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ABSTRACT

The longitudinal phase volume of heavy particies

bunch is known to increase at transilion energy pass-

ing. The analytic.expression for the degree ol this

increasing is obtained. The resulis are demonstraled

to be in accordance with experimental data and nume-

rical calculations have been performed for IHEP acce-
lerator UJ-70.
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I. THE STABILITY CRITERIUM AT FIXED ENERGY

Particles, travelling along the vacuum chamber axis, awake
electromagnetic field, which acts on following ones. Quantitatively
this interaction is usually discribed by means of such a concept as a
vacuum chamber impedance. The last will be supposed here to be
wide-band, i. e. awoked fields to dissipate faster, than for the time
of revolution in the storage ring. The existance of an impedance
leads to a possibility oi a coherent oscillations instability, the most
dangerous are oscillations with frequency greater than the synchro-
tron one. The stability problem for these fast oscillations for bunch
at fixed energy is considered in this paragraph.

The initial point is linearized Vlasov equation:
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Here x and v are the coordinate and the velocity of a particle relati-
vely the equilibrium one; f and f, are a perturbation and an unper-
turbed phase density correspondingly; p is a deviation of the linear
density from a steady one (the last is normalized on the unit); Q.
is a synchrotron frequency; x» is a rigidity of RF f{ocusing:
nw=gpeUp:/R (ggr is a harmonic number, Uy, is a voltage, R—an
average radius of an orbit); N is a number of particles in a bunch;
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G is a wake function, connected with an impedance by Fourier
transformation.

It is necessary to pay attention that Viasov equation (1) is net
one with Hermitian operator, therefore an usual silent supposition
about its spectrum existence and completeness is groundless.

Vlasov equation is considered below as a pmhlem with an initial
condition, as in the Ref. [1].

Let an initial density perturbation to be in a form of the wave

packet: . A
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o,<C 0, where o is the r.m.s. bunch length. The condition of oscilla-
tion microwaveness

Fo>1 C(4)

are supposed te be satisfied. The evolution of this perturbation may
be described by the following integral [Il]:
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where w; is the coherent oscillations frequency in the hydrodynamic
limit:

wp= —i RQ; F L Z, (6)

) is the steady state density; an impedance
Lg= 5 G(x)e dx (7)
- 0

is expressed in dimensionless units
4

| dimensionless impedance unit=308 ;

vy is the particles velocities dispersion. The integral (5) may be
calculated by saddle point method:
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ko is the saddle point of the exponent W (k):
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The stated method allows to solve the problem of a coherent oscilla-
tions stability, since an impedance is known, without any supposi-
tions about spectrum. The results for d]fferent types of 1mpedancea
are brought below. : |

I. The reduced impedance |Zy/k| is a monotonous decreasing
function of k in the region k=o' In this case the criterium of
stability is the same, as that for a coasting beam awith the linear
density equal to the maximum one of the bunch:
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In this case

2. The reduced impedance has a maximum in the region k>a .
Let us consider the situation on the example oi single resonance:
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For the most dangerous situation, when px>T'f (I’:ﬂsi FG“ )
one can obtain the solution of a saddle point equation (9) (for the
appreciation 0,<€ x~0¢ is supposed):
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One can see that the instability is a convectional one: at a given
x the disturbance achieves a maximum (the more, the further an
observation point from an initial perturbation region), and after this
achieving it exponentially decreases to zero.

The requirement of perturbation smallness p<CA which is equal
to

(ReWo) ax < I (i)
Po

is satisfied, if only the velocity dispersion is high enough:
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(The bunch length o is connected with the velocities dispersion:
c=0,=uv,/Q:.) In the case vo>>In (A/po) this criterium coincides
with one, deduced from the coasting beam formula (10). In the
opposite case the requirement (13) may be rewritten in coasting
form (10) too, but the resonance width v must be replaced by

Thus, the coasting beam criterium of stability, with the pointed
reserve, may (and will) be applicated to the case of bunched beam
too.

2. THE TRANSITION ENERGY TRANSFER

The equations of particle motion in external RF field are suitable
to be represented in the next form [2]:
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Ty is the period of revolution; E=yMc*=yEo;—an energy of a par-
ticle; e—a relative deviation of energy from equilibrium one,
st AR T,

Supposing y=y:+¥yf one can find that in the vicinity of the
transition energy

02 — 'T_J | (16)
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By the force oi (15) the bunch length o, and the velocities disper-
sion o, change in accordance with the next formulas.

At |t] > 1o (the region of adiabatic invariant conservation):

¥ Sl 3,4
ot (_f_) g5 UT:(J‘_) ol 1 e (18)
To To Ta To To

I is the phase volume.
B':'i.t |f|$€1§g:

Or~— f— 1 U —— [— =07 Q0. (19)

The parameter of stability |kv /we|, which may be obtained from
these formulas, diminishes with an energy coming up to transition
one, at =0 it turns into zero. This means the existence in the vici-
nity of a transition energy a region of fast instability. Nevertheless,
the bunch expansion (lengthening and energy widening) does not
inevitably follow: the dangerous district are passed during- the

- limited time.

Let #; be a time moment when perturbations with wave number
k become unstable,

;.f_'_iﬁ’__f =1, (20)
During the whole period of an instability region passing pertur-
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bations increase in e~ times, where
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The requirement of phase volume conservation may be expressed
in a following form:
Se<<1 _ (22)
for every k>0, . |
Let us suppose, for the beginning, the moment ¢, to be in an
adiabatic region, {31, In this case

o il '%Eh be| =9t kop>1, (23)

thus it situation corresponds to very far from threshold one. This is
the cause, why fx <719 is supposed to be. Hence

Seax o tel = | 220, 1| = Qs oy Qoo (24)

Using the formula for oscillations frequency (6), one can obtain

le="To—3, (23)

where

(26)

Substituting (25) in (24) and then in (22), one can get the cri?
terium of phase volume conservation:
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for every k>0, ' with ¢, determir.ed by (19).

Let us find the law of phase volume increasing in the opposite
to (27) case. When [{|<C|f.|, oscillation’s turbulization keeps up
the velocities dispersion on the level
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At |wxt| <1 such phase volume expansion stops. Determing initial
and final time moments as

ff:fk, |UJ;;[E|[]| .IIIF|—=1~

one can find the degree of phase volume increasing:

A ouinsiithiz: (28)

By the force of (6)
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The substitution this formula in (28) gives
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In the case of transition energy jump, with {;.mp,=> {; (in the opposite
case the jump does not matter), the criterium (28) must be modifi-
ed by replacement {;—{;ump, therefore here

Iy P ;
?~VN. (31)

The experimental dependence for the degree of lengthening
Bi/B:= (I;/1:)'/* as a function of current, obtained at IHEP accele-

18,/ 8,




rator U-70, is demonstrated on Fig. 1. The graph was kindly sug-
gested to author by P.T. Pashkov and A.V. Smirnov. The line slope
corresponds to (30).

The proton bunch expansion because of resonant impedance of
U-70 vacuum chamber goliers, represented as

2ikt !
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Z=R. (32)

was numerically investigated in Reif. [3]. In particular, the depen-
dence of the degree of the expansion /;//; on the parameter v was
obtained. Represented in logarithmic scale, it is shown on Fig. 2. As
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Fig. 2.
it was demonstrated in paragraph 1, if the resonance width v=1 '
is small enough, it must be replaced in the dEl‘lDﬂ]lHdtDI’ of (32) by
ve;i (14). Therefore in such case
2/3
Y e 5 (33)

T {; T
An obtained dependence (33) are seen to be in a good accordance
with numerical results of Fig. 2.
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