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Abestract

The total radiation intensity I of ultrarelativistic elec-
trone and positrons at axial channeling in thin crystals is
calculated using a realistic model of axial potential. The ap-
proach avoids a cumbersome analysis of radiation from concrete
trajectories. A general expression for intensity I( -%; ) a8 &
function of incident angle 3’.. of particles which is valid for
any exial symmetric potential U (?} is derived. Explicit
formulas for the potentiel (29) are written. Intensities I(W,)
for axisl and planar channeling are compared.
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1. Introduction

The radiation at channeling of relativistic particles in
gingle crystale has been widely discussed in recent years (asee
/1=3/ and the references there). At present a theoretical ana-
lysis of the radiation at planar channeling (one-dimensional
problem) permites one to obtain a quite satisfactory quantitati-
ve description of experiment. We have recently obtained such a
description /4,5/, which is based on the suthors' earlier pa=
pers /1,6/. The radiation at exial channeling (two-dimensional
problem) is studied mainly on a qualitative level (gee ,
a.g.,fT*Bf]. The present paper is devoted to a calculation of
the total radiation intensity at axial channeling of positrons
and electrons in thin crystals and its orientation dependence
using a realistic approximation of the potential of a chain of
atoms in the continuous model.

If one is interested in such characteristics of the radia-
tion, which depend only on the instaent values of coordinates
and momenta of particles, then one must know only a distribu-
tion of particles in phase space which is tranaverse to the
direction of axes. The problem is substantially simplified for
this case, since it is possible to avoid a very cumbersome
enalysis of the radistion from concrete trajectories. Such
characteristices are the total radiation intensity, as well as
the radiation spectrum in the limit, when one can consider the
radiation at channeling in the frame of magnetic bremsastrah-
lung theory (see, e.g. /9/). The conditions of applicability
of this consideration were discussed in Ref. /10/.

In the present paper, we will uge a statistical descrip-
tion of the aximl channeling. The particle distribution can be
written in the form /11/

ANCE"JE)‘}z) = F(e,§, l}o{&d’f = B(&,E}g(ﬁ;,?}&fﬁdﬁ“)
where 3

§e,§) = ?r(&—u(g*s) 5
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In the recent paper /8/ the radiation at axisl channeli
has been considered using the Coulomb type potential. It will
be shown below that this type of the potential is unadequate
for this problem.
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with normalization conditions

§ Fee. ,E‘“,E‘ME‘J*&: = ggm,h de, = g%@ﬂ‘?")d* =d  43)

Here ;E*s E*m.i!'i x5 ‘bl(?'} is the transverse particle energy,
? (¥.) is transverse coordinate (velocity) of the particle,
U (?} is the potential of the transverse motion, 3’@:‘) =

= &{ nzg » SC_EQ is an available area of the trms:;rg: T:
tionﬂatxa fixed value of &, within one elementary cell,

the penetration depth of the particle ingide the crystal.

By definition, a distribution function g{&,h is determi-
ned, in thin crystal (see Refs. /1,10/) by the initial condi-
tione for incident particles, when one can neglect the cheange
nf dietribution function g(&;,1) with 1 due to multiple ecatl-

terin,g*. Moreover, one can conglider the distribution over tran-

sverse coordinates as an uniform one, since the transverse di-
mensions of incident beam are much larger than the distances
between axes. Then the initial distribution function over
transverse energy &, at a fixed incident angle a-a is

%(_Ef) dE.L = N AiSa (4)
where n, is a density of the chaine of atomg. For the axial-
ly symmetric potential, one has

duey |
qNde, = Exmgﬁd‘fﬂ. = 9. 0. (_sk,a;ﬁl Tga?—\ de, (5)

where 0. (,Ej. )3;) is & solution of equation
N 2
£V

B0t - URe) + == = U(Re) + &0 (6)

II. General approach to the radiation at
exial channeling

An instantaneous radiation intensity at motionm of ultra-
% (R) is determined
relativistic particle in the potential f

o

: : from
2 al 1imitation of the crystal thickness :
bela?rhe:}a:itlat :l.sggu:naatad with an aatabliahneniicglegt;i%iﬁi
um distribution. This meams that the crystal thickne
much larger that the free path length A, /11/.
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by the known equation* (see e.ges /12/)
| o 2

I =futy' =2 % Fuy = AGFW® (7)

where W is the instantaneous acceleration, ¥ = &€/m 1ig the
Lorentz factor. Using the distribution function (1), one ob-

tains for radiation inteneity of particles at the axial chan-
neling in a eingle crystal

i - R
= E A e et g 4 (8}
1({y=d gd = [ZRlr (EwW ¥ U dtp
The integrals over d“f in (8) are taken within one elementa-
ry cell. The contribution to the radiation of the particles
moving ebove a barrier (when &, > Ue
is given by

I..=dn, g(%“u‘fatﬂg C a¢e,Brde, (9)
£, =Ue
As far as at £, =U, the whole transverse coordinate space is
accessible, then S@_-,_‘}={[H,_- In the case £g=U,, all the par-
ticles are moving above the barrier; then using the normalizg-

tion condition for the function g(€,.,1) one has for the radia-
tion inteneity

o = dig St?u\*ol'f? (10)

Thus, the radiation intensity at £ = U, ( %2V, Vi ={2uofe
is the Lindhard angle) does not depend on the incident angle
and charge sign of the particle for any potential™*, This si-
fuation differs from the case of the planar channeling, where
the difference between radiation intensities of the particles

with positive and negative charge sign and their dependence on
€ venish in the limit €, > MU, only.

» U, = max U,U = 0)

For the electrons moving in the axial chennel, the above
consideration is based on the fact that for initial trajecto-

ries which give the main contribution to the radiation, an

angular momentum feils to be a good integral of motion. Due

Here and below we put ¢ = 1.
¥

Let us remark, that the curves in Fig. 2 of Ref. /8/ do

not follow such behaviour.



to this, averaging over momenta has been carried out in the
distribution function 3(&;} s Generally spesaking, this approach
is valid for electrons with not very high energies (£ 10 GeV).

Let us discues some generasl properties of the radiation
intensity at the axial channeling. One can restrict oneself to
a consideration of one cell in the plane transverse to the
axes, which contains a projection of one chain of atoms forming
the axis. The main contribution to integrals (8)=(10) is given
by the region, where the gradient of the potential ‘U (f] is
large. This region has some charaecteristic scale ag which is
& screening radius. Inside this region the potential is axially
aymmetric with a good accuracy. Let us represent the elemente-
Ty cell as a circle with the radius r, = 4/{gw,+ For real crys-
tals, 7o>> Qg+ This means that one can aj:nread to e the up-
per limit of integration over @ in Eq. (10), then

Ts zﬂxﬂh;i(%\igdf=9mﬂnﬂxf§g’2(§38dg (11)

where §(9) = U UC) « If £ is a function of Plag £ (®[ay,
then after e substitution ?"""E"‘i one can see that T ,; does
not depend on a specific value of the écreening radius and
depends on s shape of the potential only*. This result differs
eggentially from the case of planar chamieling, where the in-
tensity of the radiation is increasing when aj, —> 0. So, with
an accuracy up to a numerical coefficient, the radiation in-
tensity at €o=U, has the form

Loy = 97 A i Ue
Let us consider now qualitative features of an orientati-
on dependence of the radiation at the axial channeling in
thin erystals. At ?Q:: 0 a portion of positrons AN¥ which
approach to the axis at a distance "t € &g , where the radia-
tion mainly takes place, AN™ ~ qi{"t% . B0

T* (% =0) ~(a5/22)Tas (12)

i We will consider below a more complicated case, where ac-

tually there are two characteristic scales.

For electrons there is a different situation. The portion of
electrone, which has an impact parameter g?; ingide dg&" s 18

given by
d%p d2e,

n
A re&

'fﬂ'(gu ~£)

Averaging I (7) with thie distribution and taking into account
that in the integral over $ the main contribution is given by
the region exag , we obtain up to logarithmic accuracy,

= To 19 t
+ (%'ﬁ =G\ - Iag % —gi'i s’u oy I—qn &1 %’i— (13)
a - $

Thus, at zero incident angle the radiation intemsity of elect-
rong exceeds considerably the radiation intensity of positrons.

For an axially symmetric potential we obtain the radiati-
on inteneity, substituting (5) into Eq. (8):

{

I(%) =hx*fn, é §+4¢ 7 & g(i_?f?ds?@fg,}-uc@ (14)

where 5(»5*<8°ﬂ = 9K %gd?%(ﬂ. (Sn\j - 11(?1) y the value of £, (Eu‘]
is given by Eq. (6). Golng over to the varisbles x — .?*f-n: p
1&=£,§Io§. y and after some manipulations we have for radiasti-
on intensity of poeitronsa

') = ixdn, {a [¥Ca-ue) + ‘g; T(Uo-€Y] +

%o g
"'%@‘n“fn\l-g L S X 'uli@}ﬂlx}
g Xem%elp 2 )
Where g, = fﬁf/i; Xe = 2% [0} y Ue = U@ >0 , UX) =0
the quantities Y+ , X4+ (y) are determined by equations

UK+ () = Ul +ee UYH) = U — &

(15)

X . (16)
Q = § dxx U &)
and for radiation intensity of electrons
T7(%) = bxfu, i Qf4- 35— %’(u,;s,\,—_[ -
"' (17

4 X-(y)
* T(me-22) gn ij—?ﬁ S‘xﬂﬁ(x&ix }



where

U (X- L‘&?}:’U(\t‘;—& 5 ’u(_\&_‘j = &, (18)
In Ref. /8/ the potential was used
ol
’“(g‘} = -g' %'(g-'uﬂ - :?(“a'g‘l (19)

In this case there is one characteristic scale (it is the ther-
mal vibration amplitude u.l}, go in sccordance with the above
results the radiation intensity of the particles moving above
the barrier (&, 5> U, = = fu., ) does not depend on the ampli-
tude of thermal vibrations.

Subetituting (19) in Eq. (11), we have
QA 2

?
i . = 2 An Uy Sg @\d? = ¥x fn, vl Sd’? h—:—i—‘-m i

Moreover, for the more general form of the potential
U = ——?crcg ) + —-—-ﬁ'(ui Q) (21)
we obtain
) ox Uz x*
X =9V _,5_‘?—5— n, (22)

The main contribution to the intensity is given by the region
&mu. (at £ = @1 =>> U, this contribution is mui"}/ s ¥
One can readily obtain & simple analytical expression rnr the
radiation intensity in the potential (19) using developed ap-

proach. In particular, at %’, = 0 we have from (15) ~ (18)

2 2
i ul. ?n G‘} 'z"' i G"
1= — E”‘E‘?ﬂ Rai . @‘—* Oas (23)

where IE: ig given by Eq. (20). These results agree natural-
1y with the performed qualitative analysis (cf. (12) - (13)).
However, one should bear in mind, that in a realistic potentl-
al of the chain of atoms the region of integral convergence

is f“" Gg >> t( » This means, in particular, that Eq. (23)
diminighes substantially the radiation intensity of positrons
since ni]uf = 10. Moreover, one can obtain an erroneous no-
tion of a spectrum of the radistion using the potential (19),

because the main contribution in this case is given by the tra-
Jectories with PrUx while actually the whole interval

from u, to 8g contributes. For these reasons it seems unadequa-
te an utilization of the potential (19) for the description of

the radiastion at axial channeling. 2

IIT. Potential for axial chammeling

In further calculatione we are in need of an explicit
form of the potential U {? )« We will use the Moliere potential
for the isolated atom (see e.g. /9/) and take into account the
thermel (zero) vibrations of atoms. In the case, when in plane
(x,y) transverse to the channeling axis, the chains of atoms,
of which the axes conﬂist form a rectangular lattice with ﬁo-—-

ordinates 2 ng + 2 m!: [ﬂ ) = G-'n, m are integers, the poten-
tial in this plane has the form -

'uﬁx‘t::——-E S« s f g Lot fE)Fin (R v B0}

) e "’_“E h! 1 (24)
= 07 X b;

where ﬂ —ag.,/gn,_ ,3 so 18 the Thomas-Fermi screening radius,

8, = D.BBEB &g 2 - 8, is the Bohr radius; ofy = (0e1;0455;

0.35); B = {6 0;1.2; 0.3), V. =2e?/d , d 15 an average di stan-

ce between atoms in the chain, u u, 1s the thermal vibration am-
plitude.

For the square lattice, where a = b = ¢ the expression

(24) cen be written in the form (for usuallzr used cr:ratalﬂ,
this case is realized for the axis <100>)

- 4
- (i'h 4+ n } .
e e ¢ = (mx+ny)
U,y = 2 o A e
}% t*‘ E Ko mi'!"ﬂi-l-'\‘t 'E- {25}
where 0 s
9 2y ? A
2 _— -———.."' ) XI ——1
24k 5 :n:‘sf

In the limit i >>4 ,2%<«cd , xP+y?« s’

the expression
(25) can be represented as



LK o
exp{“xiii*‘ a® E

(26)
e £ vt

This limit corresponds to an approximation of the isolated
chain of astoms, which potential in the continuous model is gi-
ven by (26). After rather simple manipulations we obtain from
(26) the following integra.l representation

u@= S——v Alz6; Sdt (d2z exp {-Gezht vi el =

s hlliﬂ
2 73 (27)
exp g— -l"—;ﬁ — g—u%—k

u. Eﬂ._
Fum e (4
Phis form of the potential of the isolated chain of atoms ie
presented in Ref. /8/. However, one should bear in mind that if
parameter qﬁ is always actually small, then the valuaa of the
coefficients K? ara very diffarant. So one has 'E = (223
0.9;0.05) for diamond” end EL = (90;3.6;0.2) for silicon).
Tha contribution to the potential of term with i = 1 (where
{¥ >4 ) is relatively small as o, = O.1. The parameter
E is increasing with Z and, fur instance, for WleTEMlum
Yo = 14.6. However, parameter 'Eﬁ is never large ( fﬁ < 4
for the all used crystals), so that for complete calculations
it is necessary to use the potential (25), but not its limi=- -
ting representation (26) - (27). This is especially imporiant
for diamond snd wolframium.

As it was stressed, the main contribution to the radiati-
on intensity is given by the region where the gradient of the
potential is large. This situation takes place when the dis-
tance from axis is rather small and the potential is axially
symmetric with a good accuracy. For this reason one can- avolid
caleculations with the very complicate potential (25) end it
is possible to use a simple approximation of the potential
(25) (in some sence this is the so called standard potential

*  All the parameters are given for axis 100>

10
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/11)
-3
Ehz *2
U(g) = b (14 & —--—$ +29“tj + const (28)

The parameters ¥ and are fitted comparing equation (28)
with numerical calculations of the potential (25). The diffe-
rence between the potentiale (28) end (25) does not exceed 10%
for the parameters { and listed in the Table in the region
_nf the main contribution to the radiation. The parameters X
and P only slightly differs from 1 for the number of crystals.
Diamond and wolframium are an exception due to an anomalously
emall thermal vibration amplitude.

IV. Radiation in the realistic potential

In this section we will obtain the total radiation inten-
gity of electrons and positrons at axial channeling for the
potential (28) as well as its dependence on incident angle 3; .
It is convenient to go over to the variable x2==$ﬁfﬂ§ (cf.
Eqs. (15) - (18)), where or =f£asz Y® . Let us introduce al-
80 4 = 2§ﬁ4 {115 containing the thermal vibration ampli-
tude (the values W, = ‘gei?/g{ };aﬁ'z,{as ]’? are also listed in the
Bab1e). Fhen the potentinl (2H) cun be wriktes in the foim

’MC;H‘== [Bh(j+-

i A (29
3 ( i xna-} )
Subgtituting the potential (29) into Ege (15), we obtain the

total radiation intensity of positrons at axial channeling,
depending on the incident angle a;

=1, g"ﬂ“@,-%‘m@{u + V(ue-e) [ Ao bar + (-N(2+ Lt oW
[ Om- 4:_9;?\3«1.}. ~ N (en+2%) f "11;-’1— %

et = )

(30)
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where

L -—“-.‘.‘3;2/2

)

g
] 2z 2 Eﬂ"\rﬁ

(31)
2(3) = (1+23) In t,gt -9

The values of T,/ " are listed in the Table. We retain, in
Eq. (30), a term proportional to 4[X, , since at & =0

( A = 1) all other terms vanish. The quantity I+C-Ti;} increa-
ges monotonicelly from the small value at £, = 0

Lo 4
1% = 3= [1+23 -2+l %"L] (32)
and reaches its maximal value at &, = Ue

I-i-CEd:-..’t.\u\—_* Lge = IuLg@a (33)

and with further increaging of angle -%", remaing constant.
Note that dI*}atE,lhfﬂ? « The result obtained is in agree-
ment with the qualitative analysis, which was made in Sect. 2.
The function I*(-ﬁ;j for W is shown in PFig. 1 (curve 1) and
for Si in Pig. 2 (curve 1).

Substituting the potential (29) into Eq. (17) we obtain
the total radiation intensity of electrons at axial channeling
end its dependence on W,

() = L 3@~ un 9@ + Y- e[ pas (pGe -2

. 4 ()b
2 e %_-ieh [ DA+ (p +{fx¢')‘1( (4+?r~";.:r ﬂ%*’

A+2 g
+ @*":r‘ft [ﬂ@*}#)(@*’tﬁﬁn'{% s 3 (,M @.,,q(,}‘} +'z‘6ﬂ.k)ﬁ(34)
-8 (s b Guaen]T

where JM-:A{—--I l}. and the remaining definitions are given in
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Eq. (30). The quantity T (¥,) reaches its maximal value at V=0

S i
17 (o) I“&'\ ——-—-'—“{?@*%3 P

(cf. Eqe (13)) and when &, increases from 0 to U, , I“(a;)
decreases monotonicelly from L1 (0) to T, &t €=U, and
then remains constant. The function I~ (¥) for W is shown in
Fig. 1 (curve 2) and for Si in Fig. 3 (curve 1).

V. Comparison of the totel intensities of radiation at
axial and planar channeling

In this paper the radiation of relativistic particles at
axial chamneling with use of the realistic potential (see Egs.
(25), (28)) is considered for the first time. The developed
approach permits one to obtain the radiation intensity at axi-
al channeling without analysis of the contributions of conc-
rete trajectories both for thin and thick cryetals. So the
thin crystals Egs. (15), (17) give one an opportunity to ob-
tain easily radietion intensity for any axially symmetric po-
tential. We would remind that consideration was carried out
in freme of classical theory. This meens that the quasiclas-
sical nature of the particle motion was assumed (in real c_dn-
ditions this is valid starting from energy a few tens MeV)
and a recoil at the radiation was neglected (this is posseib-
le up to energy ~ TeV). The results obtained are valid wi-
thin this energy interval, which is most important from the
experimentel point of view.

It is of obvious interest to compare obtained radiation
intenegity at sxial channeling with a radiation intensity at
planar chenneling /1/. The radiation intensity of positrons
in 5i is shown in Pig. 2 as a function of incident angle 3;
with respect to axis <100> (curve 1) for axial channeling and
with respect to plane (110) (curve 2) for planar channeling.
The quantities U, and I, beilng taken from present paper.

In Figs 3 the same is plotted for electrons. One can sgee in
figures, that the radiation intensity of electrons at axizl
channeling T_*'"*"(_%;\, exceeds appreciably that at planar

13



channeling I'Ff(_'?o\a for the all angles m + For positrons,
the ratio between I*** (%) ana I*PP(%) depends on the
incident angle 3; and, only at %;?.:,1);_ I*“"C‘a'u} y eXceeds ap=-
preciably [-“'FE(_’P;} « Por wide esnough {111’3; ) beams, the ra-
tio between axial and planar chamneling can be described

by the ratio of the asymptotic intensities (see Eq. (33) and
Eq- (2&1&) in Reaf. ;1!’}

e C T

asg

where df.t is a distance between planes, the values of (?
are listed in the Table in Ref. /1/, .the ’H:c are listed in
the Table with the thermal vibrations taken into account. For
the axis <100>, the parameters A, 3 , V., end the gain
are algo listed in the Table. One can see that, though the
quantities I** and IPE are proportional to the squares of the
corresponding Uo and for axial chenneling the value of U, is
several times larger than for the planar channeling, but actu-
ally Rge ~ fu:’/*u:‘ in & rough estimation, i.e. the gain
as increases only linearly. The reason is that for the abo-
Ve barrier particles at planar channeling the particle is in
the region of large gradient of the potential relatively lon=-
ger time than at axial channeling.

For radiation of electrons, the gain is maximal at v, = O,
i.e. for the beams with small angular gpread. One can obiain
an estimate of R (U, =0) taking into account that I'Pt(o)
for all crystals ie nearly twice as much as I:f‘ and for
axial channeling it is necessary to use Eq. (35).
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Table

Parameters of crystals at temperature T = 293°K (axis <100> ,

plane (110))and some characteristics of the radiation

(eV/cm) .

In
\6!

1
/9

 §

VoleV) U, (eVv) uﬂlﬂ{evi

u.l(.A}
(T=293°K)

-]

Crystal Do (4)

3.3
J.8

17
17
76
1039

48
10

4.4
10
14
30

0175

075

2T«5
25

90
86

24
37
81

336

0.40

1.26
192
2.00
224

c(d)
8i(d)
Ge(d)

0.075
0.085
0.050

15

3.7
|

bel

44
140

153
761

8.8

1e2

0.8

A is a distance between axes < 100> (planes (110)), u, is a thermal

Vibration amplitude. Vj,, P +msX,y Xy are parameters characterizing the
potential (Eqs. (26),(29)); Uy is a depth of the potcatial well, I,

is a characteristic of the radiation intensity (Eq. (31)), R is =

galn in the radiation at axial channeling comparing with planar channeling
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Pig. 1.

Fig. 2.

Pig. 3.

Figure Captions

Dependence of radiation intensity on E,}‘H,,*-—-@'u / 'a(-,\)tat
axial channeling in W (axis £ 100 >) for positrons
(curve 1) and electrons (curve 2). Quantity I, is
given by Eq. (31).

Dependence of radiation intensity on € [MU, in Si
for positrons at planar chaneling (pleme (110)), cur-
ve 2 and at axial channeling (axig <100>), curve 1.
Quantities %:: y U, are taken for axial channeling
(see Table), I, is given by Eq. (31).

The same as in fig. 2, but for electrons.
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