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Lbstract

We argue that in physical QCD vacuum the "instanton liquid"
develops with the instanton density dn/df; Nc 5[5%_&) where
9{;1}'600 Mev and -8 10~4 Gevﬂr, corresponding to empiricel
value of the gluon condensate, Such parameters lead to chiral
symmetry breaking and give (P Y )= 102 Gev’ and quark ef-
fective mass =~ 200 Mev, which is very reasonable, It is shown
that factorization works well for quark condensate but is
strongly violated for gluon one, No place 1s seen for first
order transition in external field, while the instanton-indu=-
ced chaerge renormalization is in agreement with strong coup-~
1ling expansion, Importent to all that is that instantons occu-
py only about 1/20 part of the space, so they are not deformed
too mich., This can be traced to the presence of light quarks,
go such property is absent in gluodynamics and large Hc case,

being therefore very different from real QCD.



1. Introduction
The main problem of strong interaction theory is that of

vacuum structure. The studies of last several years have
gshown that it is very complicated medium filled by strong
nonperturbative fluctuations of quark and gluon fields.

Their semiclassical treatment is based on the famous topolo-
gicelly nontrivial solution of Yang-Mills equations found by
Belavin, Polyakov, Schwartz and Tyupkin {1] y the s0 called
instanton. In another classical paper by t’Hooft |2 ] the pre-
exponent has been calculated, snd the instenton physics was
open for applications.

Callan (jre), Dashen and Gross [3] have considered wide
renge of instanton-induced effects, connected with U(1) prob-
lem, chiral symmetry breaking, .charge renormalization etce.

In their later works they have considered instanions in exter-
nal field L [4] in which they have found first order phase
trangition, and compared the instenton-induced renormalization
with strong coupling expension [5] . They have systematically
used the so caelled dilute gas approximation. However later
studies ( see for axample[ﬁ] ) have shown that ites wvalidity

is more restricted than assumed by CDG, therefore some results
become questionable.

The works by Shifman, Veinghtein and Zakharov [T,BJ have
pointed in the same direction. They have congidered the effect
of quark snd gluon condensates on the instanton density. Their
conclusion is that the effects under conglderation are very

strong and to speak about instantons with radii larger than Smas
1/500 Mev is meaningless for they are deformed too much.



The main problem of the inastanton calculus is the stabili-
zation of rapidly growing density dn/d¢ at some critical
value ¢  and the calculation of the structure of resulting
"instanton liquid". This problem is very complicated and re=-
maing open so far.

The very important aspect of this problem, which we discuss
in the present paper, is the connection between ¢. &nd ¢ .,
If the former is larger, the instantons "are melited" in physi-
cal vacuum and do not exist as well defined objects., In the
opposite case one still has some liquid, not gas, but at least
made of well defined constituents - the instantons., Our know-
_ledge concerning ordinary condenced matter tell us that both
possibilities may happen to exist, depending on the dynamical
details,

Using some theoretical considerations and the empirical
value of the gluon condensate we argue in this paper that ?c
is much smaller than assumed by previuos works: ¢ = 1/600
Mev ~ 1/6 A ., It has very important consequences.

Pirst, instantons occupy rather small fraction fa1/20
of thé space and therefore are deformed reasonably weakly,
Therefore, calculations with instantons &re apro-
ximate but still valuable.

Second, ¢ introduces new important scale in the theory,

L

different from the confinement length R f = 1/200 Mev, As

con
& result, one can speak about two different components of
vacuum and hadronic structure. In the first case it is the
"instanton liquid" and more long-wave fluctiuations, leading

to confinement and not discussed in this work, For hadrons

these two componets are the constituent querks and hadrons,

0f course, these two components are not completely indepen=-
dent, In particular note, that Rconf is close to instenton se-
paration in the "instanton liquid", and long-wave fluctuations
considered now in lattice studies as some closed electric
strings can, in principie be also treated as scme collective
excitations of the "instanton liquid”,

Below we discuss chiral symmetry breaking along this line.
We remind the reader that for more than one quark flavour it
can not happen at one-instanton level and some medium with
finite density of instantons and antiinstantons is needed in
order to produce it, We show that our parsmeters are suffici-
ent for this purpose., Moreover, the calculated values for
quark condensate and effective quark mass turns out fto be in
agreement with what is known phenomenologically. The rather
nontrivial fact is the so called factorization property, also
reproduced with our parameters, which tells us that the querk
condensate is very homogenecus in space-time. On the contrary,
quentities connected with single instantons like the gluon con-
densate ((%Ev Jz' are very ingomogeneous and for them
factorization is strongly violated, This prediction is not
tested so fax,

In this and the next paper we show that the picture of two
components is in agreement with vast phenomenology of vacuum
and hadronic structure., More deep question is about the physi-

cal reasons of vabuum "diluteness", reflected in smallness of

.packing fraction f mentioned above. We suggest that the an-

swer is connected with the presence in real QCD of several
light quark flavours, which are known to suppress instantions,
For example, reducing the mass of the strange quark mac150 Mev
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to zero makes f to become two times smaller., Golng in the op-
posite direciion and increasing the quark massea we rather
goon found no small parsmeter f and bave to conclude that in
pure gluodynamica the physical picture of vacuum and hadrons
is completely different. The same conclusion is also valid
for large Hc limit EE] « So, the imaginary worlds invented
to make the theory simpler are not only far from reality, but
also more complicated as far as inatanton~induced effecis are
congidered. And we argue below, that such effects in fact do=
minate in many aspects of gtrong interactioms,

How we come to more detailed description of the contests
of the present work, connected entirely with vacuum structure.
The questions conserning hadrons and superdense matter are
discussed in its second part as peparate publication,

The introductory section 2 collects known formulae about
free instantons, while their interaction is discussed in sec-
tion 3. We give brief discuasion of relevent effects such as
dipole forces between instanton end emiinstanton [37], inter=-
action with quark snd gluon condensates[7,8] and of less clear
core effects. The conclusion is that in general we have some-~
thing similar to that common for ordinery molecules: weak
attraction at large distances and strong repulsion at small
ones, Driven by this analogy, some "instanton liquid"™ is pro-
posed, discussed in section 4. In amall scale it has some

structure, presumably close to best packing one - 4~dimensio-

nal cubic lattice with alterati ng instantons and antiinatent:’

ofis, Using as input the empirical value of the gluon conden-

sate [9] we find the following parameters

n_= 8:107% gev? ¢, =1/600 Mev ~ 1/3 fermi

6

The next section 5 is devoted to the problem of spontaneous
chiral symmetry breaking, in which we found that prameters
given above correspond to Lyy)=10"2 Gev- and quark effective
mess about 200 Mev, which is very reagonable,. More complicated
vacuum everage values of other uﬁarﬂturs are briefly discussed
in section 6,

Section 7 contains the comparizon with two well known pepers
by Cellan, Dashen and Gross [4,5]. We have found rather small
vacuum permeability M < 1,4 and therefore no place for firat
order phase tremsition in the extermsl field [4] . As for the
comparizon with strong coupling expansion, we find that our
parameters of instanton density give effect even in better ag-
reement with [131 than original ;eaqlta of the work [5]; instead
of crossing of two curves, the strong coupling and instanton-
induced ones, the latter turns just in the proper place.

Section 8 is devoted to brief discussion of the imaginary
worlds with different quarks and the number of colours. Very
strong effect of the strange quark mass, observed in [25] 5
is explained by the instenton suppression by fermion determinant.
It is explained that gluodynamys  &and milticolour QCD seem to
be reather different from the real case as far as instanton=-ine-
duced effects are considered.

The work is summarized and some discussion of open questions

is made in section 9.



2+ Free instantons

Thie section ig introductory in character and contains
known formulae to be used below.

The word instantons is used for particular solution of ‘
classical Yang-Mills equations, found by Belavin, Polyakov,
Schwartz end Tyupkin [1] « This solution corresponds to Eucli-
dean space-~time rather than Minkoveky one, for it describes
.in aemiclassina} way the probability of tunneling thr@gh
some barrier f&fﬁg%figuration space between topologically
different clessical vacusa-

Simple way to find this solution and even extend it to
wider class with arbitrary topological number was suggested

by t’Hooft [14].Let us start with the following enzatz

A M b P (1)

5% 3.+ 0vo 4 - a 5‘4
e o il o 5 - . :

’?rv ' (_ J) f?;ny § ‘7"!‘" Alan 7&9 e

Simbols ';j;ar correspond to SU(2) colour group, a:%1,2,3 and

its meaning and properties cai be found in [2] . Yang=Mills

equations are fulfilled if 0 ¢ =0 end this equation has

the obvious solution

n- ﬂ?
Sb:i"’é F‘_—"z_;'jz (2)

interpreted as n instantons in points Z. . The n=1 cape gives

the following one-instanton c¢enfiguration:

o

a il Ay (x:2), 2
A}"‘ (X = ';;' (k-2 [(x-2)+ ¢ ]

(3)

which is the insgtanton in the so called gingular gauge. The
eingularity in the instanton center in (3) is pure gauge, but
it allowe to have strong &acreasensﬂ‘. ¥9oo « This in turn makes
expregsions like "acattering on instanton" meaningful.

Solution (2) is the sum of independent terms (3) only for
widely separated centers as compared to 4, ., but it turns out
that the sction ig exactly n times the action for (3). So,
in @ genee instentons do not interact.

However, there exists also other class of gsolutions with
;‘-'f:, changed %o "Z;w the go called antiinstantons. The in-
teraction between instanton and entiinstanton is present and
we digcuss it in the next section.

The calculation of the preexponent has been made in clasgeli-
cal t'Hooft paper [2] . His result is usually formulated [3 ]

as the snalog instanton gas with the following density

dn(gz) = 2 < d,(5) F

9%)
4.4 ggﬂ{-l.bf”{]
Che = T2 N-1) T (Ne-2)!

The coupling constant 9{;]13 { dependent, and such dependency

cen be tsken [1{3] with two loop accuraayﬁé}:



g'ﬂz = @&4 ——f-—] -+ .gf
_g"fs) (Qﬂ‘ 4 ) é S/eﬁ/s/gn))
A5
el 2 v I
BN~ 30 0 b= TN - Zunp + 7 2

The number of flavours Hf ghould be teken equal to 3, and in
the present work one may completely ignore heavy c,b... quarks.
Anatheqz:cme‘flt ig that the constent in (4) corresponde to
Pauli-Villars regularization scheme, and if one like tc use
another one he ghould change it %o r:f,,g - {'ﬂ (,rt fa”l }
We also remind relation of A  parameters: A, = Ag =2F/y@
?E‘wﬂu;;&‘ﬂm where !".;ﬁ‘ f]ﬂm are popular in the theory of hard
processes and A ,. in lattice studies. Modern data on short
digtence physicse including deep~inelastic scattering and
heavy guarkoniums imply that f'.w ig of the order of 100 Mev,
but the wncerteinty is etill rather large, ssy 50%. S5till in
this work we use A =100 Mev in numerical estimates.

connected with
The factor £ in (4) is not so fer explained. It is,the

g0 called fermion determinant, which introduces new imp::rtmt
. phiysics connected with light quarks end instentons. It hae

been first discovered by t’Hooft [2] that there exists non-
trivial solution of the Buclidean Dirac equation for masslese

quark in the instanton fiald, the go called zerc mode

ue = £ [aaeg] " L2 (105,
<

-fo ZF s
Y = const | 2t = 4

Because of this the femiuﬁin determinant det( B ) ie zero,
together with the instanton density. The nonzero smplitude
is then the production of N, pairs of quarks, so the insten-
ton can be considered as some vortex with 24 quark legs.

in chiral limit -~
An asttempt to close them in loops fails,because ¥ is
right-hended snd ¥, - left-handed. Only the violation of
chiral symmetry may help here, either explicit: in form of
quark mass insertion, or spontaneous in form of quark conden=
sate. The latter possibility we discues later, and in the
former case factor F in (4) is equal to

F= ﬁf(”‘:g)

)

fx) = 1390 (14 xlx.. A g

Z
f = 1- gga T "

where X:m¢ . The first term in small X case was found by
$'Hooft [2] , the second - by Carlitz and Creamer[12] , the
large X 1limit is given according to the work by Novikov et al

E‘D—L previous calculation by Andrei and Gross [17} was incorrect.

At Figs1 we have plotted resulting instanton density in
the cases with abgsent 1ight u,d,s quarks. In next sec-

tions we discuss how the interaction changes this distribution,
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3s Instanton interactions

Our starting point is the change in the instanton sction
due to externasl weak field G;v

&5 = ﬁt '.V? . (8)
93 A o
This formulghas been first derived by CDG [3] , and later
SVZ [8] haye proposed more simple its derivation.
It is evident that only antiselfdual field give the
nonzero contribution to (8), so at this level no interac-—
tion between instantons is present.

It 18 then easy to find the interaction of separated in-
stanton-antiinstanton pair w:th zad:: X3 ff.?;]
#

217 ¢%F% s ¢ 46
A= "= "—""f"?uv TRR e
§ Ré T T
where R, i
s 18 distance between centers, and 1;3 is matrix of
relative orientation in colour space. Note, that the interac-

tion is of dipole-dipole type.

It is also essential that rather large numerical factor
appears in (9). The maximum is reached for

£ z ]
atis::n and is (967 fg')[g?j?/R’) » while for "random"
-l;“::s-&‘ it is three times smaller. Anyway, instantons inter-

some  orien-

act strongly at rather large distances

- [}
] & {108 .??S’?)f"' =1{3+35)¢ (10)
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Another application of the formula (8) has been proposed
by SVZ [B} « Let us consider sma]:l gize instanton in QCD
vacuum. The average square of long-range field in it is phe-
nomenologically known from their mnealysis of charmonium le-

vels { see [9] and references therein ):

(365,)°) = 0:5 cevt s

the
This quantity called, gluon condensate will play an important

role in what follows.
Expanding the probability change due to (8) one has the

following correction to instanton density

v, ¥
d(?) =dy(e)(1 + %% ((95}_1)3 5 ) (12)

Note that it deviates from d,fg) at ¢  as emall as 1/1.1
Gev. Under certain assuptions ( rather@uestionable, in fact )
they have exponentiated correction (12). This give their
estimate for upper bound of the instanton redius 1/500 Mev
ags the point where correction becomes comparable with the
initial action.

Another important work of SVZ [T] deals with the effect of

quark condensate

-3
(F¥) =~ - 10 Gev'? (13)

on small size instantons. Related questions will be discus-

ged in section 5 , and all we want to say now is that the

guerk masses in (7) should be substituted by effective ones

13



Mo (g) = - S @erg® ()

Both effects considered lead to strong growth of the instan-
ton density with ¢ . The corregponding curve is shown &t
Fig.1 . Unfortunately, this approach 1s valid only for =small
enough instantons.

It is physically clear that such growth shald be stabilized
by some effect of repulsion. The genersl reason for its exis-
tence is also known since the first CDG work [3] t close in-
stanton-antiinstanton pair means weeak fields and their account
leads to double counfing. The more detailed discusaion of
such effects can be found in works [18] . Still the explicit
introduction of collective coordinate with the meaning of in-
atantnn#éntiinstantun"Beparatinn ( the dipole moment of the
topological charge ?7) ﬁnd quantum calculation of corresponding
effective potentigl ig missinge.

In works [6, 18] some model-dependent herd core was intro=
duced mand its effect on instanton-induced effects was discus-
gsed. For example, the choice of Ilgenfritz and Mueller-Preus-
sker [6].15 the following

o y
U(R) = {Dc k. &0 (15)

It has the virtue that the free parameter in it &4 is dimen-
sionless, so at least no new scale in introduced by hand.
Its value they have tried to fix from large N, limit ( to
be discussed in\8th séé;“.ian ) and Gell-Mann-Low function

( to be discussed in section 7 ). Both considerations point
toward rather large (i ', of the order of 200. It means

that core is essential at distances
- i/,
G s e e S A

Note that it is comparable with (10), which is probably not
ocagional. It ig important, that some numerical parameter
0/ R «1 comes into play here, to be utiliced below.

The introduction of core has answered some guestions
posed by SVZ [9] . They have pointed out thet artificial
cut=-off over instanton size violates some general relations,
in perticular that given by trace anomaly for energy-momen-

tum tensor

e hou . e

Calculations with the cut-—off give identical results for
both parte of this equation up to factor (b/4). Since this
factor is proportional to Hc' it becomes significant in dis-
cussion of large N, limit.

However it tﬁrna out that consistent calculations with
core [6,19] automatically give correct relation (17). It
means that it was just artifact of cut-off, not the intrin-
gic difficulty of instanton calculus.

In summary, instanton interactiom resembles those for
ordinary molecules : they are weak and attractive at large

distances and strongly repulgive at small ones.
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4. Instanton liguid

The analogy between the ingtanton interactions and that
of ordinary molecules suggests the following plcture: at
high enough density one has closely packed liquid rather
then free gas. Unfortunately it is very difficult %o find
from first principles the properties even of ordinary li-
quids, to say nothing about the instanton one. The calcula-
tions with some convenient core shape discussed above are
the example of such approach.

In this work we have chosen another tactics: we discuss
first empirical facfs about QCD vacuum and try to find
some small parameter, giving some hope for success of future
analitical calculations.

Our first object is the gluon condensate (11) « Its
physical nature was not important in the discussion of pre-
ceeding section. Now we make strong assumption that it is
caused by our instenton liquid.

Since Ea&ﬁ'instantun contributes to it fixed amount 327%? .
one can find directly the total instanton density in such
liquid

. ﬁﬂ"‘ft'lir

e =N, '«5 )> ~ 8-107% gev? (1)

il s
More scepticel reader may say that at least it can not be
larger.

From this number SVZ in their old work [20] have estimated
the typical instanton radius to be 1/170 Mev. However, they
have used free gas dengity, which in fact is strongly mo=-

dified by interaction. Qur point here is that in fact it inm

16

much smaller and only due to this one cen speak about instan-
tons as meaningful objects.

Even in such caee and even 1f instanton interactions are
known, the calculation of the properties of instanton liguid
ig rether difficult problem. The account for global instan-
ton stimulation by average field, as it was done in (12), ie
not possible for instantons, which themselves dominate in
such field. The instenton probability depends on the positions
and properties of neighbouring entiinstentons, end the diffi-
eulty lyes in multiplicity of configurations. For orientation,
one can take one of them, which gseems reasonable,

Consider for example the most simple one, being close to
ﬁ%t denge packing: cubic 4-dimentional lattice with alterating
instantons and sntiinstantons ( the NaCl structure ). Of course
we do not propose insgtanton crietell with long range order,
but think that at small scale such model is not too far from
reality. We also freezefthe instanton radius to be inside the
small interval ¢ ta¢ with A9« g.

All which is left is the integration over relative orienta-
tion in colour space. Performing this for dipole-dipole in-
tersction we find the correction to instanton density

= 255; f (exp[’f""? ,? (AJ Hﬂ)?c c-’;g])“m

Note that it is a kind of selfconsistency equation because
the dengity enters alsoc -~ the exponent. Solving this equati-
on one finds N (¢ ) for our model, and assuming density (18)
one obtains then the criticel radius ¢, ( for a¢=.1¢)

@ = 16 GevT'a 1/3 fermt (20)

The resulting instenton distribution is shown at Fig.1.

In order to give some impression about numbers involved
let us note, that for each neighbour pair < exp(-4S5)) <
~ 5.4 or not so large effect. However, there are 8 neighboursa
and in total thie is an increase by the factor 800. Still ome
ghould remember that the absolute probability of barrier pe-
netration exp(-S;) ::10'E =6 in fact it is not modified too

Fird



much.

0f course, the model is very naive. In addition, the total
normalization is uncertain due to large power of /| involved,
Hdever, the dependence on Ce in (19) is so strong that this
parameter is defined with good accuracy, presumably not worse
than 20%. The absolute density of instanton liqguid is diffi-
calt to calculate, but we can rely here on (18).

In what follows we use the gimplified instanton densitly
in the form

g_';; ~ n _o0(¢-Se) (21)

where parameters {1, , Q. ere given in (18,20). This provides
the posegibility to discuss multiple ingtanton-induced effects
on much more gimple and quantitative level than it was done
before.

It is also interesting, that more heavy calculations with
the core taken in form (15) with parameter @ 2200 fitted to
Ja function give rather gimilar distribution.

The very important feature of this result ig the following.
The so called packing fraction { defined in [3] as

£ J(_g}*)dn ~ 7in p A /20 (2

( 2 for instantons plus antiinstantons and~3??1 for 4-volume)
is rather small: only about 1/20 part of the volume is occu-~
pied by instantons. We have stili liguid, not ges, but made
of well defined congtituents, which are not deformed too much.

The question is natural here about the physical origin of
this parameter. First, it is due to the fact that { 9.15 )
contain large numerical factors of geometrical origin. The .
power of JJ from engular integration censels in (22) and the
candidate can be the number of gpace-time dimengions d=4. It
is interesting in this connection, that in 2-dimensional mo-
deleg congidered so far inatantoﬁs are "melted".

But there is other effect, to be discussed in next section
and connected with light quarkse. They are effective in instan-
ton suppregsion and Hfzj ig algo important for this parameter.

4 £

. Chiralf mmetry breaking
and the gquark condensate

It is well known now that due to smallness of light quark
magses ( for u,d,s quarks approximately 4,7, 150 Mev ) the
strong interactions posess nearly exact chiral symmetry. In
physical vacuum it is gspontaneously broken, and ;E the result
the Goldstone mode - the pion - is massless, not nucleon.
The explicit manifestation of the breaking is the nonzero
quark condensate, the vacuum average of 4 , for it di-
rectly connects right and left handed quarks.

It has been discovered by tHooft [2 ] that instantons do
important things with light guerks, namely produce Hf pairs
of them. In Euclidean formulation this is seen as zero modes
(6), respectively the propagator of quark can be written' ase

S(K,lj) = %(iim%('f) o 5’(&5‘,) (23)

where ,Sf is nonsingular at w2 0. The inatanton density given
in gection 2 is proportional to m, so in the case of one fla-
vour quark immediately obtains the effective mass, violating
the chiral symmetry [3] .

Things are not so simple at Hf larger than 1.The instanton
generated vertex with 2N, legs has the following structure
in flavour indiges

vy q;ﬁ# 9#Hk

' i,_,.-'w_F J
2 (6 éx,_..:rﬂ; (24)

Wy i3

Note that upper indices correspond only to right-handed spi-
nors, and lower ones correspond to left-handed ones. So, the
rotation of only right-handed quarks affects only one & '~ '™
and the determinant appears. This is nontrivisl for U(1) but
not SU(Hfl part of the rotation. Therefore, only this subgroup
of chiral gymmetry is violated directly. So, we have qualitati-
ve explanation for Weinberg U(1) problem [ZJ, but not to

19



breakdown of chiral symmetry, This problem is open at one~in=-
stanton level,

It has been suggested in 1}] that such phenomenon can be
explained if instantons and antiinstantons are close enough.
The idea is that in this case attraction in scalar quark-an-
tiquerk channel may become so strong that chirally symmetiric
vacuum becomes unstable and the quark condensate appears,

As always for spontaneous symmetry breaking, the question is
quantitative and can be answered only by explicit calculation.
So, it is interesfing to check whether our parameters deter-
mined above can“ﬁn the job.

We do not give here details of the relevent formulase for
they are preseni in well known work EB} . We only remind the
logics of their derivation, First, iteration of Bethe=Salpeter

kernel 2(p) , as always give
S ey 5 7T (25)

and if for some mamentmﬁf?i of the quark-antiquark pair
5(p)>| than the instability ( bound stete ) take place,
The diegrams for .  are constracted from t'Hooft vertexes

with 2N, legs. Two of them is the quark-antiquark pair under

f
congsideration, all the rest should either be absorbed by the
antiinstanton or closed in loopg. As mentioned above, in lat-
ter case the result is proportional to quark mess. Obviously,
this calculation is made in chirally symmetric vacuum without
the condensate and quark effective mass: we are going to prove

its instability. So, one should use in the instanton density

4N {‘1(ﬁfﬁﬁi instead of H¢ , and write down all fermionic
factors expllcltely. Interesting, that it turns out that the

20

largest contribution is obtained if the strgnge quark is clo=-
ged in loops while one of remaining light quarks is transfered
to antiinstanton, The resulting expression is

Z(p) = -%M—f-m 0% ) xpl2psc)= Lbespl-2p%) (a6

E#g?)
whexre expnnent is some approximation for Pj}ﬁ? of some compli-
cated integral ( see [3] for details ), What is important, it
is really larger than unity for small P and the instability
is present.

This conclusion was also made in [3} but in fact the diffe=-
rences are significant. The packing fraction (22) present in
(26) was not so small in LB] and with their parameters the
instability appeared at p as lerge aéﬁ 2/l . There is empi=-
rical argument against it, to be discussed in next section:
quark condeﬁaate is very homogeneous in space-time. So, our
instability only at small P is wellcomed,

The second problem is to calculate the numerical calue of
the condensate., Now we return to physical asymmetric vacuum
and write the selfconsistency condition for <u¥) as

8 s - Al
L{{frgj k- M&fﬁ[f{)’
It was considered in [},12 1 and follows directly from the

éw%}

(27)

propagator (23) in the instanton field:

With our simplified instanton demsity (21) this integral
equation become a pair of algebraic ones and from (27) and

(14) both the condensate and effective mass can be found:

|



/ .
(81)* o _ 115" Gev?

RAZ g X"
¥ T,
| (28)
%
~ Nele
Mfﬁ (f:} > 27y (-*.i!) ~ 200 Mev
The classical result of PCAC is (see e.g.[9])
: .2

i ﬁ-—yﬂﬂi‘_ AL 10 Gev? (29)

2(m, +wd)

Another estimate is provided by heavy-to-light quark matching
proposed in [9]

! ey 4 Ofm?
(¥¥? = = Grim <(9€,.)°7 (m?) (30)

where M is some lerge mass. If thils formule is extr%Pula-
ted to some intermediate maes, say 200 Mev, one hms <¥¥ 2=
~ =0.6 1072 gevo.

In the sum rules for @u,y mesons [9] and bargons [_E—“!] gome
four-fermion operators enter, which were reduced to LY by
factorization hypotheses ( see below ) and resulte agein agrees
with (¥%) of the order of 10™2 GevB- The author recent work
[22) deals with hadrons, containing one heavy qua?k, like B
meson, Eg,flg baryons. In thi?_ cage {¥¥) enters directly, end
again the results with such {¢¥) are reasonable.

The physics connected with querk effective mass we are going
to discuss in the second part of the work, but only note here
that the result (28) 1s agreable as well.

}Here amall "eurrent" masses enter becqﬁe =xpl%cit gymme t-
ry violation leads to exial current nuncgnsarvatlon. The apon-
tgneoua violation is accounted by the existence of pion.

i

N

Let us also note here, that quark effective mass is emall
in the scale fc! characteristic to instantonss This is some
reflection of the fact, that instentons alone are not able
to produce it and they are produced rather at scale equal to
instanton-antiinstanton separetion K>~3¢ . The smallness
of tﬁ'{/} in turn leads to rather dilute instanton liquid. We
see once more the selfconsistency of the piecture proposed.

Cleging thig section we may say, that both quark conde-
naate and quark effective mass, calculated in our parametriza-
tion of the instanton liquid, are found to be in reasonable
agreement with empirical values.

b Vacuum average values of other operators

Insgpired by the results reported above we proceed to cal-
culationes of vacuum averages of more comdicated operators in
our picture, and their comparison with empirical facts. The
latter come mostly from SVZ sum rules analysed in [9,21,22)

There are also three theoretical proposals made in E@] for
egtimation of vacuum averages : instanton gas, factorization
with vacuum intermediate atate, heavy-to-light quark matching.
Now we are going to discuss their consistency and connections
with our results.

As for instmnton gas estimates, the whole our work can be
considered as the development of thisg idea on more detailed
and quantitative level. As the example of the results, appea-
ring on this basis, let us give the expression given in [9)

1ra8cq & ¢
(3476, Guo G ? g
¢(96)"> s

$8°

However, numerically result is rather largé as compared to ['9:]
for we use much larger scale for 1";"’57.; .

For the second proposal mentioned sbove, the factorization,
the gituation is not so simple. Let us illustrate it by two
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. 4 —_ 2 i
relations for operators (gépu}q, (+Y¥ ) being the complete

squares. Por them the factorization with vacuum intermediate

gtate readg as follows:

@) > = (g6 )
APl o e P (32)

where we have neglected numerically small factorized contribu-
tion of crossing channels ( other pairing ).

In general, our picture of the instanton liquid does not
imply relations of such kind. Moreover, smallness of packing
fractipn (22) means rather inhomogeneous vacuum, in which
simple relations like (32) should be strongly viclated. The
explicite calculation for instantons give all averages to be
proportional to n, , and not to (nc)z as suggested by (32).
It is rather simple to calculate ((g G;«P) in our picture:

<(3qu)k7/({96;,)2) 3 %zf ~ 3.6 gev? (33)

which is indeed essentially larger than <{§6;.,)E), entering
relation (32). So we conclude that for gluonic operators the
factorization hypothesis of SVZ [9] is in contradiction with
our results. In principle, effect of higher order gluonic ope=
rators on charmonium levels can be studied and therefore this
coneclusion can be tested, but it is not done so far.

However, the analogous calculation for ('(t';-:'ffﬁ) gives :

R
h e B 1 ~ -9_3-16‘ fayd

T T ante: (34)

which is indeed very close to what is predicted by the factori-
zation relation (32). Strong difference in numerical coefficie-
ents are caused by the fact, that fermion zero mode, unlike
(}G?,)I , are normalized to unity.

The conclusion, that for quark condensate factorization
works well is also in agreement with our discussion in the
preceeding section, where we have showm that such condensate,
in contrast to gluon one, is formed at distences of the order
of instanton separation and is rather homogeneous.

We have also noted above, that phenomenologically factoriza-
tion works well for (W ¢ [9]&116. f\ﬂﬂ[E‘:,EE] where (q'-‘i"};' is
present, and also for B - type mesons with heavy quark[ﬁE],
where its first power appears. Moreover, in the discussion Ey
SVZ [9] of vector mesons mixing it is suggested that such fac-
torization is valid with acturacy of the order of 1/20. Our
result (34) , of course, supports it only on order-of-magnitude
level. So, what can be the origin - of so high accuracy ?

Strictly speaking, one should calculate both paris of (32)
with similar accuracy in order to answer this question, with
more detailed knowledge of the instanton configurations. How=
ever, one may at least try some model, for example the cubic
instanton-entiinstanton lettice discussed in section 4. The in-
terference of zer;a modes of instentons ( right-handed ) and
the antiinstantons ( left-handed ) produce the condensate.

What is observed is that it is wvery homogeneous in space



between instantons, on the level of 15-20%, but is changed of
the order unity inside instantons which, however, occupy only
1/20 part of the volume (22). Introducing some fluctuations of
instanton size and positions, one obviously finds smaller inho=
mogenuities. Although we have not done it explicitely, we sug-
gest that high accuracy of factorization for quark condensate
can be explained in our, rather dilute instanton liquid,

The last point of this section is the so called heavy-to-
light quark metching [9] , used for order-of-magnitude esti-
mates of some vacuum averages. We have already given such re-
sult for the quark condensate (30), which for reasonable Inter—
mediate matching maaalnt:EOﬂ Mev gives values 2-3 times smaller
than empirical and our values of {(P¥)> . Another important re=
sult obtained in the same way in [23], it deals with the opera-
torxr i9¢€.6;.f.w impurtaz}t for applications %o ha.rgons
[?11 as well as for hadrons with heavy quark [22] . The result
of [23] is , PO

{9¥6..6,. Yo e ',ﬁ?@f &y széﬂyf
(35)
¥ ~ g0 BV

s

~ &

s Mg

4
<

“

where we have substituted Mg=200 ¥ev and our value (31). At

the same time direct estimation in instanton calculus gives

P ~-3+10"2 Gev>, so the agreement is reasonable.
Summerizing this section we may conclude, that factorization

is valid for quark condensate but not for gluon one tn our

picture, The firsi statement is very nontrivial and its agree-

ment with date is encouraging. The second prediction is new,

put so far not tested experimentally.

e

6, Phase transition in external field

and charge renormalization
In this section we discuss the connection between the propos-

ed picture of QCD vacuum and two well known works by Callan {Jdr)
Dashen and Gross concerning phase transition in extermal field
L4] and comparison of the instanton-induced charge renormaliza-
tion with stromg coupling expension [5] . The basis of both
works is the discussion of vacuum permeability M in the in-
stanton analog gas, which is treated by the Onzager method for
dipole interactions.

Let us start with the comparison of the underlying instanton
density. At Fig.1 we schematically show by dotted lines this
quantity in three cases according to CDG work. They  are:

() the so called dilute phase, presumably existing inside the
wbag"; (b) the instability point, where derivative o/E/d&D
changes sign; (c) the end of the CDG curve, presumably corres—
ponding to "meron ionization"., It is seen, thatl the curve (b)
ig rather close to our instanton density, which is however
corresponding to zero field case, or physical vacuum. We there-
fore comclude that further growth in instanton density from

(b) to (¢) is questionasble, as well as phase transition of the
first order claimed by CDG. The explicit . account for core in
[6] has lead to the same conclusiomn.

Another way to see this is to calculate the permeability

?
d Yyt
/‘(:) =1+ ﬂni“;[“'.?-a'? %} (36)

With our parameters it is very close to unity, mMxt.4, so there



is no need to use approximations of Onzager type, important
only for sirongly paramegnetic media M3 1. Then there is
no place for phase transition to be developed.

Still the instanton-induced permeability is important effect,

end it can be considered as & type of charge renormalization [g]

9?(?] s g;#(ﬂ/u(z) (37)

The standard way to look at it is provided by Gell-Mann - Low

function defined aﬁ follows

Bl 4l

9 b 2 (38)

At Fig.2 we have plotted this function versus charge in lattice

R

regularization, Dashed curves marked AF and SC correspond res-
pectevely to asymptotic freedom [16] and strong coupling [13],
The curve marked CDG is what is found in [5] , While the so0=-
1id line corresponds to our results with instanton density as
shown at Fig.1.

The important difference between two last curves is that the
first one crosses the SC curve, while the second one turns in
the proper place., Also important, that apcurding to CDG the
crossing point lyes completely inaigg:ﬁg?;g;ty of the calcula-
tion. This was so suspicious, that, for example, in the work-
B?] the core parameters were found in order to prevent
such crossing.

Let us note iu this connection, than in their later work
Ilgenfritz, Kazakov and Mueller-Preussker [24] claim that the
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instenton-induced renormalization behaves in fact as shown
at Fig.2 by the dotted curve without crossing with SC one,
and even with some similarity with it.

However, unlike the logarithmic effects,power corrections
are not the universal charge renormalization and depend on
the particular physical quantity one is interested in., What
is calculated in[24]is essentially the three-gluon vortex
renormalization constant

4 B2 2r ~z2.2
&t~ 1 + -gs-gr, "9'-.-?5,)] [1- gfﬁj{rf)_—rdﬂ (39)
Note that it is of second order in large parameter (877/¢%),
that is why it Bti?tﬂ at much smaller g ~ 0,9 or extremely
small scale Qﬂ-.‘;-lﬂ ﬂw""fmﬁﬂ'! However, it remains still unclear
in what physical process can this effect be seen.

There are also many other definitions of the charge, say
classical”force between static charges", but one should compa-~
re the one used in lattice theory: the coefficient of G:,Jz
term in effective action. The CDG permeability indeed corres-
ponds fto it.

Closing this section we conclude, that CDG phase itransition
is very questionable from our point of view, while the compari-
son with strong coupling regime becomes even better,

8. Changing quark masses and Hc

In order to simplify real QCD theorists have invented some
imeginary worlds with different quarks and the number of colo-
urs Hc' In this section we briefly discuss some of them, in
particular: (i) the effect of the strange quark mass; (ii)

gluodynamics without light quarks; (iii) multicolour QCD.
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Trensition- to the-cese.in which strange quark mass mgc150:
Mev goes 1o zero was- rather thoroughly discussed by Novikov
et al [25] . They have caleulsted derivatives of the gluom ...
condensate over -quark mass at its zero value. . .. - ovanll

ms,:m[ i g A

5 L i AT A Lt R bl e ¥

4 %36, )7w; %_(

D;f-m m,+ "‘d

Here - n :l:s the ndrmaiizatibn po:.n{; which appes.ra becuse
"“n"‘* \ob, s M0 HBEe; obre  Baoos:

,Bpth, gierivg.tivaa are poaitive, .80 'I:h.e condenaate :anraaaes

with quark mass, @p_stitu#_i:s__ _hhegra. m,one finds

4(3 f o Soioy <f$ )??w e 0

e Hr'l'

Expansinn in 1[11: is also pusaible, a:nﬂ 11: shows that with
further growth of m, to in.finity the cha.nge in gluon condensate
is smaller. Tharefore, the authors nft%] have concluded that
in gluodymamics the condensste is 2-3 times larger than in

. xeal world. In tpia uonnectinn it ia Iiﬁﬁereating that recent
Monte-Carlo simulations for gluodynmca with N _=3 { see refe-~
rences and diﬂcuaainn in [251} h.u.we given very large value

<(3E.,

but “thé “thHeoretical uncertaities are much larger than given

+
J!undymmr; (?N :‘?Z) 68!.-' | (42)

a_-.1 an

gtatigtigﬂsﬁﬂm SEILBLTTE iy To F99%%s sfdd () sxalunittag
Now, wh&t ‘i@ ithe:physical :reason for soustrong-effeetrof -
Lased on

the quark mass? Our answer is,the instenton nature of the con-
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densete, and the instanton density is effectively suppressed
by the quark determinant. For the effect of the strange quark
mags one finds

% < 2
<(3{;:v) y e (557& . ~ 0,6

T (55 ¢k - 3mgfoy? (43)
<(36 ))z,eat’ ° ; :

in good agreement with (41), It means, that if strange quark
to be massless, instanton density dis two times Emaller.? 1t
is very instructive to observe this fact in connectlon with
our discussion in section 4 of the origin of small packing
fraction £f. Let us also add, that with ms=0 the chiral sym-
metry breaking by the mechanism discussed in section 5 becomes
questionable, We therefore conclude, that even such operation
as pulting m, to zero may aignificantly change the physics

of QCD.

Wow let us look in other direction and increase u,d quark
magges in order to discuss gluodynamics. This theory is now
intensively studied in its lattice formulation in "theoreti-
nél laboratory" by Monite-Carlo simulation.

It is not easy to extrapolate from our picture of QCD va=
cuwn to thp.t of gluodynamics. Obviously, the absence of small
fermionic factor F in (4)r increases the instanton den=-
aity, but other faciors like (f!l ﬁ}ﬁ suppress smell instantons.
Still our estimates show that small paremeter f (22) hardly
is present in gluodynemics and therefore the whole instanton

language &8 applied to it becomes questionable.

31



Now we pass to multicolour QCD, discussed in many theoreti=-
cal papers. It was suggested that Hc=3 is in some sense large
number and Hcf;ao 1imit is close to reality., Some facts like
relatively nerrow resonances provide some support to it.

However, &3 emph@sized by Witten [ET] , this limit hardly

can be smdth for insteanton-induced effects., Later it was dis-
cussed in pepers[28,29]. The basis of the discussion is the
free instanton density (4). Fortunately, large factara(ﬂc]mc
cansel emong themselves and what is left can be written as

I 11 1

:%' & exp[hfc (291 + %& &.g—nw- 3-5" }fgw)] (44)

At N, going to infinity all fluctuations for whieh the brack=-
et in (44) is negative are completely suppressed, According %o
EEB,Eé]it ig always negative in Pauli-Villars regularization,
but chenge sign in lattice one, so physics depends on scheme
used¥ The resolution is that in fact one has to use two-loop
expression for the charge, not one-=loop one, in order to answer
this question., This was done in (44) and the point where the
fluctuations are not suppressed exists, it is §,* f/Z.a"A,,‘.‘-'ffﬂ.

What happens in this point depends on instanton interaction
and is not clear. The core in form (15) leads to density stabi-
lization. However, on more general groundlhﬂ} the gluon conden-
sate {(56‘,)?)& H: which can not be reproduced by finite &t
N, oo instanton density [29] . Most possible, instantons are
completely "melted" in multicolou? QCD, in contrast with real
case.

Some phenomenological observations, pointing to the same di-
rections, were given by Novikov et al [25] . For example, all

mixings are small in 1/N_ , but in some cases they are not small.
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They propose that new mass scales enter and their ratio can
compete with Hc. We propose to relate these scales with diffee
rent instanton-induced effects and, finally, with £.31/600 Mev
which is much smeller than 1//A . As explained above, this
difference of ¢ and 1/  becomes much smeller in N_—% &5
limit and, presumably, "all hadrons are alike" in this cese,

In conclusion, our real world turns out to be'very different
from various imaginary ones, invented by theorists to make their
life simpler, What is found in our work, in some sense the real

case is the best one.

8, Conclusions gn& discussion

The main conclusion from the present wﬁrk ig that the compo-
nent of the QCD vacuum of instanton nature is dominant in pro-
ducing so important ite characteristics as the gluon and- quark
condensates, We definitely has some instanton liquid, not geas.
sti33 Sl N e w13 cte. 11quif bo- Tt the acentitasnts
the instantons = are not deformed too much. As & reault, one
has approximate but wvaluable method of calculations, It pre=
dicts definite numerical values for different vacuum proper-
ties, Two of the results: the wvalue of the quark condensate
and the factorization of its square are already known empiri-~
cally, and the agreement is very encouraging, Among other non-
trivial predictions not tested so far we may mention strong
violation of factorization for gluonic operators.

The existence of small pareameter -~ the packing fraction (22)-
is not understood completely. We feel that light quarks are ime
portant here. In this connection it is important that even tur-
ning the strange quark mass to zero may significanly change the
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numbers involved by the order of unity, end transition to
gluodynamics leads to completely different physics. The rapid
convergence of Monte~Carlo simulations for glucdynamics also
suggests the sbsence of scales, essentially exceeding A .
However, as we argue in this end forthcoming works, such scale
does exist in real world,

The seme conclusion cen be repeated in conmection with mul-
ticolour QCD as well. The limit Hcfsau is not so harmless ope~
ration as it was assumed by many theorists, and in studying it
we go rether far from realistic case N =3.

Comparing our results with those of other authors, in par-
ticulaf?&&llan. Dashen and Gross, we observe that our insian-
ton density is generally much smaller and shifted to smaller
instanton dimensions. As a result, our value of vacuum permeé-
bility is not fer from unity and there is no place for the first
order transition claimed by.tham. At the same time the charge
renormalization becomes even in better agreement with strong
coupling results, for so large effect is not needed empirically.
Our discussion is more quantitative, in particular in discussion
of quark effective mass we find reagonable numericel value which
was not done previously. The seme comment 18 valid for several
vacuum averages of different operators.

0f course, & lot of questions remains open. The most general
problem is the explicite calculation of core-type effects and
its role in formetion of,"instanton liquid®,

It is a pldbure to thank V.L.Chernyak, V.F.Dmitriev, I.B.
Khriplovich, L.I.?ﬁinJ&ein, ¥.I.Zakharov, M.A.Shifmen for mml-
tiple discussions and useful criticizm,
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Figure captions

1. Instenton density Cﬁi/ﬂg ( Gev? ) versus instanton radius

A Gev™! ), Free instanton density is given for gluodynamics
by the dashed curve., Solid curve marked SVZ correspond to
wcrka[?,ﬂ]with the account of quark and gluun.condensates.
The three dotted curves correspond to CDG work [4] for:(a)
dilute phase, (b) instability peint, (c¢) meron ionization,
The histogramm is our approximation as discussed in the text.
2, Charge renormalization presented as Gell-Mann - Low funce
tion wversus charge ﬂ in lattice regularization. Two dashed
curves marked AF and SC correspond to asymptotic freedom [16]
and strong coupling [13] respectively. The desh-dotted curve
correspond to the work of CDG [5] , the dotted ome to [24],

and solid one to our work.
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