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ABSTRACT

The radiative corrections ~a’lna to the positronium

decay rate are calculated in the Breit approximation

which is shown to be quite adequate for the problem.

For orthopositronium the result coincides with the pre-

vious one, for parapositronium it differs from the old
results.
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1. The problem of radiative corrections to the positronium decay
rate is quite serious due to the strong disagreement between the
theoretical value for orthopositronium (o-Ps) that includes the cor-
rections of the order a and a’lna [1 —4]
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and the recent experimental value [5],
Fos® =7.0516(13) ps~". _ (2)

The measurements of the p-Ps decay rate will also in the near fu-
ture become sensitive enough to feel the corrections ~eZin c.

In the present paper we rederive in a way, which looks (at least
to us) simple and transparent, the corrections ~a’ln a to the ortho-
and parapositronium (p-Ps) decay rates. In the case of 0-Ps our
result coincides with the known one [3] (see (1)). So, unfortuna-
tely, we cannot say anything substantial about the mentioned disag-
reement between (1) and (2), although some remarks, hopefully
pertinent to the problem, will be made below.

On the other hand, our corresponding result for the p-Ps decay
rate is new in the sence that it differs from the previous ones
[3, 6].

2. As distinct from the previous calculations [2—4, 6], our
approach is not based on any fully relativistic two-body wave equa-
tion. It has been noted already [2], that nonanalytic in & correc-
tions arise due to the range of momenta between m and ma. Our
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observation is that the logarithmic nature of the correction allows
us to restrict to the range ma<Cp < m, where we can treat relativis-
tic effects as perturbation. Hence we can consider the corrections
~a’ln o as such corrections to the wave function of positronium,
that logarithmically diverge at small distances and are cut off at
r~1/m where the annihilation occurs. These effects can be des-
cribed as (v/c)? corrections. The theoretical status of the corres-
ponding Breit Hamiltonian (BH) is absolutely safe.

The part of the BH that corresponds to the relativistic correc-
tions to the dispersion law of the particles and to their Coulomb

interaction (see, e. g., Ref.” [7]),
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can be easily transformed to

2

e 2 _di _ (4)

4mr® 2m?r®

In (4) we retain only those terms which are sufficiently singular at
r—0 to influence the behaviour of the wave function at small dis-
tances. Let us note that
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where R, o is the radial wave function of the Coulomb state with

the principal quantum number n and vanishing orbital angular

momentum [. The Bohr radius a in positronium is a=2/(ma), so

that with our accuracy Vi(r) vanishes. The conclusion that this part

of relativistic effects does not work in the a’lna corrections to the

Ps decay rate, was made already in [3]. |
The next spin-independent term in the BH,
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describes the magnetic electron-positron interaction due to the orbi-
tal motion. At /=0 it can be easily transformed to

Vi — 5 (;m-% ar). (7)
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Using the same substitution (see (9)), d,~—ma/2, and retaining

only the terms singular as r—2, we get
aﬂ
oo 2mr® (8)

Now one ‘can show in a straightiorward way that the s-wave.radial
function, instead of being constant at r—0, behaves as

IIJI ,{aw(&) - |2

The corresponding relative correction to the particle density at the
distances r~1/m, where the annihilation takes place, and therefore
to the decay rate itself is
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The spin-orbital part of the BH is irrelevant to our problem since it
does not work at all in s-states. The part of the BH that describes
the tensor spin-spin interaction does not contribute to the deca}r rate
!.'0 the accuracy considered. Indeed, being applied to the s-state, this
n?teractinn either annihilates it (in the singlet case) or transfur;ns it
(in the triplet one) into the d-state with the same total angular
mumdentum. But the annihilation from a d-state is strongly ham-
pered.

So, we are left with the contact sp'in-spin interaction
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It originates from both the magnetic spin-spin interaction, and from
the one-quantum annihilation contribution which does not vanish in
the triplet case only.

‘We shall solve the corresponding wave equation

[— RS —Eu"i—fl.% ﬁ(r)]lp(r)zﬁ:

I F

Py = = tes 55 ¥
A= =S(S+1) 2_{

S=0
8/3, S=1

by iterations. In its turn in the inhomogeneous equation
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we omit the term — m?a?/4, regular at r—0, and treat ma/r, which
is less singular than A, as a perturbation. Simultaneously this pro-
cedure is also an expansion in a.

The solution of the zeroth order in a,

PP = —A "= o (0)
dmr

at the distances r~1/m of interest to us leads evidently to the cor-
rection ~a to the decay rate. The calculation of the corresponding
numerical factor is beyond our accuracy. The first-order solution,

-¢W=A§4mmmpmm) (14)

gives evidently at r~1/m the relative correction Ad’lna/4 to
$o(r) | ,~1;m and the correction
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to hp{;.{r)lf,,”m and to the decay rate.

The total correction to the decay rate includes both (10) and
(15) and thus constitutes
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3. Orie may feel dissatisfied with the above treatment of the
spin-spin interaction (11). Have not we buried some contribution
~a’ln a in the linearly divergent, at r—0, term 1]:.@? To reject the
suspicion we shall calculate the discussed conribution of Vi3 in a
straightforward way. We shall follow the line of reasoning close to
that of Refs [8, 9]. Let us consider the diagram of Figure. Its left
vertex corresponds to the interaction (11); in the momentum repre-
sentation this amplitude is — Ana/m®. The right vertex is the anni-
hilation one. In the momentum representation it is, to our accuracy,
a constant, correction to which we are looking for. The Coulomb
attraction (the dashed vertical line) supplements the imaginary part
of the corresponding one-loop diagram by the well-known Coulomb
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factor ma/(2v) where 2v is the relative velocity of the particles. So,
the imaginary part of the diagram becomes a constant:
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The dispersion integral -

i Kigtm i (18)
Euﬁ—ﬁ?— %

is in fact the correction to the annihilation amplitude we are looking
for. The correction to the decay rate is evidently twice as large and
coincides with (15).

4 Our result for o-Ps coincides with that found earlier. As for
the disagreement with earlier results for p-Ps, its origin can be
easily elucidated in the case of Ref. [3]. The prescription of the lat-
ter paper is stated there explicitly: «For parapositronium, the life-
time calculation is the same as for orthopositronium except that the
single-photon annihilation kernels are exactly zeros. Indeed, under
such a prescription we would get for p-Ps constant A the value
8/3—2=2/3 instead of —2, and for the factor at the relative cor-

rection mzln% t& the decay rate the value 1—1/3=2/3 , presented

in [3]. Our value 2 for this factor arises at the transition from o-Ps
to p-Ps, if one not only omits the annihilation kernel, but also modi-
fies correspondingly the contact magnetic interaction. _
Concerning the strong disagreement between the theoretical (1)
and experimental (2) results for o-Ps, it may be due, to our opi-

nion, to a large and still uncalculated numerical coefficient at

(a/n)? correction to the decay rate. Some hint to it can be found in
the large, ~10, factor at a/n correction. By the way, some large
(but far from sufficient) contribution to the (a/m)? correction can

Diagrammatic representation oi the a’ln o contribution due to the spin-spin contact
interaction.
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be found directly from this number. Indeed, it arises from the
—ba/n correction to the annihilation amplitude which, being
squared, gives also 25(a/n)? correction to the decay rate.
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