T lJ : ; = = ._ > . (;}5)
; ; | | me' =gl =g ji~g (m? — q22(1 — m})-*%] } (

This equation gives the two-loop correction to the gluon trajectory in a closed form.

; ; ; . 3 :
Summation is performed over quark flavours and ¢ = ¢°. Remind that all vectors

nere are (D — 2)-dimensional and spacelike, r? = —72,

6. Summary

We have calculated the two-loop correction w(t) to the trajectory of the
Reggeized gluon in QCD. To find thjs correction we used the scattering process
of massive quarks at large energies /5 and fixed momentum transfer /—¢. The
correction is given by Eq.(12) in terms of the helicity conserving part of s-channel
discontinuity Ag of the amplitude with colour octet state and negative signature in
the ¢ channel. Furthermore, it deﬁends on the leading contribution wW(t) to the
trajectory [3] (see. Eq.(4)) and the one-loop correction to the helicity conserving
part of the quark- quark-Reggeon vertex Figg(t_) [12] (see. Egs. (22)-(24), (27), (28)

and (31)).

The discontinuity Ag, obtained in the two-loop approximation, consists of two

[
=1



contributions, A% (see. Eq.(21)) and AY) (see Eqs.(86), (83),(85) and (74)), which

come from two and three particle intermediate states in the unitary condition.

We have obtained the final result (95) for the two-loop contribution w ()
to the trajectory as a consequence of a series of remarkable cancellations. These
cancellations exhibit the independence of w(t) on any specific property of the
scattered quarks and confirm the gluon Reggeization beyond the leading logarithmic

approximation.

£q.(95) gives us the correction w(®(¢) for the space-time dimension D. Of course,
our main interest relies in the physical case D = 4. Unfortunately, in this case the
correction shows up divergences which are both ultraviolet and infrared. Indeed,
the former ones are not difficult to deal with. They are due to simple first order
poles and can be removed by expressing the bare coupling constant ¢ in terms of

the renormalized one in the total expression for the trajectory:
w(t) = :',-J“}(?f) +w{2](t) s

In the M S scheme one has

2.0 | 11‘{ 2 q; 1 | SR (0
S ”(T “i”f) (47)? LD—AL_5111“"J_§’“”J+”‘ ?
(96)

where g, is the renormalized coupling constant at the normalization point k.

The infrared divergences, on the contrary, are much more severe. They could
not be cancelled inside the trajectory w(t) because the gluon is a colour object,
whereas we may expect their cancellation for the scattering of colourless objects
only. So, we should check the cancellation of the infrared divergences when the

trajectory would be put into the Bethe-Salpeter type equation for the amplhitude

28



with vacuum quantum numbers in the ¢ channel. We hope to do that in subsequent.

papers.
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Figure Captions

Fig. 1: Two particle contribution to the two-loop s-channel discontinuity. One of

the amplitudes is in the Born approximation, the other one in the one-loop

approximation.

Fig. 2: Feynman diagrams for gluon emission.
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