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Abstract

i"he inhomogeneous crystal order is gtudied in terms of a
tensor crystal-order theory. The local crystal order parameter
is represented by the cubic nonor. The correlation length
near the temperature of absolute instability of a crystal phase
ig found within the mean-field small-fluctuations approximati-
ons Y~ ¥, L—E*Tl"" ; YL(TL'}:s LHn, - The crystal order in a
semi infinite (flat surface) crystel is investigated. The ef-
fects, due to a few surface layers are itreated phenomenologi-
cally. The posgibility of an anomelous behaviour of temperatu-
re derivates of the surface characteristics of a crystal is

exhihited.
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1. Introduction

Phe theory of crystal order, [1] - [3] s describes the
erystal in terms of the field T\(?') of local crystal order.
#or all, but hexagonal crystals, the fielniT\(?) is an irredu-~
cible renk-4 tensor. It represents the sixteenth-pole moment
of the dengity-function in a small volume &V of a crystals.
Ag follows from experimental da‘ta,gv contains ~ 102 atoms.
The investigation of different model hamiltonians, carried out
in T] - [3] , showed that in the vineinity of the melting
temperature |, the mein physical characteristics are practi-
cally model-independent. The mean-field approximation (MPFA)
used in [1] = [3] describes the system with relative error
~s 0s1e In these papers only the case of a homogeneous crystal
order wes studied. The aim of present work is to give the des-
cription of an inhomogeneous crystal order, basged on ideas
developed in previous papers. For example, the crystal surface
zives rise to inhomogeneities in erystal structure. If not ve-
ry close to the melting temperature ([TG-T}!TQ'} 0«1), the
correlation lengzth is small. The correlation length is equal

to, in the meenfield small-fluctuations approximation, the cor-

relation radius 1. of the influence of a point inhomogenelty
on the crystal structure. While T—> T , Y increases and beco-
mes infinite in the temperature T of the crystel's instabili-
'barl

2, The MFA equations of inhomogeneous order

Suppose the hamiltonien of the czﬁrstai arrangement is [1:[
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where II‘W..E i lg an external field. In MFA A(ﬁ) equels to the
average(f\(?)>=rr for all paints? but the one unier congi=-
aeration, for which the probability distribution of N s
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(2)
The MPA hemiltonien ﬂ{ﬁ} tekes the ffumﬁ
HAT =-Tw hA ; R@=h @) +h &),
' ) (3)

h 5@)=St}(w—a~l)‘“r($=)¢v‘.

One obtainsg the avaraga value ‘TI of the pasrameter /\ from
(2) 5 !
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Eqs. (3),(4) were solved in [1] - [3]s in the case of M=o,
A}

when the integration over the space of configura/.fiuna{ re-

duced to 1) the integration over ell rotations q, of the
F

S0(3) group:\= q(!\,:, (continuous model [2]} and II) summing up

over discrete rutatinnaﬁfoming a discrete subgroup of 30(3).

In the vineinity afT,: ,'T'@\) is practically model-indepen-
dents

Consider the system with cubic,local crystal-order para-
meter. All the irraducihleﬁnacrsrr?h]he]h ere proportio-
nal to the standard thDrTracpa-S (nonor) . Tfﬂpxg is the irre~
ducible part of TE{PEQ‘ » Where
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.withﬁﬂ]}_ﬁﬂ}i{g - three orthonormal vectors. Let's define ins=
variant amplitudes

'ﬁ\r‘@) ={1.G.‘F}f? T‘Sﬁ)=h5@fﬁ- ,,i'le(#)=\;le(ff‘)rﬁ 3 t6)
_then egs. (3),(4) look as follows -

a(@) = a[h@®),T]
@) =he@®) +{WF-aa@ydy'. @

The ﬂependende of a on h is, in the discrete 4-gtate model o
paper EI
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In eqs (8) the temperature | is measured in units [, =
ﬂ&flﬂ?'.)i\f » Eqs (7) with proper boundary conditions forms
the equation of inhomogeneous cryatal order.

Let's solve this nonlinear aqua.tim:; in the case of small
inhomogeneities. Denoting by hn + Lo the values of h and o
in an infinite, homogeneous crystal with no external fields

{he= 0), one has
h@)=he+ §h@) :
() =u-c+‘5-ﬂ-[$)=q—u"'1&_h(#); oL= %-%-)Lﬁ'h 2 18

W) = he@) +oL J(F-F)EREY AV, (0

To molve the linear eq. (10) it's convenient to use the Fouri-
er harmonics
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One obtains from (10) :

§h = bet
X iE Gt
The solution of eqe. (10) with he_("'ri)wts-(?) (point inhomogene-
ity) is the Green's function of eq. (10) and coincides (to a
multiplicative factor) with the correlation function calcula-
ted.in the mean-field small-fluctuations approximation. In this
case hek=‘““5t , and one has to find the solutions kc.' of the
following equation

4T J o= (12)

L *
At temperature | = of an absolute instability of crystal
structure the line h=Jo% is tangent to U.=ﬂr($) in point Qg ;
hence d.(T*)=§ﬁ-lh;T;=j;1 and the only solution of eg. (12) at
w - 2 E 4 & i #*
is k. = 0. In small neighbourhood of | = (T™=(T=T)T"& L )

(11)
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only aamall'[z are importent, and
L.

J | (1——'5-) : (13)
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where "I"',_,ﬂ-k is the int&raatlan radiusg cf the order parameter.
The point .=, at | =T ¥ is & regular one for eqe (12) and
in its vincinity one hae

d.(&)ﬁd(ﬂ.a\}[i_ 3(&.—&,0)] _ (14)
In the vincinity of Tair (see [11)
Alz
a(m)-a, (E_ ) _ (15)

Teking into account that n{(u..@)#-] one obtains the snlut:.nn'k'
*
of eq. (12) near |

Aly,
2 *
kcz—koﬁ(%) : (16}
The Green's function G’("’r’} is
Glr)~2 e~ T (17)
v e g T o)

Ye is the correlation length. For the 4-gtate model, (8),
one obtains at |

WE(T{.)HZH We - s e

The famulaa (14),(15) are applicahle in the small neighbour-
hood of | ¥, with t*m 107% ForT¥ > 1071 nm mny &

One expects v, to be close to a cluster's characteris-
tic_length. For such 7, the nearest-neighbour crystal-order
parameter interactions play the centrel role. The experimental
data show thatT,~~ 4¢7 crystal lattice sizes. Far from Te  the
lattice deffects with such a charactariatic length are local,
while close to the temparature_]_ the changed crystal order
dfie to a local defect has the size ’T’L of many interatomic
digtances.

2, I=-D inhomogeneity. The semi-infinite
crystal case

Let's study the case, when the crystal order depends onX
ﬂ'l'.l.l?t Eq- (T} takes the form

h(x)=hex) +&ﬁ (k- aeydx,
where ’ 3
) = {3031 dyaz . (20)

One expects the solutions of eq. (19) to be practicall:f:l
- independent, for j('lx'l) slowly changing for X (Xu and quick-
ly tending to ® for }{)}(o + We choose
3 | Rt
Wl = =— (21)
JMx)y=ze " |

the temperature and length unite are-To = 1 and X,= 1. Ta-
king the second derivate of (19) one obtains, for hE = 0

*h
; =h6) - a[hea] . s

Eqe 122) has the form of the Nivtonian equation, that u:'lelsc.ri-'
bes the dynamics of a material particle with unit mass and
"caurdlnate“h that depan&a on "time® X . The potential energy

J('h) is

U(h) = "5[‘3‘”‘1{3}] dy . (23)
0
The solution of eq. (22) takes the form
n(ﬂ
X = (24)

'1( \]'*lg‘E.(E U(y)

where E - congtant. U(h) is intimately connected with the
thermodynamic potential ¢J(h) « For the 4-state model

Un)=-z #(h) =T ln}Y . -




The plote U(h) forT‘—‘T(-_ “d-[T_{T{-T;jTL being the tem-
perature of the liquid phase abgolute inastability, are given
in Fig. -

The behaviour of the system depends on I) the value of L ,
I1) boundary conditions and III) temperature | . The simplest
solutions are 1) the "domain wall" between the liquid and thec
crystal atT =Tc. s, I1) periodic oscillatione of crystal order,
ITI) flat nuclei of phases, IV) small inhomogeneities.:

Conaider the domalin-wall case atT-‘J ¢ « The boundery con-
ditions h"hg{x—ﬂrﬁﬂj ) h—*O(X—-’— m‘} » where Ny is the
value of the homogeneous order in an infinite crystel, imply
that E = 0. The solution (24) describes 3 phases. For |X—Xo[»L
there are two different phases (crystal and liquid) tending
exponentially to their boundary-condition values. The ares
\x-—x.,\d__ is the domain wall. The cslculations show thatL ~1s
The plot ‘nf\xj ig given in Fig. 2:

In what follows the semi-infinite crystal will be exami-
ned. It ig located at ){> 0 and the plane X = 0 is the surfa-
ce of the crystal:

a=0 sfor x40 . (26)

The physical surface properties (e.gs the density) are, in ge-
neral, different from the volume ones. It implies that eq. (19}
can't be applied in the esmall vincinity of the surface. Suppo-
ge, for the beginning, that the change of the form of thie

equation is small enough to be neglected. Differentiating (19)

at X = O one obtains, in this approximaition, the boundary con-
dition for N (0):

h'(0) =h(0) . e

The first integral of eq. (223,

2
£(5) +u=E
at X = 0 gives, with the help of (27},
E-+h0)= U('n(ﬁ):z ; (29)

Eq. (29) cen be easily golved graphically, Fig. 3, and yieldshi)
at different temperatures.

In the vineinity of, l¢ }Tén )E=U(h3;\-) cen be expen-
ded into powers of T=(T-T)[T, « For h end|t| small enough
Uth)xU(h0) - One obteins from (29)

h(0) ~ (Q t)__lfli (30)

with Q prﬁpnrtinnal to the latent heat. The aolution of eq.
(19) is, for T —» 0, N&L 1
2.238x

ho)=h(0)e . (31)

Fase. (30),(31) state that at temperatures close t0 Tc_ the
ci;y‘stal gurface layer ip ligquid with very small anisotropy
(.2 0). The widthA(T) of this layer is

uﬂ=lmh(m\~\wt\\ ; (32)

1£|t| ien't small enough, i.e.lTF 107", then R (0) and Q.(0)
are cloge to their bulk velues. In this case the small changes
of gtructure in the surface layer (i.e. the boundary condliti-
ong) result in a small change of solutions of eqs 19. Close %o
tte melting point TC , at T—>0, a small change of bﬂuﬂﬂiﬂ_""‘:’f
conditions lead to important chenge of solutions. The gpecific
propertiea of the gurface layer will be treated phenomenologli-
cally by means of the exira rietadh . 5\1 acts on the surfa-
ce of the crystal and represents the influence of the surface
inhomogeneities on the cubic order paremeter. Instead of (27)

one has the boundary condition
h(0)=h(+C. (33)

For such a boundary c-:m&itinn.the crystal order h(x) , near the
efaca ip glven; et T.=%0s 1€ by the fommila (31), where

h(0)=4.2.C +0.361/204C*- T h vty
Close o |, (mtﬁﬁl) AE)~-WnC s ror CITIKA  AX)~-lnkl.

The important characteristic is the quantity

B _ L _
B eoC-T (3HL+-\/2,0HL“—-':) &
Ry




Fige. 4 shows the behaviour c:-falfaltll for (= 0.1 and
C = 0.01. ForC € 0.01 at T=T. (tl< 1072) the crystal cor-
der changes drastically with temperafure.

At temperatures, where the crystal phase becomes metasta-
ble, the square-rcot operand in (34)-(35) tends to O when
T —»> 2.04C2 (if C is small enough). Taking into account that
11 ﬁ*—-T,_-, }fl'*r-f- 0.02 one finds the crucial wvalue of C:
Cq= 0e1. When C>Cgq , the metastable-crystal surface is
stable; the instability of the crystal structure at T* ig
associated with volume effects. When C’<C3 , the crystel sur-
face becomes unstable at T, £ 0.02. In this case it's the sur-
face or deffects that give rise to the instability. Fig. 5
shows the plot of h (0) VS. T for different C .

The snalytic formulas (34)=(35) are applicable at
CLCy~ 0.1 (Cy=ghg(Td) ). Experimental data (see the next
gection) exhibit the possibility that the behaviour of surface
characterietics of some crystals is due to the small value of

In general, the strength of the influence of field S h on
crystal-surface properties and the value of C depend on relati-
ve orientation of the surface and the crystal axes. The change
of this orientation results in the change of UU’D g Legs _
(see (25)) ‘b . The constent ( is connected with the strength
of crystal-surface tension.

4. The surface effects

The surface of the crystal 1s described in terms of the
surface characteristics. The simplest ones are: the black-body
coefficient, the work of exit, the coefficient of microrigidi-
ty. Each one contains an integral information about the crystal
structure in the surface layer of width R. At low femperatures
the crystal is nearly homogeneous and no strong surface anoma-
lies occur. Close %o Tc, the behaviour of the system depends on
the ratio M‘ﬁ)/'R + The characteristics with MO.)/-R@. 1 don't
exhibit any strong surface anomalies. If, hnwever,l(ﬂ)/R} s
the crystal order in the layer connected with a surface charac-
teriatic w differs strongly from an idesl (volume) one. In

10
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thie case, the temperature dependence ofw can be obtained
from the following simple arguments. Denote by AW (T) the
difference between W(T) and W(‘E1ﬂu=&3) , where O3 descri-
bes the homogeneous order in en infinite crystal. At tempera-
tures such that A(CYREL AW(T)~EW(T) - A(T), where
SW(T) 1is the change of the density of \W - If?\.[TYR?i
then W(T)~8EW(T)'R « 1f C is emell enough then IAPT >
BEW/B'E ~ — d-'l]d-t for T =~ emall. As the result,
the derivatedW/{ ¢ has the meximm st T~To(A(T)~R) .
Its height MU depends on C ; the emaller C the bigger
Mo - The plot orW enadW[d¢ Vs. temperature is given
(quantitatively) in Fig. 6.

One can suggest that the anomaslies found in [:4], [5:[ are
due to the smell vaelue of C in materisle examined and are
reflecting the effects described above (eqgs. (34),(35)).

We thank Ya.A.Kraftmakher for helpful &iacua'sion on
experimental data.
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