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Absa tract

The generalization of AKNS = technique to the twoe dimen-
glonal arbltirary order matrix spectral problem is given. The
general form of the integrable equutione and their Bscklund
trangformations in 1+2 dimenslone ie found. The reduction pro-

hlem is discugsad.



I. Introduction

One of the mein problem of the inverse scattering trans-
Tomm (I82) movhed is s problem of enumeration of the eyuations
integrable by this method (see, e.g. ﬁ,z}. The simple and econ-
venlent description of g claes of partial differential equati-
ong integrable by the onsdimensional second order bundle

£ AAY + Pty (1.0)
(3 :

has beem given by AXNS[3]. Then this approsch (AENS-approsch)
Las beem gemsralized to the problem (1.0) of erbitrary order
[4-9] smé to seme others owe-dimensdemal speciral prablems
[9-11) . Phe infinitedimenaionsl groups of Backlumd transforme-
tioms for these classes of integrable equatiomns has been al so
found [12,7-9]. But up to now all the results obtained in ths
fremework of AKES-appreach [3-12] are concerned o the equati-
one in one spatiel dimengion.

The generslization of AKNS-method to the case of several
spatial dimensiens is of indubitable interest. The #pplicabili-
£y of IST methed to the multidimensional equasiens has been de-
Benstratad io Refs. [13,14]._ Various cencrete twodimensional
snd maltldinensiensl evelutien squations have been ocongidered
[13-—13]- Hul tldimensional speciral problems pessesses a number
ef speeific features. Bevertheless, &s we ghall s#8, the tech-
nique desoribed in Refs. [7-9] permit & generslisesion to the
142 dimensions (ene time snd two spatial dimemsions) case.

Tn the present P&per we conmldsr twedimemsiensl speo tral
Problem of the form

A %"-’ = Plry.i)¥ B4
where A is an arbitrary comstent semisimple matrix (i.e. a dia-
gonal mairix), potentisl P/, Y,%/1s & matrix ¥ x ¥ such that

f_"’; :f’f:i » The order " of matrix proelem {1.1) is arbitrg-
ry nn-.J'Spactrll preblem (1.1) is a natmral twodimen sional gene-
raligatior of the onedimsasional bemdle (1.0). Spectral prob-

lema of the trpe (1.9) (w4 n diagenal matTix 4) smd some concre-

te equatiens connected witk 4%, bave beem comsidersd ecarlier in
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In the prepeni paper we #ind the gemersl form of ponlinsar
evolution equations in 142 dimensions integzrable by the problem
{1.1). We also conatruct the univergal infiniiedimensional
group of Backlund trangformations and ;ufinite&imunsianal aym=
metry group for these equations. The reduction probisa For ge-
neral equaticns end some conerete reducticng are consldersd
to0. The results obtalned are gensralizafion to the two spati-
al dimensions of the corresponding repulis for buadle (1.0}
{see [T,E]}. We went to note that this i+2 - dimer.sionel gsme-
raelization is & nuntriv!EJ one &nd possessss varicus intsres-
ti.g features- '

The paper is orgenized &s followa.: Ir 3he sesoud sestion

we introduce some special scluiiona of linemr problem (1.1},
scattering matrix snd obtaln ssversl importsnt relations, In
the third section we calculate the pecurgion operators ﬁl@,}& .

A/{WAwhiah play a fundemental role in our cons¥ructions. The
general form of aacklund transformations and integrable equabi-
one is found in section 4. In ths fifth sectlon the integrals
of motion are calculated. The reduction problem is discusaed
in the section 6.

IT. Some preliminary relations

We will assume that potential P ( X, 4% f)"'"" 0 et
R =yx*+yt—=o00 80 thet it guarantse the exigtence of all
the int%grala whieh will be appessr in our celeulations end thai
-:!'da’ i‘é ("-.J =0 s
We will also assume that potential satisfy the gsugs oon-—
dition Pg = O whers P, ig a projection of potential P onto

A:Q,L;tci:ipinen:‘f of the Fi?cting; decomposition with resnect to
ol : 1e.ca 1 shc;ﬂtl,:f it properties (see e.qs [19]). Fit-
g ecc}mfmsitiﬂn of ihe general linear matrix algebra ffﬁf}
e :11;1’1 ?espect to semieimple matrix A iz & decompoait*i—
: o the tensor aumff/ﬂ-ﬂ t‘."/-ﬂé?a $§F where is
gmbi.gebra of matrixes commuting with A (g“;:{gfé ﬁ‘:?,:f: ﬂj .
{:5;;. ril;nﬂ }[ ;ﬂan_d CF is a tensor sum of nonzero root subana-
rix B of thejrg:iu%r g"‘w:ﬂ? [gﬂ" ?FJCQF' For arbitrary nat-
s iy 3 : ave a.simple decomposition &
% ;prﬂ;tion i P o i8 a projection of & onto &, ang 5
£9 b - D‘:'I;tﬂ F « For potential we have the
position A/ &4, )= A (k. t) + A (%4, ¢t) too. Using

o - x - - ! L

V== ¥'= Llogl¥, P—=P'= (PG 2nZ)c”

|

i ; ¢ R
where G [;ajit is always possible to achieve that A C{{

gen ol © v
se of the gauge A = 0 consists in the excluding of pure

gauge (nondynamical) degrees of freedom from P(ff,qc/ f}
: Let us consider now the linear problem (1.1). We will de
Il - 3 ¥ ; § e g =
ote the sclutions of this problem by ¥ . Let un introeduce
] G

£ L i
5;110 -.*::a to Ref. {‘ISJ matrixes-solutiong ,é:,‘*{.x,éfj end Fi‘_[x
vroblem (1.1) given by their asymptotic behaviour ;s JC?"}

g 4 gl — /1[{ iy A T
L fx:é’)x_:fm(.?m) ‘ie J XJI /_—A./%g)x:izm_)%ﬁg Ax)

and egcatfiering matrix »5‘{-‘:; )"J f—) :

£ Hagieps jd,t F(yt) S A ¢,

Let us coneid o '

@J er alfh; the adjnj.nt to (1.1) problem

2¥

——— e - i

DK Y i LPP{"E’%H*
TAr - y
We introduce the matrix-solutions F-r(’x

A o

W
problem (2.1) ﬁ/’:a.nd /L;_:ff;!}e:;f the

£33}



v S AR SR e B A A
a*/fé,/.__p(;?mj 28 7 s f{x‘rf}..r-i /€
x-&*nﬂ

-'l
(A A 1)
8 *5( At
and corregponding scattering meurix 4

v v
v L & = : -M"" f‘! | f’.
Ayt =M£d’ﬁ S(AX t) F5 (~ut),

E Bl t- l:.ill E Eq{’ (L O t- TEL T -Gl i3 11"‘. |\'J.]..|!_-,‘ I b= I"; ML ES -1‘-‘110-
ately . 1.-
= J. [ dlffj

+‘ng é—i (% ¥ BB 4 ff,f' =& (A-2) 4 (2.2)

=+ s Ly : r'- ‘3}
jcj,{ F: (.x,é.rf; t) ﬁ"gﬂrﬁg: fji =. 3 | ¥y y ; 5

o et v A g
(A 5 )= Qb A A (2.4)

Ya'r.q h{hwr-.? f;) ,J(!M, J‘\J’EJ- 5( )

- a .

where 5(&;‘ is a Direc delta-funcilon. d '1; ;;,
Lat now P and P are two different potentials Ei.".'l‘ e

y VM’” : ponding sclutions of 4the probleme (1.1) and

¥ ¥’ are corresponding s¢ e it i

(2,1)« Using {(1«1),; (2.1) and taking

show that an

Wi (ry) - R ¥y (my) K (FA) =

FF’

(2.5)

- (4T W ey

?“‘*-——-—-—:3

a!zFr 'y ";: [z, {y'J( Ple, gl=£4% 4 ¢ &)

W 4
- £ Uy r ;
& KA A= g“%’ s 4.4 ¥ {”’-C}’L 24 e
Ph::eﬂg @. = F* in (2.5) ond proceeding to the limit X—* -ge
Al & ‘A_ M gt

one gets

>

A ! : |
4 {I A) - S (A, *‘J'h} 5 (2.6)

4
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Formula (2.6) which relates a chenge of the potential P

to that of the scattering natrix nlays a fundamental role in
further considerations.

The mapping p/*'..él_, f/"—"' .S'(ﬂ, A,ygiven by spectral pro-
blem (1.1) determine a correspondence between the transforma-
tions 2= L' on the manifold of pntantialc{:pﬁ, A ‘U} and the
tI‘ﬁnEEDI'DIEtiOnE ,.5—*.S"on the manifold of scatiering matrixes
{S (A, A, 'E.J}. This fact follows from diagram

D (.1) X
7
Zi: (1.1) i‘f :

Let us now consider only such transformations T that

S(JT A,f.)l-"- .S'f{/i; At)= 3"(3,1).5‘(,4':&,1&}Cu,t}{z.7)

where B(I’L ﬁ) and C(A,ﬁ are some (in general, arbitrary) mat-
rixes commuting with A, i.e. eS8, Cal . e "restrictedn

transformations of the type (2.7) are, as we shall see, wide
enough.

Combining the relation (2.6) with (2.7) and teking into
account (2.4) one find

Jelhe S p) 1800 § (0 2) € 005 (- ).

= (dedy i (Pog)- oprg) gy o

'I;_hen one can prove the following identity
o

Ed’" 'E(I'f*) (1'3(1":*))3'{;“,*)- S (A-A)(1-8 (A2)=

oo {2.9)
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gdudg/—i (x, é()(ﬁ[xcgf) i B( 29 &)J Effi,yl"

-

- (1- 8 (3. )P g) Fi tng))

: SR P 1 L o et T SRR e i
Tpojsatatn o4 tliee o, dal 1ty (Zet ) ontd fﬁ' ekt A L

A o] ey i e A
destity (2.%) we obtaln

jdxdgfﬁ 9(8LE. )P g f;”/rfy)—
oL /8(% ) £ 0rtlfe -

i { )
Tre . B /3. ; ) 1 foraulae (241
»ry ce wonresented in y """ 5/%?,;‘5-} fﬁ.{ {'/3? f-) Hg

shere sptr.odes H,; [of = .{ f}) Tarm J{,.-"L'" af -.J-LLbr.-. gehra

R

- a. Below we will congliaer
f" ‘__-1{‘_ &{?_ #/‘ are u"'\ & L."].l"'t.- i

_}__2;_ e o tl-ﬁ.n ynotiong 39-: f(?p A * £ Pﬁtp‘{ﬁiﬁjr‘a
zén/‘f)p) ;e ",,,f ot iztisns. For

.ﬁ

shoh  func 1*1'1:3 3,( ,ay L 4 2ality

tﬁn ala J._».._.l":)“ru
.*

jdx‘ng-Z fdn(ﬁj&//f ﬂ(/x‘;//l({) {HJF

=i m=p

-
- = F
- P(x ) H- ‘?-?,,,;) 0 i 4
where i{" ig a usuel matrix trace ana
i ! i/ vV
/ ¥ % =14 QH(F;JM F'j (2.12)
Ei 27 CARVIE)
4

3 I oa
II'.-'_I |\.} apr he rEarli-

(2+12)

V+
(Fim)ee Z (7, )im 2L f;/:f

{n = G’T,E’iii}"
III. The recursion operators

For further transformations of the equality (2+11) one

Tust eastablish the relations between the gquantities CF’J: «1th

different /7 .
.|

Let us firstly consgider quantity ??HJF Let us ﬂifferen——
tiete n - 1 times over variable .? the aystem (1.1) fﬂI‘(FAme
and then multiple the obtained equation by £/ . For-
ming in the obtained equality the total derivatives over X

andé" end taking into account (2.1) one can obtein the equati-

on
“ b s |
2.2 t31}A
p%”} > %""’Jp ZCM f{n;mrc’?’)ﬂ'}

or o »! def A% Yy
wher e el —————_ :
: ™ s e paatEnd ﬁ“} === L[ﬁﬁ' Then if one

nro;ject the equation (3.1) onto aﬁ and 'L.EIE the relation

(P e )o, =(Pr Yrjono wes
Vs, 3

wwww b rmn

?ﬁ I ﬂgfg#”n(ﬁ -

(3.2)
7 q
F it .,:4 Fi=g2

=(p Eﬁﬁ""}‘f - c}?n—d-” o ZC -1991-! M'%J};_

The integration of (3.2) give

/a %ﬂ-#} g @,ﬂ J;A
X

A -

(%?} = f‘g_‘é{} s @ﬂ*{}n {:“H'#'*HJ gf"‘ o

f‘lll,ia-’ L



o= i X -

.......

-_1__;“

oF)

r A s :
i_ﬂ (EH:F] 25 }Ln q%n-# >

: T =y & 3 -
.2 can express the luantlfea q%n, though the gquaniities

(‘D[_ M'—'ﬁi ."f..r Aie a result Huk
)]

the m“*‘ {3.1) onto sﬂwwmﬂgg w_f
= .:".it&r f'! ".Q"' md ‘f"l‘-‘*li}.tiﬂﬂa {‘?’ F)F -—

¢ing the projsction of

ing into count the

&, ¥ 9?;,; (rw ¥)=

+§£Cn-f{(—f};ﬂ*i"”) {m;F) p,;r [ﬁ--rm} fn-!#/ﬂ

(2.1}

+<7-/"€?:«-:-mr IF’* e Pw-r '"fj //O '?.?m,-r ?2:9‘_

frm) F /

o Z Cem /E?ﬂ"-f-m_} j//?m &7

A

s A s o
/lw"P*-- R 9‘;’ As(PP-PA) -

DX

DY IEG - TR~ o

10

e )

L=

(F)

fF.l

)]

(n=125.. )

“5]

G (PP - PP P

From the relations (3<4) it follows that there exist such one-
rators /[cn;ﬂ that

A . A
(] 4 (E)
(Pr . .fiﬁ.,m ‘:-‘;?”,_. (he i 28 . ) (3+6)

() F

cvere Ay P (A P)a, [ABILP o,

fr‘h e :
" g P’f éﬁ: +)km!/}£-*}f\? « The operators A{mﬁa are Jde=

termined by the following recursion relations:
- A
A{hm (p o Aum Am-t,g.cP =
h-2 e
-7 Z C i {(m-! =mjd L fgn ' P'j, /en-r~MJ ?H}ACQ‘F

: 2 (3.7
+€.jj’(”'0f!ﬁ-i-m}-/]!mj4l ﬂp = /?ﬂ-*;-m)j/’oﬁ#ﬂ]ﬂ@ Awﬁs l)"
“;C:’ (# = .hm)j/f?m - & /1[6,’4 ?)}j Lﬁ 2,3, J

In g gimilar way one cen show that

¥ L "4
=} {(F) % .
CP » AMA CP : (""”1,2,31---) : (3.8)

(b)) F (o) #

L7
Operators .A;,,,A are defermined by the recursion relations

o W

(13 - Aiﬂﬁ A{h 4] A (PJ'
,; “{m P )= P Y (s ® B

(3.9)

a-'-‘“‘F -



x -.7 -[ jfme CP ; a—;-m.:), rr '7“{/,0 f/ii,,,“ & ‘A{HH ?f&.ﬁw

m-4 i v
+Z C?j L//]{g},& @‘erf_)}a 'p(n—nm) L
€=0

{3.9)
(H=23 ")
where - :
: 2P 2P (PP -PP) +
Au}c‘D T A 2y % o s

Py (o P-9p),- (PP~ PPLP

d A are not independent.
The operators ﬂc.u;.n and LigwA arg n . %
: ' g to LT for example, i
Throying the dgrivative _.?.. from & ’ .
- v “_l.\..- ; S i = +1:-
the quantity iy LT 18 not difficult toc show tha
A

v n fal"l"ﬂ {
SE WP o A 3.11)
A A =Z (_:f) C S | b A(._-jA : ;
(#2) ez él
A h ra-
in the further constructions we will use also t e ope

i * int to the operators Au...,,n, Amm
tors AMAJ ALH‘M adjoint Pk

o P > =
% to the bilinear form < f: .
:l%d:i‘?egr‘ (fe(xg) Prlry)) - The corresponding recur-

*
gre of the
=l on relation, for example, for operators AM ~

ﬁ;m P= j\;r-m ﬁ;m 2 "gf :I AL—-M {(CE E‘*"""});
T B PR, o~ IR )P

h=2 : m-d 2 4 - : 4
P T (P Prysmi), § *Z Cm TN SRR ) Bt

12

where ﬁi}i@:-—ﬁ{: ()D.A and
ik < R b 2P o
““-“B“T**A;:;- (PP P@F*

fjl{f}
« PY (@R p@), - Y(PP- pP). p

{3.13)

where

&Z}f’&ﬂf_ﬂf H . ra’zﬁ (z, aﬂ(z—x)w)__
ok =4 - £

The operators A can be determined from the recurgl -
°n relations analogous to (3.12) or from the relations

v' & [ ﬂ* gh-m
Z]{:]A =C‘i) E C: A(xjg _.';';f_u-.t N (3.14)

Analogously to (3:11) and (3.14) one can sxpress the ope-
ratora -ﬁ-tmﬁs and ATHM .through respectively Ar.maA and

AR

I¥, Gemeral structure of the integreble equations
and Backlund-transformaticas

T‘.E:q existence of the recursion operators of the ‘t;rp-jlwﬁ
and Mlewa 18 extremely important in the gemeralized AKES-me-

thod. In our case thes relationsg (3.6) ang (3.8) allew %o rewri-
te the equality (2.11) in the form

Tody 2 2 00 0 4 ok B

fe) F
=4 M=o

e (F) . (4.1)
T p,{/‘f#?) Hthh}g (E“F'):S
A W 4

whewrs /1 o) fl_mEi&
Prew (4.1) we have

13



+ e . o o= ; .Hv-‘_- = p_
[etndy tr (Pens ngH{Z, 2, bun t9(€9 7000 1

- j;m PH,;,) U =0

(4.2}

A W -
: {”5[# 4 v formalae (3.12)-

where operators AM# end wa 2T° given by lomm
-{3:14)

The equelity (4.2) is fulfilled if

% {:Bu (j‘i;f) anr__ ﬁg{’fxljf} pHﬁj;__‘p.si

whnere

L'
B, (A:,4) S0 unlt) Aiya,

n=*op

i S b 1 S

H=p

{gimilar
Tf guantitiee CP,:JF flé!} form the complete sel f(eimiia
X ; e _ - et
+5 the onedimensional case) then the equality (4+3J :.s‘als
, q ary condition of rulfilvent of the equality (4.2).
ecenps 14 3

The relation (4.3) just determined the tra?:afczltiftlf:;izf
the notential P-FP’ which aarrgspmnda to the i-iiﬁln:j-ﬂ‘ﬂ. m..,
af t}i:e grattering matrix J"" Ty of the form (2.7} It ti ]_LP
;'11:1"*‘-“8.1113 that the relation (4.3) contains only the T‘"“E_‘ :he
;BJ:-dvt_‘f‘E:.:;'fCJl‘f.’.ed agtential P's Ve restricted m*erselfsg '.).;) =
t-:pr.ai‘ur:r.a.‘:j.an law of scettering metrix of the form ( ; sl
i'-_’;.-:m:'-nr that it will be possible to gﬂn‘:n'ﬁrt = tianizimlawh
law of scattering matriz into the explicit transformaslon .

5 i P
o T 7 = -
A% woteantisl which contains only F and Las

4 o . ¥ FR S il = e ﬂﬁ;f t
e u GI]- i ; 4- = I . X L-l' e O
BEZE e {LI 3 ] f.n.- £ 2 JEda. mell Vi:]llal .E-th}lﬁ'Pl- [i A_ is I.BE \Ilar
= }_EO L) :1.1 J.IL n y .
d.-.l— { = E lg TiV & ues 'jf A ar‘u ‘j.:L._.- = } P SLA ﬁlg
i 1 '\ll‘E .-L}_ 2 e 'I1 l 2 el L hi EIL b Eb_

ra &, is sbelian. In this case the group of transforrations
(2.7), (4+3) is infinitedimensional abelian group.

The siructure of thig group of trensformestions 273 1d.3)
{group B} is determined by the spectral oroblem (1.1)}. Group B
which acts on the manifold of the potentiels {Pf.t,y,f)} and
on the manifold of the geattering matrizes {S fI, A, \‘.'-)} play &
fundamental role in the anelysig of nonlinear systems connected
with the problem (1.1) and their nroverties.

Let us consider'a one-parameter subgroup of

given by ¢
Ja "fﬂ’fﬂg(ft S')
B=2¢¢

#=q

.this group

(4-4)
&l

whe;;e —[’2,; (/‘_, i} are some functions entire ﬂn_t{ /ﬂ#ﬂ__f):

= Z W (4 A”) and € = B.

nEs

It ig not difficult to see that transformation (2.7) with
matrix E of the form (4.4) is a displacement in time z

S (AN t)— SUSL =875 (T 4,985 ths

The corresponding transformation of potentisl igs

P/.t:y'_, L) e P r/r_, & 4/} =Pﬁ:;& £) and is given by formula®
1 f" V* P
.y =Sdedl (A 5] |
> Sy H.Plst) -
[ 8

¢ A
: Eofs 8% (AA_, 5) /Df_;:} ¢ Hmj:ﬂ{rhb}

el -

YW -

+ 5 3
where in the operators wAtH}A and "A:-..u one put f/‘t:.-% -_:f}:
= Pty sjama LDy (AL 4) B = w, (0)A)"A%a

™ RUAGHE F )Rz,

Y
Transformations of the form (4.6} was congiderad fa'r the firstn
time in Ref. I_‘Izgi‘or onedimensional bundle (1.0) at ¥ = 2, A= E_’ .

15



At fixed functlions _.Q,,, f)’&, ﬁ) the one-paramefer group of
transformations (4.6) determine In inexplieit form she flow
Y_[}_ 3 Pf’!:bﬁ ¢)— Pl & f}’ , in other words, an evelution
gystem. This evolutlon ayeten can be also described by some
nonlinear evolution equation.

Indeed let us consider the infinitesimal displacement 1in
tifie: £ ==¢ =07 &, E»0, In this cese Pf-f"f;#gy =
= Pleyt)+ & -?#i-;%aﬁf’md B (A t)=d =~ & [, (A1), supstitu-
ting these expreseiona into (4.6) and keeping the terms of the
first order on £ we obtain an evolution sguaiion

9/‘)/!, Ji‘. G j,-"* * 1 ’ :*1- : 1
PLED - 5 (N (La ) PR @
ot =4 . 5 5 b
where Lia g A:-M (p"= P) ans -/ ;"JA i_f;{ A:nm (P =P) the

operators L":‘M are caleulated from the recursion relationg
(2.12) at P' = P. For example,

Lo =oAL -[o 1 - [RYTAL] oo
Z?L P = [Zi:m)ifp _/c;:; /%J)F A
(4.9)
- SR B)o Py ~[2 T (T ]

The operators ifm! can be calculated by the formula

Z.r - & - A - ,B'H-ﬂ
{=) A ﬁ(Fi) Z Cn: L{E’JA ;;gw-:

Lwa

Por the scetterirz matrix from (2.7) we corregpondingly
obtain the following evolution eguatlon

ASBAL)_ v (R, ¢) §5.0,0- SNy Yost

whare

| 4
v (0428 5 0L i Has

=1

16

h}'_..r A

The nonlinear evolution equation (4.,7) determine the flow
Y.(}." P{A’,g,f}—"' ﬁf‘f’i‘.éﬁﬂjin the infiniteesimal form. The relation
(4.C) which does not contain the derivetive 37 is an fintegra~-
ted" form of the evolution equation (4.T7}. Class of She equati-
ons (4.7) is characterized by integer N, operators Lima, Lowna
w8 Erbitrary netions L4 4O v A, (Ad) semtize on
A . Let us pointed out thet the evolution law of the scatte-
ring matrix of the type {4,10) was firstly considered in Ref.

f15] .

the transformatioms (4.3) with mairixes Fai /ﬂ,f) commuting
with metrix Y given by (4,11) (i.e. for BC Go¢y) ) form -
infinitedimenslional group of Backlund-trensformatione for equs-
tiong (4.T)e A% 3#':31:113 transformations (4.3), es it fole
lows from (2.7), does not change the evolution law (4.10) of
ths scattering matrix snd therefore they are auto Backlund-
_tpansformations for equations (4.7): they tranaform solutions
of the cerisin equation of the form (4.7} into the solutions of
the same equation. Some concrete auto Backlund-tiransformations
which have been found by the others techniques in Refa. [EC‘J, 23
are particular cases of the general trensformationa {42332 1L

"LE.E'* o then the transformations {4+3) mre generalized

Backlund tranaformations. Group B of the treneformations (4.3}
containg slso as a subgroup an infinitedimensional asymmeiry
group of the equations (4.7). In the infinitesimal form these
symmeiry transformations for regelar matrix A are ( pP—= P

= P+oP)
5P/upt) =2 (L) HeP = flE2)PHY)

where j(,c {A) are arbitrary sntire functions. Let us pointed
out that group of Backlund trmmaformatiens {4.3) and rjumetry
group are umiverssl one, l.e. they are group of Becklund trems—
formations snd asymmetry group for all equations of ths form
(4.7}
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Let us atiract now stteuntion to the faci thet one ¢
cbtuin the equaticns (4.7) without using the transfo : tian
{403). indeed, let the transformation T: P-*_P _S‘—*maﬁ’uns
L9 the infinitﬂsi“ml displaycement in time t: ,.0 P £ 3 Eﬁ
F'w- F ;{’gﬁ} E== n. Prom th

the relation (2.6) we chtain
&5 [/’ (A ﬁ_f_)

T At : df‘* 5(«* r)fdrag F (x.9) ﬁﬁﬂ"é”’ (412)

Uai (4
.f £.12) end the identity (2.8) one can show that

dSii At

e [V{H)S{Mf) ,g‘{.Mt,JY(Af))
*’*“”M S ﬁm)f“’*‘izr 7 ’("3" (MWJ Flng)-

¥

(4:13)

 f faﬂ

] -..-gé,,‘fi) Plx.y, EF, (v, y) + P(fé’”\j(?} t)f t"fg)

HEL ‘," 'II;.' i [o k]
woere 4 | ,‘f} 18 aroitrary matrix ccsuxmuting with matrix A

i e s
:\i, 1!7#} ‘w‘!a -ﬁ) ﬁ H. Z rh‘,,,,(f}fk )

; tawing into account the relations (3:6) mcd (3.8) (at
P? - P} frem (4.13) we finally obtain :

& &= u. = efgf JA = =
jdi“f S(A,r',f) { -—;f—"j) = { Y[{.A,‘i‘) S (., 8) - ﬁﬁf)%ﬁ,@}}'

jé“dé‘ f“mm?‘, ,A} ( I_Euf}
2 (4.14)
:?:{ﬂ ff—,ffij’q "D -Q (ZAJf)pH‘f)}

™

R R R R R IR RS W

Prom She equelity (4.14) follows a cloge connection be-
tween the eguations Ul.r, and (4.10). In particulaer, if scatte-
ring matrix J (A, A, #) satisfies the equation (4.10} then po-
t&ptlal P, gt} satisfies the evolution equation (4.7} (if

i 1 B2 ).
':PwF foim a complete set)

T.et ns note also that +he transformations (4.3) and equs-

tione (4.7) can be writhen in & form containing only one of the
rators A kS aple, in the form
operators A{nm, Amu For example,

2 5 fntt) (3. €5 Aipgs He Py B P =0

drd =0 fd-' 15)
and r a0 " A
i
Pyt < 5 w.lu(Z°C = 5% e -
?ﬁ m=g 4-1113.‘-'
dug MmO

e 2 syt
I—L:A ph"‘f =

The equations (4.7) (or{4.16)) are just the nonlinear svo-
lution equatioms in 1+2 cdimensions {one time and twe spatial
dimencions} integrable by I3T ﬂethu& with the help of the line=
ar problem {1.1}+ Using ihe twodimenegionel version of IS8T me-
thod (sec ceie h 13, |5}} one can find, in nrinciple, a broad
nlass of exact Ealutions of the equations (4.7

The class of equations (4.7} contains some well known non-
iinesr evolution equaticns in 1+2 dimengi®ns. For sxa.mple,. at
diagonal metrix A (Aiz =4, 51;, Q; #0e, LE~L--,N ) and
Yo (A) = A Wy 5.“,_1 g, Koy .op W where tnJ; are gome
congtants, the equation tﬁtT'} is

VWi (X418 | wi-we Pix, Qe -0, 28,

= + -
af- : a; b ¢ 11 DX a; - Qe 'g
N = : (4417)
e Z w Ll..}e = ":_rig — t-'_}g ‘ Q:‘EE pe.‘ﬁ . 0.
et {};"ﬂi" ﬂt r-G‘ /l

({; r= ‘I}...J ﬁ)
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The system of equations (4.17) describing the twodimensio-
='3) in

nal regonantly intersctin
2 £ waves has been stu
et [l”w i died (at N

.iq.
As the gpecond example we consider the case

(IGN "?H); Y(’n‘ﬂfﬂ‘, D:(g g) (4.18)

A

wherea T

o and I'H are identical aquare matrixes of the order
; ﬂmt ol regpectively, R ie W x M rectangular matrix and R
ir. .,:HXIE recr@gulﬂ.r matrix. In this case the equation (4.7)

8 the following system of matrix Ecgua.tions

;’3&

Bﬁ“ 3-3 GV V Q = 0
[ 02
= ('?Ji‘ o )2 ol V -&\/ R = 0

V; {.ibf) t.__;zdz ((QE)Q (QQ_J”} (f, z-.;“gj (4+19)

4

éﬁ‘"‘-((ém (2{3)") ,x—%g}

‘j;&re f I{:x %’} __'f___!_j '5 ‘E 'J'} 2}_{2“% T
e =ypgtem of £ ; =
sy I ) 151_'wa D.na fzi 19) f retly Has bean congidar in

At M = ' '
RV 1;larb1trm H and R = Q"' eystem (4,19} reduces to
& cnal gemsralization of the N-component nonlinear

Schrdsdinger squation ( (] = {‘?!)} n

| @”
[ 09« /E_ .2

TR YO YA L Z (5,0 Vi e

4'!:5;
(k£ =4,..., %)

20

Ve 09~ § (e[ (g 92) - (9e93)) (2, 2-x+),

X

V&] g 2 ZH ((?e ?:)J— {?c ?evj’qx-z*g)_(:;.zcz

=1

AL ¥ =1 see [14,15].

Let us note that in contrast to 1+1 dimensional differenti=-
sl equations integrable by the problem (1.0) the equations (4.7}
are integro-differential one as a rule. The integro-differenti-
al eguations (4.13), (4,20) can be also rewritten in the form
of the systems of differential equationas

It is interesting to coneider also the stationary equati-
ons (4.7), i.e. the eguations (4.7) with aﬂ..f = & + These egua-

tionag

2 (0. O HP- 0. (Lo 4) PH) =2

A=d

are the twodimensional equations which contain the independent
varisbles X =and 9‘ in more equal footing than 1+1 dimensional
equations (e.g. the equations (4.7) at ;2 ¢ ) contain the
variables 4 E.ud X . For example, at N = N = 1, (,? /G
{//x, ¢) the stationary equation (4.19) is equivalent %o the
fDlJ..’J‘.Ii“lg twodimengional system of equations for two scalar

eields (/{2 y} and ¥ (%, ¥/

8 )

? 2
2 y}z/

X

" The system of nonstationary eguations close to thie system has

been congidered in RefBs [1 18]
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AL ,?8 = T
ﬂned.imenﬂio%al bun
e 2 )over v

equations (4.7}

the linear problem (1.1) is reduced to the
dic (1.0} for the Fourier components of
grighle ﬁ({ and the transformations (4.3) and

and equations for bundle (1.0) [7-9].

V. Integrals of motion

Here for simpii

o LT

icity we consider the cage of regular mat-
¥ A. In th'  <ase subalgebra f, is abelian one,

4
bet ug note that in virtue of (4.10) the guantity S,{A;ﬁ)
iz time independents; '

ti:g; (A;A) = 1 : {5.1)
dt

- ary Tunctions __{.{f,; f)n; f,’ « Therefore S:, {A,)«) at an}r/\ are
iniograls of motion. Expandin {anelogously to 1+1 dimensional
cage [1‘,.5’_?} thf quentit;;ﬁ'? é fA,A) in the asynptotic geries
on }.1-! . En j. (Aii= S ‘x-ﬂ':e.u-:':

X we obtain the coun-
W
ting set of the integrals of motion @9 ¢

\n = 11.21---} for
aurtlong (4.7). Analogously to 1+1 dimensional case the inte=-
w 7 feg 5
gvais of motion < ™can be written a. a functionals over pe-
- P |
-ential  P/X, &, v/, Let us represent . -.
Towenoontion gt e ¥ 7/ it the form

this purpoge the mat-

2 ' - Jfalvge)

= o . = = 5,2}

Foli9t) =R, [xyt) =) (x e (5.2
Ther e P5 = B3P ALy -Axlipa), S a ei)ed
PEEEJ’_H@ in {5I2) t{"j the 1'LFI::_"|; .k."-? = P End taki:‘lg 151“3 ":33'-'03 E':ti-

ant on the subepsce f‘, we obtaln
&

A ' > ooz Sn (=2 :
b S.(A N = & (f _jrd&’ e ] 5.3

tegrals of motion €™ gre the coefficients in
expansion on N ¥

Thusg the in
the asymptotic of the right-hand side of the
E':Llﬁ.lit}r {5‘#:"‘}-!

These coefficients ars connected in obvi

ous way
with the goefficients K

e {g]‘ of the agymptotic expansion on
g . il
W = = e
falog) (Al=gr ZX0rwe)

22

AL of the quantity

srg Teduced to the corresponding transformations

As a result -

‘:-:ﬁ = ?d}{ ﬁqiéf},

-g.:m : tom ; j!ﬁ
CU.‘-‘ - gd‘j { Yo (y) + .‘1_!. }t:;{gﬂ— %{{*{d‘z }m{a"-;}

and so0 Oii.

The quantities Xpw [YJere found from fthe recursion rela:
r L] T gl - oy
tions which analogously to 1+1 dimensional.case are obtained by

substituting E; {'z,g} in the form (5.2) into linear problem
(141}« They are of the form

JICTRE (e y'ﬂﬂe"f, (n=12,..) (5:4)

5 1 f ]E’
where R‘m are calculated by the recursion relations { Eﬁf .6!,

=4+ E X iﬂh{f'#} )

Bwd

ﬂ{'” i p.ﬂ

Moo 3 ]
hetd . (B AD) o™ RV Y (eRrT,
R Dx A'*;;‘) “ ;{_& e

. ﬂﬂi {2+5)
, e ! ‘a - (n~-g) -+ =
m’i‘z‘ﬁfﬁg y(Pﬁ }a (pﬁf"

(hn=457..)

ti C*™ are
Let us emphasize that the integrals of mction : :
: T ar = o
wmiversal one. Indeed in their calculation we use only the fac
mmivers e, 11 ; 5 =
; indenendence of ,fa {A,!U and spectral problem (1.1}
il ' sl integrals of mo-
“ut not the equations (4.7). Therefore are integ
tion for any eauations of the form (4.7).
F natrix A and
In the particular case of diagonal regular mairix A a.u:,t
7 the nrocsdure for calculation of the integralec of molion
g 1 dlm ong described in this sectlon is close to those
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given earlier in Refs. [17,18,22].
V1. Reduction problem

Similar tc 141 dimensions case the reduction problem for
general equationg (4.7), i.e. the problem of effective decrea-
ging cof the number of the independent fields in these equations
is an important one.

In the i+1 dimensiong case A.V.Mikhailov [23,24] praopoeed
very interesting approach to the reduction problem. This appro-
sch is based on the introduction of the notion of the reduction
group, in other words, the group of *the form-invariance of DO=
tential. In the framework of AENS-approach the reé’iuctian nrob~
lem leads also to the problem of enumeration of those functions
L LA 4} 2or whioh the integrable squations sdult certain
reduction. In the 1+1 dimensions case and bundle (1.0) this
problem wae solved in Ref. [25}'- A close approach for ancother
spectral problem was vroposed in Refs. [EE,ET].

® Here we congider the reduction problem for the equations
(4+.7) integrable by the problem (1.1). Let us consider for defi-
niteness, EN reduction. In i+1 dimensions case gee [23,24,25]'a
Eﬂ - reduction ig generated by the constraints

CP(ryt)=Phy#)C (o1

= 5‘: wrl et b M, Cae ) ana ?,.e;p%i :
Under 2, - reduction the votential P have only N-1 indepen-
dent variables and A4,/ = g i /' [23-251’4 Let ‘;f"ﬁ (%, ¥)

is some solution of the problem (1.1). Let us conmsider the quan=-
tity ¥ '(x, wfﬁ il y) , At [¥] =% 80 i¢ satisfies the
equation %—F - CEA 2 = 0 and therefore at !x!w o

1t can be represented aﬁ' follows

CHlgr=Tdr® (xq%) T(ad)

CA=9AG,

1o
where (»/»

- —

where | (}M,His gome matrix. Using (2.2) from {6.2) we obisin

Putting in

+

T (M= ?a’q HBP,(;_, y) G ¥, (x,qw\ (8e3)

{el=> oo

-

A Y
¥ et
(b.3), for example, "Ph= F;,,t end Y -»+% one g

TQ" A = ) (M- ?J_‘) G (b+4)

A @ result the relation (be2) take the form

e Buten], = Pl $9)€]

purther, since the reletion (6.2} is valid at |[¥|—*> oo

Ba wing equation for the
voth for P und F~ we obtain the following eq

acattering matrix

+gf dr-l g (I, f"J T[F"A):EAP‘T(X,F) E(f“::’\). (b6)

h"
g

Taking into ascount (6e4) we have

G g(i’)ﬁ,t)c" = S(q,r,qk,t) i oot

Further, denanding the consistence of the congtraint (6.7)

with the eguation (4.10) we obtain

Gy (1,96 = Y32,

. At) s E‘ {2 (7t Ha from (6.8) we find that
2 e_f?t(‘((ﬁ t) ":'—‘ﬂi{g"‘i/!,i)f@'t--,#i.e. B [A £) -
= E:‘ ff“*'lﬂ:'s,‘" {2, (\Vt) where ﬂ“(}‘*: ¢) ere arbitrary func-

M=y

tiong entire on A¥. As aﬂr:eult .
" N
Y (M) = Z AT (A4 A, (6.9)
Mg

The expreasion (6.9) give us the general form of Y[*:":i
for which the equations (4.7) adnit a nontrivial Z 4 - redur:: --
on (b.1). Indeed for such Y (A +4) the relation (b.7) is conels
tent wiih the equation (4.10) and as e result, as it follows
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from the equality (4.14), the constraint (6.1) is consistent
with the equation (4.7).

In the general case dealing with the reduction problem

one can acts in the same way as in the example considered abo-
ve:

1) firstly we find the reduction group, i.e. find the con-
straints on matrix A and votential P,
2) calculate matrix T{ﬂ,ﬂ) using (6.3),

3) obtain the constraint for Y fA €) analogous to (6.8)
and :

4) solving this constraint one find the general form of

the functions ...Q.‘ (A,4) for which. the equations (4.7) admit
the given reduction.

Let us consider as an illustrations some other reductions.
So the general equations (4.7) admit the reduction Pr/ﬂfﬂ")=
=~ P[Xy,t) at A" = A and arbitrary odd functions Qu (AHY)

Nt

Similar to 1+1 dimensions case IEE} so called Z,. - reduc-
tion is important. This is the reduction

£ J cgstg aﬂ'i s Gl af @p\
1.0‘ $ 00 sy e
?. 0 :{Hz - TR Ql.
- 1050 higeks B '
R = : i

- -

J
W

0 S e Rk " J(6.10)
1

where ?f_ E#P E%_' +» One can to show that he equations (4.7)
admit " Z_ -reduction (6.10) at Y[‘»’i‘,,t} = E )\h.ﬂ.h IAT*)A",

he
i.e. for the same class of functions _D_d as for Z , -reducti-
on (6.1). i

‘Tt _is not difficult to prove that the linear problem (1.1)

under Zp_ -redugtion is equivalent to the following twodimen-
sional problem ( WT'(%,_.., Vo))

N o N
ZV,(I,y}%';; WN_%F .]UN =0

Eea {6+11)

26

R RRRERREEEORRRRRRRAmmmmmE e

/! . -
= 0s Coefflcients 1"{'(&*?'};---; Viares (8.5)

? i
wheps L = 1y e
where V FEL .2 « Por exemple, &t

ara Bilﬁ"flﬁ fz‘_.’:[J'r‘eB;jt‘il’."- t.h'.t‘r:nugh {;lln, RETRE ; _ bt ‘tl“ﬂl
: e . The corresponding spec
el gz 1) V. (ry)=~8s (K Y) T

problem is

2 2y S W) K e

r 5{,{'3 ]
'“ ‘aﬁt i ;‘.f

and 1% has been considered 1in Ref. [29]- At H = 3

V - _({_,L.(ij (EE—{ -+ r?-—a"! = Q‘;}_; ‘/r; E-(.?.,“"f}' ;Qf

or

- : {55

0, =-A-V, + A (2, -ﬂ-) Vi ol =5 Ve

o 149 ,11-2 D x ‘ag P :

Spectral problem (6.11) is one of ';;l::e puaai‘t‘tl& thzjtﬁiiw

onal gener li',r,atiar.i:lf the wa]:i. kr:._cr\-m E‘rhf?nd-ﬂikij :i_,mﬂliﬁnal
problem £ Vi (A e f ~ATf = € .« hnother twodimen:

zen raliffwia%ff Gelfmxd—?ﬁ.ki;j pranlei :_i dele o
EV‘EI#J?'I‘.F*“‘EF - Em- : rated mat-
o e ecial reduction of the¥problem (1.1) with degin sl '.; ff
rix A. For example, the second order prnblem1 v ?g:; ‘,,,'f'

g U) 44 ip equivalent to the scelar problem . Y

ki -

- U (x Y €)Y, =0 which is usadi fg‘r integre-
a l ’ l A n - »
ticn of Kadamté'ev-Petviaaiwili. er;um,ion!_ 1,3,_5{}}:

de & { ] ¥ pdas
Let us consider the familiies of the equailons i4 T) w #
P (1i=2). From the obtained results follows
Z,and Z; -reductions (N=2). . ={g‘ m}
that the equations (4.T7) adnit thﬂﬁ% reductions a L*‘:.:_*'\
d Y = ,A_D_ fil) A whexre A2 (n) isq'arbi't-rar:r ﬁ;tir& funmg=
EH.I'J‘. 4 - [ u : . -. t"tid
i :\1 4t Z 3 reduction ;}ﬂ ( 0) s for £, =-redue
tion on . LN Y (h- {2 J il
on p=(3 %) +ar QRY-2705" (w- 1,2, o
g «-reduct;iun a family of the equations (4.7) (B=2) 1582 @
ne:alizatiml of the well known KdV-family to 1+2-d:.memaimmh. "
The gimpvlest (n=1) from these equations is +2 t}lmengi?nif?}éj'
*"ali?e.t-liﬂn af KdV-equati n congidered in Ref. [ 29] « AV .
* | - ' auncti the family of
= -22‘“{\1}" (n=1,2,-++) and EE -regiiction Tl e ,
the p'wu*:“cm.s (4.,7) (H=2) is 142 dimensions generalizatlon oi
the ]ﬂlﬁ;dv-f&milj'n The simplest (n=1) of these equations 13 genz-



ralization of modified KdV-eguation ocn i+2 dimensions.

Let us Iin conclusion attract attention to one important
eircumatance. All the forculas which we use above in the analy-
ais of the reductions contain only asymptotics of the eolutiones
of the problem {1.1) at [X]® o . We also does not derand that
the Prt‘d‘bl.i‘tfﬁ (1) ig invariant under the transformation ‘Pﬁ-’ﬂgj
g if':if[-”*é“é. = 03 'lf-’; {1.3’} i.es. we does not de-
mant that O ¥, fr,¥) is the solution of the problem (1.1). In
thie point there ig an important difference between the case of
the twodimensional problem (1.1) and the case of the onedimen-
gional bundle (1.0). While for onedimensional btundle the reduc-
tlon group, l.e. the group of the form-invariance of the poten-
tial, is in the mame time the symme?tr;f group of the bundle (1.0),
for twodimensional problem the reduction group (group of form-
«invariance of potential Pﬂt’,éﬂ,f)}ia not a symmetry group of
the problem {(1.1).

0T course, one may demand in the twodimensional cese that
the reduction group will be the gymmeiry greup of the problem
£1+1) too. However in this case, =a 1t is not difficult to see ’
we nmust demand that the variable fj, 1z traneformed in a non-
trivial way. For example, for Zx reduction we must demand
f{"““&" = f'ié{ anid instead of (6.1) the potential Pfk;';ﬂf}
should satiefios toe consiraint &2 fi?;uti{,i) G-‘I:P/{, fr:(d‘_,f)
for the whole ranges of the variables N and g{ » The reasc-
nable interpretation of such consgtraints iz not clear.

ViIl. Conclusion

The results of the present paper, analogously to 1+1 dimen-
I:.";D]ILEIBT,ES}, can be generalized to the problem (1.1) with Ez -
- grading (potential contains both coumuting and anticommuting
T ; PO Y . ¥ L) 4 * : +1
iiel na'.ll, to the case Wh"npz-ﬁ‘i;;#-‘!-af{ :}f-'fw # 0 gna 4o others
spectral problems. Hamiltonian and group-theoretlical structure

of the svolution egquations (4.7) will be considered elgewhere.
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