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KBAHTOBHIT PESCHAHC IV POTATOPA B HEIVHEMHOM
[IEPHOMIECKOM IIOJIE

AHHOTAONA

IipoBomUTCA MCCNENOBAHME MOBELEHMA ILIOCKOTO KBAHTOBOTO DO~
Taropa OOJK NeiCTBHEeM BHEUWHETO MEpHOINMYECKOTO BO BPEMEHH BO3My—
meHWA, 38IaHHOTC B BHIE ﬂEﬂLTEDﬁpEBHHK TOJYKOE, HEJAHe#HO 3aBi-
CAMMK OT (PasH. AHAIMTHYECKM M YMCJEHHO DaccMaTpMBaeTCH ciydait
TaKk HasHBaeMOTC KBAHTOBOT'O pesoHaHca. IloxkasuBaeTCs, YTO BHEprHA
poTaTopa Ha GOJBIMX BpPEMEHaX pacTeT NpONOPIMOHATBEEO Z - ., AHa-
JUSHAPYETCA CTPYKTypa CHEKTpa KBa3uoHepTH# ¥ HOKasHBAeTCH ero
HelpepHBHOCTE, '




§I.BBenmeHHUE

B mocJsierHee BpeMd NOABAIOCE OOJBUOS KOJHIECTBO pacoT, B
KOTODHX IeJTalTCA NOIMNTKA MOHATH KBAHTOBHE OCOOEHHOCTH HOBExe—
HUA HeJmHeHHHX cHUCTeM. [IpH 2TOM OCHOBHOE BHHMAHHE yIeJAeTCHA
CHCTEMaM, HaxOIAWEMCH IIOI LeHECTBHEM BHEUWHEIO NepHOIMIecKOTro
BoaMymerus (cM., Haopumep, /I-8/). 9TO CBASAHO IpexlIe BCETO C
HOBHME BO3BMORHOCTAMM SKCIEpEMEHTaJbLHOI'O HCCJENOBAHNSA NOBENEHAA
aTOMOE ¥ MOJIEKYJ B [0Jié CHJIBHOHR anexrpnmﬂnrmiﬂ BoamH /9-I1/.

B Hacrosme# pacoTe OpoAONEAacTCA HCCHAeJIOBaHHE, HEYATOE B
/12/. MoIesblo CAYRAT IJIOCKA{ KBSHTOBH} DOTATOp C BHEWHAHM HeEJd~
HelHHM BOBMyUEHHEM, OepHoIAdecKH (B BHIE NeJbTa00pPaSHHX TONI—
HOB) BapHCAUWMAM OT BpeMeHH. [[OBeeHHMe COOTBETCTByNuIe# KIacCH —
YecKolf cHCTeMH K HacTOAWEMy BpPeMeHH J0oCTATO4YHO XOpOomo H3y9eHO.
B 4aCcTHOCTH, OHJIO HOKasaHo /I3/, 4To NpDH BHOOJHEHHH HEKOTODOIO
YCJOBAA JIBUKEHNE CTOHOBHTCA CTOXACTHYECKHM, XOTH OHO H OIMCH-—
BAETCA YHCTO JEHAMAYECKHMMH ypaBHeHHWAMH, C Jpyroff CTOPOHH, KOI-
1lia BOSMyUWEHHE Man0, IBHXEHAE COXpaHAeT KBaSHNeDHOIWIECKHE Xa-
parTep, TaxkEM O0pasoM CymecTBYeT KpHTepHil, mamuuii BOSMOEHOCTD
OIEHHTEH, KOTJa B JHHAMHIeCKO} CHCTeMe MOIYT BOSHHKHYTE CTATHC—~
THueckye cBoiicTBa. UuWcieHHOEe HCCJEINOBaHWE, NpoBexeHHOe B /I2/
[OKa3aJI0, ONHAKO, UTO NOBeleHAe KBAHTOBOR CHCTEMH SHEYHTENBHO
OTJHYaEeTCA OT KISCCHYECKOTO Jaxe B IM[yGORO KBasHKRacCHIeCKOR
o6nacTH, B 9acTHOCTH, CKOpOCTH NupfysHH cpenHell sHepI'EE poTa—
TOpa JHNL Ha OTHOCHTENHHO MAJHX BpEMeHax COBIANAeT C KIacCH—
gecro#f, a 3aTem pesko mamaeT. KpoMe TOro, O OCHApYXeH CBOe—
o0pasHHit THI NBEXEHHA, HA3BaHHH{ KBAHTOBHM DOSOEBHCOM H HE
HMeDmH agayora B KIACCHYECKO# cHCTeMe, JHEpPI'EA poTaTopa OpH
9T0M HEOT'DAHHIEHHO pacTeT HE34BHCHMO OT BEJHEYHEHH BHemHell CHEH.

lleqED HacToAueR paGoTH ABAAETCA HOJDOCHOE HCCASHOBaHEE
OTKpHTOTO B /I2/ KBaHTOBOrO pesoHaHca. (OCHapymeHO, UTO B CHC—
TeMe EMeeTCA CEeCKOHeUHOe, BCKAY IIOTHOe MHOXECTBO TaKEX DEsSO—
HaGHCOB, H HafijeHo oduee yCJAOBHEe HX BOSHEKHOBeHES, (ONpejenAmT—
CA OCHOBHHE XaDaKTEDHCTHKE JNBHXEHHS CHCTEeMH B pe3oHaHce, AHa—
 AMTHYECKH MNORASHBAGTCH, 4TO HA GONBIMX BpDeMeHAX SHePTHA DoTa-—
TOpa pacTeT KBaJpaTHIHO CO BDeMeHeM, 3TO NOATBEDERSETCH TAKEE
YHCJGHHHME PKCHSDEMEHTAMH, BHJ SCEHMIOTOTHRM HE SABHCHT OT Bel~

3




YHAHH BO3MyUWeEHHs ¥ ABJAETCA YHUBEPCANbEHM, [IpOBOIWTCA aHAIUS3
CTDYKTYpH CHOEKTDa KBa3sHSHepIuMit, XOTOpPH{i B pesoHaHce ABAAESTCA
HelpepHBHHM,

§ 2. KBanromuj pesonanc

BHOpaHHaA MOJLEJH ONMCHBAETOSA IaMIbTOHMAHOM:

A hi’ 2 ‘s_.,
H_. 73 39; + Kcos @ (Z/ o gkrip
rne K - napamerp, xapanrepnaymaﬁ BEJNIAHY BO3MyWEHHS,

J}/ﬁ)ﬂ J-?f ~n) ~ BDEMEHHO{l JaCTOROJ HENbTa~fyHK=
I (TONTKOB), J ~ MOMEHT HHEpIAK poTaropa, & = yIJOBaA
nepeMeHHasA. B IaubHeilmem cudTaeM < =I.

Pewan ypabHenue lipemuarepa ¢ rammisToHEaHOM (2.I), HOJIy-
9HUM OTOOpameHHe A BoJHoBo# dyHKUUM Yepes OIMH War, BRIEMapD-
mee CBOOOIHOE BpamWEHHe B TeYeHHMH BpeMeHH 7/ H ToJHNOK (CM.

/12/):
Te)=expr-incosd) 5 A, expl-cpiaine)  (2.2)

-t o Mﬁ
e’ ARG L SRRy 2,453

f?j-—ﬂ

i . -Lnb »
/4:,:_-}._2; fﬁf/f 4 . Janee V3 =T

OTMETHM, 4TO corviacHo (2.2) IBAREEHE He MEHASTCH IpH 3a=
mese /7 = 7+ $Fmm , THe 7 - Leoe. [I0BTOMY, IOCTATOT-
HO pacCcMOTpeTh SHAUEHEs 7/ Ha udreppane [0,4777 .

Hs (2.2) HaXomuM cBASh MeRIy Dyphe~KOMOOHEHTaMM depes
OIUH marTs:

e fr-d

Aﬂ - ‘”BZH F;?m Am = {213)
e £, =(-L)"7 expbl Y ) k) 5 5, 10 —
fyHKuMA becceud, :

Kak OHJO oTmedeHo B /I2/, B ciay4ae OCHOBHOTO KRE&HTOBOI'O
pesoHaHca ( 7 = 4w #m , # - nenoe)

¥18) = expl-ckeos8) Y8/ (2.4)

P .
v aneprus poraropa ( < LE(t)D =- %’ ,}’Wé’) 362 110)dg )

Ha GOJBIMX BpEMeHaX pacTeT KBaIpaTHYHO GO BpeMeHeM. Tak, ecid
B HaualbHH{t MOMEHT BpeMeHH T =0 GHJO BOSGYRIEHO TOJBKO OCHOB—
Hoe cocrosmme ( 1 =0), TO

< ErE))>= L"*‘ (2.5)
3neck U janee T - despasMepHOEe BpeMd, H3MepAeMoe B dHCJE
TOJMKOB.

Hccnemyem Tenepk ocmuit cay<al KBEHTOBOT'O Pe30HaHCa:
/= %ﬁ, /S B ¢ -~ lejHe, B3aMMHO IPOCTHE 4YHCJA.
Hs (2.2) mmeenm ¥8)= ﬁj}ﬂf’*tkfﬂiﬁf 87 -, TIe
F?’b"} f,ﬂéﬁﬂ-ﬂ Wn1+ah9)__

"‘Z exp(-; :%zpmf)ZA J OXPLclmrgl))= (2.6)

—

= f EXP/-C ﬂm“)ﬁ

m=o 2

B, = gﬂﬁmqf exp ((megl )8/

g EaxoxmeHEA & ,, BHYACIHM CICLYOUYD CYMMY:

%_JEXRQ‘WJB ZA £xy(¢fﬁf&?){) HE + _éw) (2.7)

=0

OTKyza B, "ﬁrt 3"’!"(““"@/ 5"/5’*“{%")

=g

B mrore no.wtxaem OCHOBHOe COOTHOmsHEE mig [ V( 5‘) :

¥(6) = Bxpf-ikcﬁfﬁ)i 3, Fie+ ‘ff’-'f) (2.8)
T'Ie ;L‘.’X/Df'-— '?%lam{_; &%‘1&)'
Hepemau (2.8) B (opme, ynoCHOE JUIA IambHeinero aHaidza:
3 ol '
6+ 28t) = 5 St i85 (4:5

S, ~ MaTpHENA, MMenmad BHI:



Bo 0 Ko Vo s B

[ ] ?"i
5= i " Yot ¥y oo v s ¥g-2
o 3 . € s w ek o e

ﬁf_ir 0y By e wmin ¥o (2.10)

fsf = gx}a(w'xcﬁ.&'f’ﬁ-f‘%j,’) P Sm": ﬁm J/H-m

B CWIy YHETADHOCTH MaTpHIH J , €€ COGCTBEHHHE 3HAYEHAA
A 0)=expli«;(8)) , /A;/=1 | Tlomiepxuem, 9T0 A; B oueM
ciydae, Kak MOKAasHBaeTCd jJanee, SaBUCAT 0T & .

Marpmy S ymoOHO NpejCcTaBATH B BUJE
i( (ks -1
” f=o 0}1"5 € QEH (2']:1}
- 7
rme & - mexoropas yHurapHas marpmma ( @ = Q7) pasmepmocrH

¢x¢ ¢ siemesramy &, , saBucAWMZ oT £ .

BBe/iM B PaCCNOTPORES pexrop~cronden,  $(6,%¢) ¢ aiemen-
PaMH P (0,t)=Y(0+&m ¢ . Us (2.9) z (2.II) Ha~

XOIAM 38BHCHMOCTH § OT BDEMEHH:
-4 : b
PO, )= 2 G, eXPLEO)E) B, 98,00  (2.12)

swan %, (#,¢)  wommO mafiTa 3aBUCHMOCTH HMIYIBCA H
SHEDI'HYM POTATOPA OT BDEMEHH:

A _
<PltI> = - @—i f@(@ t) *§ w0, ¢)de 2

m=0 0 7

<E@)> = :%g § P78 ¢) = Coi)do  (2.14)

=@

Hemocpexctsedso m3 (2.I2) m (2.I3) momy<aeM

<Pt)> = <po)>+a,t +, + ﬁ (2.I5)
mHm-a
Ine
o

= - = ~ / (2.16)
b= 1%, §d€f€ww% 0

ik ; "
Q; = ) {«:m [ﬂ?re}, 0) ?‘;i rajw@% @, jdlg

()

o
Pl F T $40 19, 608,000,000 opcitio ]

3Iech H IATee WTPAX O3HAYAEeT HPOMSBOIHYD mo & .
Tag Kak <., B odeM ciaydae 3aBucaT or ¢ , TO Ha acmMo~

| TOTHYECKM GOJBUMX BDEMEHEX /o, (Y (mia s # /my ) Bupamaer~

¢cA depes HHTerpan oT ducrpoucuumpmeﬁ PyHHIAR E, cJenoBa —
TessHO, OpE Somwex ¢ A, (E)=FK,, (0)5, +0t’f . Ha octo~
BE CKa3gHHOI'O JIETKO HE}EDJJ.HTGH acmrpwmenm 38BHCHMOCTE UM~
[yJbCa poTaTopa OT BpPEeMeHH: '

<PetI>=a,¢ +€, + L po)> (2.17)

e = gﬂ.m{ﬂ) :

AHAJIOTHIHHM 0GpasoM ONpeIeIAeTcH 3aBucaMocTs < E[(€/>

~Ha OpPOU3BOJBHHX EBPEMEHEX:

LEMR)>=<EW)> +nt*+a,t + 6, + (2.184)
ffq.,,,,(f} + ¢ iﬁmﬁ,

MMi;.a M)Mﬁa
I Ha aCHMOTOTHYECKH OOJIbIEX BpEMeHaXx:
<Er’f)>:g£""+ez_z£ + &+ <E(0)> (2.18B)
rie
= q, 3 {fi’:f,g 60 AL a)cﬂf Q. $20
1!!‘.":
e il _L“ o
7 h%_ﬂ [ [ 01608 26,0)Q,,,,4,,
+ 24 BGOG,, (D60, ) (2.19)

4’ g;[ Qaf?ma;?(m?g_ﬂ zf"(@w?’(w&?m@ ’§

.’f}—* ; jafé’{ﬁx,ohfa( ~dy ) ) [ﬁ"’@w?rga;
@-‘;”Et?nw @Hmﬁfh 4‘4’;) {gﬂ)’?(gﬁ)@“ I? r&ﬁ" ﬂ;:

+ 7 % rgﬂ)gfg:ajgﬁmigﬂﬂggamgfm Jj




5_-z ol
Rom(t)= =% %%m Jd 1, LeIRED Ty, b, G

C CXPOE (i =y ) )

fff 9-1
a,=a,+ Z R, 0 b= 6,+ 2 G, M0

llosydeHHHe BHpageHMd IJA SHEPTAM M MMOyJIBCa pOTaTOpa AB=
JIADTCHA YHUBEPCAIBHHME M JanT BYJ ACHMOTOTHRKE Ha COJBIMX BpeMe—
Hax. U3 apammsa Bupamenns (2.I9) mia xosdpummenra #/ , KoTOpHH
onpejesAeT aCHMITOTHRY, BHIHO, 4YTO OH paBeH HyJm, Xor'La Bce
); , a sHauET B «,, He 3aBmeAT or & (A =<¢omnsZ ). Kpome
Toro, #=0 B ciydae, KOIZa XOTA CH OIHO SHaYEHUS )tj= COnst
W HauaJbHOEe paclpelesIeHue YAOBJIETBODAET CIIEIEATEHOMY YCJIOBHE

MW (O)=EXPikeos8) Z &, 55, (6+2522)

[lepefineM Teneps K Haxou,nem CHEKTpa KpasusHepruit /I4-I5/.

i3 (2.8) caemyeT, 4TO BOJHOBHE (yHKIEM C ONpDENENEHHOK KBASH -
pHeprue#t B MOMeHT BpeMeHH ¢ =0 DpemcTapui B BHIE

=2 2.20
‘f"/.@)f?ﬁ) gC f’ﬁ)g(é”-%*%ﬂ) (2.20)
rme (8= g—gj ;

;
KBasEsHepTrHa (6,7 m rosfpEIEEHTH C,, (€,) onpene~
JSTIOTCA K3 caelypmell cHcTeMH JUHEHHHX ypapBHeHMi:

exp(-cg(6,) ?")Cj(é?g)';g-ﬁ” C,:, 8,/ (2.21)
TTe S,,,,, =B8,(68)), fa . Marpma (¢ yHUTApHA U €§ COC~
CTBeHHHE 3HAUEHEA A (6,)=exp(i (8, )) OMpEeNEJIANT CIBKID
KpasnsHepruf:

£:(6) = - Zif2e gl

3mecy &G - Hanpépunﬂﬂﬂ Oepamerp: 0% 8, <Zx

Us (R.22) cuemyeT, YTO CHEKTD KBASMBHEPTHE EMEOT JUCKDET—
HH® yDOBHH TOJBKO B TOM CJiy4ae, KOIA Marpuma S§  mmeeT cob-

8

CTBEHHHE 3HAUEHWA Nj = const . HcOoyksya ABHHIM mur. 8 .,
HETPYIHO MOKAa3aTh, YTO JJIA JIOOHX %(Rpuua cmg F/q; =47 ,
ROTOpH{T GyIeT paccMOTpeH OTHENEBHO) 3}:?

=
3GBHCHT OT HENpepHBHOTO napamerpa &, , T.e. CyWeCTBYLT

E; Fcomst , CreloBaTeNbHO, CHEKTp KBasusHeprui (2.22).B
pe3oHaHCe HenpepEBeH. HapAnmy ¢ sToit HeopepHBHOR KOMIOHEHTOM
CIEKTD MOXET HMeTEH IUCKpEeTHHEe YDOBHM, UMCJIO KOTOPHX DaBHO 9MC—
Jy COGCTBEHHHX BHAUEHM#t A; =COMSE | oTRyZa SCHO, YTO IPE pe-
soHance A/ ( P/g #%2)  mueerca He Coxee £-Z muc—
EpeTHHX YpOBHefi.

BHEH %J‘fgﬁj {9..»" 0') ] JI‘EI'H’D HE}EO.EHH Fé;.!r%" {5; £/F

Yy (B8 = OHPLiiait) o 08  (2.23)

rIe V’g;,-fg,; ~ COOCTBeHHaA YHKIWMA KBASHOHEPTHE €£;(6.), ne-
PUOJIIYECKAs [0 BPEMEHH C NepHOToM / 3 '

%) (68 = EXPICE;Go) E ~Ckeos@8TE-7))- (2.24)

2 ZA g,\}o(- !!:.(H.né’) g L=

H= -

An = GypPBe~KOMIOHEHTH Y2060 @0 ® . VP "
efMHUYHAA CTyNeHYaTad QyHHIMA.

MHTepecHO OTMETHTH, 4TO < /W/> B pesoHaHCe pacTeT Mpo-
NOpIMOHAMEHO Bpemern ( < /#/>~¢ ) nosToMy, ecilu N HeBO3My~
WEeHHAA CHCTEMa 0GNafiana CHEKTpoM &, ~+4" (m >1 ,yeq0e)
TO €€ pHEepTHA pocia O CO BpeMeHeM [0 3aKoHy < £)~> ~ £

Tourui BEL A;/6/ EalleR B TpexX CAyIadx.

1) L= 1 ~ OCHOBHO}i DE30HAHC, 3JaBHCHMOCTL DHEp—
THE OT BpeMeREH (mr,na""eg’f =0 BO3CYVEKIEHO OCHOBHOE COCTOAHHE
n =0) naetca dopmyzaoit (2.5). CHEKTp KBaSHSHEPIHA MMeeT BHI:

£(6,)= A cosé, (2.25)

Tax Kak fgﬁ )65, 0) = 8§76+8,) » TO COGCTBEHHAA (QYHKIIAS
KBA3SHDHEpPTrHE cOoIVacHo (2.24) ompeneisaeTcsd BHpameHHMEM:




Eré', ('9‘{)- CXPICEG)E - LkeosO Bit-T))-

'Z__E’-xpr ;B s ine *dp)) (2.26)
rne OLETET, T=idy,
2) =4 . U3 (2.8) cuemyer

_::.... EF
Vi) = expl-ikeos8)-fe (e e e yenr) (22
(pu ¢=9¢ £ - uyenoe, roodfummenTs ¥y, =0 ® $

MMEET Da3MEPHOCTE %46 X %2 ). CoGCTBeHHHE BHAYEHMA g =
= A= exp(tid@)-: £ ), rxe

(2.28)

coS(«(8)) = cos(Kcosh)

FE_
L '2 L]
IIpu K«i HMeeM % -Segn (L) § Sem 28 , U eCIE B
HavuaJIbEH{i MOMEHT BpeMerm ¥76/= 7;' (OCHOBHOE COCTOAHME),

o §=4% . Ina oTHX Xe HEWANBANX yoxoBwh NpE K 4
HMeeM h #‘ . 3 (2.22) HaxonmM CHIEKTD KBas3MsHepriuit
Et(ga)_; _é_ : t{.;_ﬁ) (2.29)

Ina K<<1 coertp £, (19,)‘#% 7 (%— f—f c0s8, ) npen-

crapideT codoji IBe YSKUX SOHH MHUDHHOR ~ 42 . g kK27

mMeeM JBe mEpOKHEe HOJOCH: £ < £(f)<71, 3 < £/6,/€7 4

3aBHCHMOCTE i"Eﬂrﬂ_ OT BpeMmeHH IaeTca fopmyaof (2.24),rme
A, — Dypbe~KOMIOHEHTH (yHKIMHE 5""' 9,01 C;Wﬂﬂfﬂf@@)ﬂéﬁw

agech ( Cy , C; ) — COGCTBEHHHH IBERTDp MaTpEmH S .
3) Boguae FA/g=%: us (2.8) moxyzaem:

#16) = exp(-ckeosB) ¥(B+z) (2.30)
BugHO, 9TO Yepe3 JBa TOJNUKE CHCTEMA BOSBpamaeTc B HCXOf-
HOe COCTOoAHMe, COGCTBEHHHEe BHEYEHEA Ag2 = A, =27 , CoerTp

KBasuSHeprE#t COCTOHT H3 JBYX IUCKDETHHX yJpOBHeH# ¢ KBasHeHEpI'H-—
mE €,=0, £, = 4 . CoScrReHENME {YHKIEAME yDOBHA £, ,

10

TOYHEE, WX BHAYEHMAME B MOMEHT BpeMeHM ¥ =7 | gBRIADTCH
Gyuxuma ¥; (B) = 9+ (8) (1 * exp(-ckeas@)) , rae @1 (6) ~ mpoms—
BOJIEHAA (YHKIMA, YIOBJETBODAOUWAR COOTHOLEHMD &,(&+7)=t42,(8) .
COGCTBEHHHME (yHKUMAMA YPOBRA €, sBIANTCA Y; ()= £, (6)-

(1 F €Xp(-cxc0s58)) ., Karuuit ypoBeHbh GECKOHEUHOKDATHO BH =
pORIEH, a QyHKLMM ﬁ-ﬁ M Yz, COCTEBJANT IOJNHHH Hadop.

Ilo~-BUIMMOMY, BHDOXIEHHE COCCTBEHHHX 3sHaveHm#t (KorIa Kakue-
10 A; = ¢O0nst ) gpndercd caydaiiHEM M JJIA JPYTHX DE30HAHCOB
He uMeeT MecTa. JefiCTBATENBHO, NPH HANMIMA HEKOTODHX \;=const
np¥ IpOMSBOJBHOM HeUaAbHOM pachpeneiesmu — ¥(€)  wacTe aHep-
THH OpMHAaLIexana O IHCKPETHO# KOMIOHEeHTEe CIeKTpa KBasusHeprui.
B COOTBETCTBUU C HTHM B 38BHCHMOCTHM SHEPI'ME OT BpPEMEHH ODHCYT-
CTBOB&JI OH NEpHONMYECKHe He3aTyXamiue BO BPEMeHH OCIILLALMHA
(kak B cmydae  P/g = 42 ). B OPOBEJICHHHX UMCJEHHHX SKCIEpH—
MeHTax Takofi addexT He OHJ OGHapyxeH. [lpm & >>{ 3aBUCHMOCTB
< E(t)> ouna mnapHoili dyHKkimeit BpemeH®, (puc.I) mpm K <1
pasMep M3JOMOB YMEHBNSJCHA CO BpemeHeM (pmc.2). '

drax, B KBaHTOBOM pesoHaHce ( /4 F ¥7) 2Heprusa CHCTEMH
pacTeT IO GEeCKOHEUHOCTHE [0 ACHMITOTHYECKOMY 3aKOHY < £ EH~t*
CIOEKTp KBasUBHepTHi# HOpE STOM HeNpepHBeH.

I1g BeAWdMH (of ”)m“ = ﬁ'ﬁg{i / Puy(¢ (ﬁyl (uepra OsHa=-

gyaer ycpejHesHe mo 6 ) U3 ABHOI'O BH‘,II,E § yzaercA NOJYIKTH
caeynuue ONSHKH (OHH UMENT MEeCTO H Iy a»f MATDHIH £ 3

a) K<<4g , TOI'Za

h ~ ”),.. > Il )~ (féi)zg (2.31)

BameTHM, 9TO JaHHAA OLGHKa ABJIAETCH OLEHKOf HauMeHEBUEI'o BO3-—
MOEHOTO SHoUEHEA (o /., . MOXHO ORMIATH, YTO MCTHHHOE 3Ha-
YeHEe N0 MOPANKY BEJMUHHH COBNgHaeT C 3Tol HurHell oueHRoOl
(cm, § 3)

6) K>gQ HMeeM

JZA-' {,d?;’:d . %: (2.32)
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Iie § -~ HEKOTOpas BeJdYAHA, 38BUCAMAA OT HAYaJbHHX yCIOBHi
W NPaKTHIECKN He saBACAUAA OT A u ¢ . JuiA MIGBHHX HAYAIBHHX
yenosuft ¥7/6,0) ouenka mna j’ Iaer ;.., 5.

M3 NOJyYeHHHX OMEHOK mad ( o ) caenyer, 4To IpH K<<g
(P, § = JoOHe BBAUMHO HPOCTHE YHCAA) CHEKTD masnsﬂeprnﬁ CO~
CTOAT W3 ¢ SKCIOHEHIHMATHHO Y3KHX 30H mHpMHOft 4 £ ~ (""' )
B ciydae K>g IJIA HeXORNEeHHA B0HHOR CTDYKTYpDH Tpeﬁyesrcﬂ
3HaHme JeTalbHHX CBOHCTB COOCTBEHHHX 3HaYEHH{ MaTPRIH §.K co-
XajeHUD, ABHHE BUI ﬂij (6/ HaliTH He YIaloCh.

U3 crasausoro shme (cm. (2.3I), (2.32)) cnemyer, 4ro h-¢
mpE P> ,=eo, K=¢cOnst , ITO 08HaYEET, UTO IJiA MpDAlEO=
HaUBHHX 3Havenult 7747 pemuumEa /4 paBHA HyJaD, B STOM CJYy~

yae JBEXeHEe CHCTeMH HOCHT cobBepmeHHO HHO# Xapawrep (cm./I2/).

lycts Temeps /7 = ‘%ﬂ +§ , tme /6! <4, vorma us-3a
ManocT# Hadera §as cuenyeT, WTO B TeUEHHE L, ~ 248
d ~ f;’f}fe < EE>

X8pAaKTEPUCTURE CHCTEMH MEHANTCA BO BPEMEHH TAK XK€, KaK H B
CIydae TOYHOTO pesoHaHca /= ZZP | 410 W OTYETIMBO HaGMKo~
IAJNOCH B UECHGHHOM BKCHepEMeHTe (pHc.3). W3 ycuaoBns
Qrf:,}; K¢, HalileM BeJUIMHY DacCTpoiika &, » OpE KOTOPOR BANAHHE
pesoHaHCa /[/p OKASHBAETCA 3HAYATENBHHM (OyIeM CYMTATH, UTO

d~«’¢, ). Ilpg K>¢ (B NDOTHBHOM CIy4ae OTCTpOlira OT
DEBOHAHCA DKCHOHGHIMANBHO Majia: &, ~ ( % ) “ ) nMeeM:

4,

Ina ocHoBHOTO pesomanca ( ¢ =I, p =0) 7=8 u us yenopus
(2.33) HeoOxomuMo, uToCH 7 £ 4/k*, Kak BEEHO, B OGAACTH
KBaBHCKJIACCHKE (K-> o= , 7> 0 , k['=const) HepaBeHCTBO
(2.33) He BHDONHFETCA, T.e. BJHAHAE OCHOBHOT'O De30HEHCA HECy—
meCTBeHHC. MomHO HafiTH CyMMapHYD BEJHYHHY BCEX DacCTPOeK:

13N

-g%z (2.33)

K ¢
2= ~ Gk
5 E ;:i & pg)~ 24 (2.34)

Tak k8K &y <<Z , 70 OTCHEA CIELYeT, YTO B CJyYae Mppa-
LEOHANBHHX  T/47 pesOHaHCH cJado BAMANT HAa XADaKTep NBHXE—
HET CHCTEMH.
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§ 3. UncrenHHe HRCIEDEMEHTH

Hapaly ¢ TeopeTHYeCKHM AHATH30M NPOBOIMIOCE TAKRE HCCJe—
JoBaHHe MOJEJHM UHCJSHHO, B Iponecce DemeHE 3aIaudl HaXOIWINCEH
fiypbe—-ROMIOREHTH BouHOBOH ({iyEKImE mo Jopmyse (2,.3). XoTa cym—
MupoBaHie B (2.3) IPOBOEMICHA OT — == J0+ o= , HO JARTHYEC—
KE CyMMa COUSPRHT ~.2K WieHoB, T.K. / J, (k)| sxcnonenumansuo
OajigeT ¢ pocToM M OpE M1> K (TONYOK 3axBarTHpaey <<ZK ypoBHeii).
BBHLY STOr0 [PH BHYRCIEHHTX MUCIOJBB0BAJIOCE KOHOUHOE KGO
(=2« ) dyuxuuit Beccesd, KOHTPOL 33 TOYHOCTHN CYeTa 3aKINYAT~—
cA B NPOBEPKe YCJOBUA HOPMHDOBKYM BOJHOBOH (yHKumE W/ =

f I'118)1°d6=1, Bo Boex oayuasx owndku He npepnuanz & W<3,1073
OCHOBHOE OTDSHEYSHNEe HE LIETEJhHOCTH CUeTa HaKISIHBAET KHOHEU-
HOCTH BHOpD&HHOT'O umcJya ypoBHe#f. IIpE JOCTATOYHO GOJBIIOM BO3My—
WeHEM ODOMCXOIWT GHCTPOe BOBCYRISHHEE BHCORMX YpoBHeft cHCTeMH
E OWHCKH CUYeTa CTAHOBATCA 3HEYATEeNbHHME. IIo cpaBHemMm ¢ /I2/
OHJIO IPOBEJEHO YCOBEPUEHCTBOBAHHE [IDOTPaMMH, YTO MOO3BOJBIO JBe~
JUMETE CKOPOCTH CYeTa NPEMEDHO P JBa pasa, 2 Takme JOBECTH YHC--
JI0 ypoBHe# MomesbHO¥ cHCTeMd Jo 200I. Ilpm »TOM peaibHOe BpeMs
cuera Ha B3CM~6 B THNWUHNX SKcoepmMeHTax (Tadn,Il,2) COCTaBMIO

I0 mmH, JlonOMIHMTEJLHOS YBeNH4YSHHE YUCJa YpOBHe# OHJIO0 NOCTHD-
HYTO 38 CYeT DACCMOTPEeHHA CEMMETPUMYHHX HaYaubHHX pacOpeneseHuit
( W(9)= ¥(-€) ), Iipn sToM TECJO yPOBHeHl BHGHDANOCH DABHHM
A =4001 (-2000, +2000), HO BRUIY CHMMETDMM HaUaNBHHX ycjopuf
¥ ramureToHEaxa (2.I) cueT faxTudeckm Bemes ¢ 2001 ypoBHeM.

HasaypHbe yCJIOBEA BapBREPOBANUCEH OT BO3CYRIESHES ONHOIO JooB—
HA (OCHOBHOE COCTOAHEE) N0 BO3CYRISHHA OKoJo 20 ypomHeft (rayc-
COBH{I maxeT). BO BCeX CJYYasX ACHMITOTHISCRMN Bl JIBHEREHHA CJa~—
00 3aBMCeJ OT BHOOpa HAYAJLHOTO COCTOAHUA. [IpE 00padoTKe pe -
s,wm-ramn CueTa BHYHCAANACH SHEPIHA DOTATOpA Pl o —

_4 s
f ¥ ,?’J& » OIHOBDEMEHHO CTPOMACH rpafiK 3aBMCHMOCTH 2HED—
rHE 0T BPE@MEHE 7 [0 METONy HaMMEeHBUIX KBaUpPaTOB NDOHSBOARNACE
nogronka <E(t)> pa xpamparmumti monmmHOM,

Ing K< G oKeNepEMEHTaNBHO XODOMO MPOCIEREBAIACH KBAl-
paruqHEasg S8BHCEMOCT: SHEPIEM OT BpeMmeHH (cM,pHC.2,4). Ioprom-
Ka MPOBOIANACE B BTOM cuydae mno opmyne < L(t)> =1 tir<E()>
llagRHe mna /) oOpE pasamumyx K » 4 mpEBejieRd B madamme I.
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lpE K<<¢§ B3HaUeHHA K  CJIIKOM MaAJH R KBappaTWdHHl POCT
oHEpIWE Ha KOHOUHHX BpemeHax T < 200 He BCerqia 3aMeTeH (pHc.5).
[I03TOMy TPYIHO T'OBODMTE O KOJMIECTBEHHOM COTJIACHH C oqeamﬁ
(2.3I), OIHAGKO MORHO yTBEpREAaTh, UTO 1 YMEHBUASTCH 3HAYNTEJB~
HO OHcTpee, deM K/¢ .

Inma K>, § 3SaBHCHMOCTE p(K,q) anmpoKCHMUDYETCH aHai-
wa. .ot omeHko# (2.32). OKCIepUMeHTaJbHHE JNaHHHE (radn.R) mno-
kasHBaRT HEIIOXOe coryiacke ¢ 9To#t {opMysnoli, OpH 2TOM 3HaYeHNe

{ MeHsercs cnado ¥ He 3aBECHT sBHO or K ® ¢ . CpezmHee sHa-
yeHue f paBHO < ’f) =2.4.

OTIeJBHO NpOBEPANOCh, HACKOJBKO S8BHCHT h or 3HavYeHHi
P [OpE OIHOM K TOM XK€ 3HAUSHHR g Kak ¥ OXUZAJOCE, COIJac—
Ho (2.3I~2.32), 3EBHCHMOCTH OT P [NDakTHYECKH HeT.

B oGnacTH KBA3HKIACCHRM ( K— &= 7= %E — {0 [pH
kT=const»d) pna K24 DKCIIepPUMEHTaIbEHEe JIAHHHE MOK&—
HBADT, UTO HA MAJHX BDEMEHAX 38BMCHMOCTE < E(t)> B deapa?--
MepHHX NEpeMEHHHX XOpoumo OMMCHB&STCA noJyeMIEprIeckol HopMyIoi:

z£1 i
CEW)Y= % + £¢ + <L E0); (3.1)

Kos@uiEenT Opu % COTJIACYETCHA C TEOPEeTHUECKO# OLEHKOH (2.32)
mig 7 . Bropoft wieH B (3.I), nmHefiEH{ MO BpeMeHH, B TOYHOCTH
COOTBETCTBYeT HKiaccHieckoh Iapdy sHa /12/, Tem He MeHee lek:liigy
gumest K%4 , BooGue roBopd, OTAHIAETCA OT aCHEMITOTHIECKOTO
suguenus @, B (2.I68B), mosToMy wreH K 1?/{/ Ha caMoM Jeje He
geagercs IEbfy3uoHAHM. U8 amnepn:enrmﬂoi ?ncfm;;rn (3.1
oI6IyeT, Uro Ha BpeMerax £ < £, TIe t* = ( 8 pas-
MeDHHX MepeMeHHHX % < e*= ¢*T< ¥ ) pocr zanaprnn nponcxo.nmr#
B OCHOBHOM 3a cuer “muffysumonroro® wiesa X £/¢ . Ina €>¢
LOMEHEDYDUAM CTAHOBHTCA KBaJpaTHIHH} UIeH, ApaAnmuiAca YHCTO
KBAHTOBHM (CM, DHC.6).

§ 4. BagyAUTEJbHHE 3aMevaHid

[lpoBeiHAHEe ECCJSNOBAHMA MOKASHBAWT, UTO A KBaHTOBHX
pEesOHAHCOB, CHCTEMa KOTOPHX SBJAETCA BCKAY mroTHON, ACHMITOTE-
JecKAS 3ABMCHMOCTH DHEDTHE DOTATOPA OT BPEMEHN fABJISETCHA YHE=
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BepcalbHON W ONMCHBAGTCHA KBAJpaTWuHHM 3axoHOM (2.I8). 3T0 o3Ha=-
4aeT, 4TO B PeS0HAHCE OTCYTCTBYeT KBAHTOB&H I'paHMIla yCTOoMHBOC-—
™ ( K 25 4 ), npenckasaHHas B /3/ ¥ HaGinoNaBUAACH B Hepe30HaH—
cHOM cuydae /I2/, BagHO OTMETHTEL TaKXe, UTO OTCYTCTBYeT M KJIaC—
cHuecKmii Kpurepuit yeroiumsoct ( KT &1 ), XOTA HPH BTOM CHC~—
TeMa MOXeT HAXOIUTHECA B INI[yOOKO KBasUKIaccHueCHo# odnacTH, B TO
®€ BpeMA IJIA HeJsuHeilHO#t CHCTeMd C KJIACCHYECKHMM I'aMILIbTOHUAHOM,
coorBercTByuuM (2,I), corsmacHo Teopur KAM (KoamoropoBa-ApHOJL-
na-Mosepa, /I16-18/) M UYHMCJHEHHHM SKchnepumeHTaM /I3/ HOpE MaioM
BO3MYWLEHUN IBUEEHHE ABJIAECTCA YCTOHYHBHM ¥ SHEDPTHA CHCTEMH Orpa-—
HUYeHa., Bce BTO YKA3HBAET HA CYUWECTBEeHHOE OMIMYNEe B [OBeISHHA
KBaHTOBOH CHCTEeMH [0 CpaBHeHHD C KiaccruecKoil, BO BCAKOM CJIy -
Jae Ha COJbURX BpeMeHax.

JJIA OTHOCHTEJNEHO HeGOJEBIRX £ , EOTHIa eule Hetr BHXOmA HA
aCHUMOTOTHKY, XapakTep MOBENCHMA CHCTEMH MOERET CHTE JOBOJBHO
CJOKHHM M CHJIHHO BaBHCHT OT nmapamerpoB K , 7 , Tar, Hampumep,
KBaIpaTHYHH# DOCT 9HEpPIHH CHCTEeMH HalboJee YeTKO MNpOCHexRMBasTCH,
ecnd K »9=1 H T2 4 , B aToM CiIyuae SHEPTHA Cpasy Xe pacTeT
IPONOPIEOHANbHO ¢> , EciE xe K < ¢ , TO 9HEpTMA CHCTEMH
OPaKTHIeCKA OCLIWLIADYeT, KBAIDATHIHH} DOCT & £°  Maa E3-Ba

JZ Ry SR

VHTEepEeCHO NpOCAeONTE, KaKMM CTaHeT IBHXEHHEe IIpU P = == |
grew gl = eomst , 4TO COOTBETCTBYeT Nepexony K HepesoHaHC- i
HOMY 3HauYeHHD . B 2TOM cJaydae, KaK [OKa3aJi YHCJEHHHE sKCIe—
paMeHTH B /I2/, IBEReHEe CHCTEMH COBEpUEHHO MHOe, YeM B peso -
HaHCe. AHaMMTHYECKOe HCCJAENOBaHMe, OIHAKO, HaTaIKMBaeTCA Ha
COJIBUIAE TPYIAHOCTH B CHIUIYy TOI'0, 49TO HEOOGXONMMO 3HATH TOUHOE De—
lleHHe B De30HAHCe Ha BCEX BpeMeHaxX, a4 He TOJBKO ACHMITOTATECKH,
C Ipyrofi CTODOHH MOXHO TaKke DACCMOTDPETh, KAk OyIeT MeHATLCA |
CTPYKTypa CHOeRTpa KBasKMBHEprHi [pH Nepexole K BHCOKUM De30HaH—
cam @71 . 3BFeck yRaJOCh IOKA3aTh, YTO mpu ¢ > K IIPHAHE
raxgoll S0HH KBARMBHEPTHH DKCIOHEHIUANRHO Mana (4£~/y *({;’} )13,
OIHOBPDEMEHHO MaJa H CYMMapHafA mUpHHA BCeX ¢ 30H. BO3MOXHO 3TO
yKasHpaeT Ha TO, UTO CIOEKTD KBasHB3HEpIHil B HepDe3OHaHCHOM cJry4ae
CT8HOBHTCS JHCKpeTHHM. B ciayiae K>> ¢ BOIPOC O HEepeKpHTHH
H MEDHHE 30H KBasHSHepIHEH ocTasTCcA OTKDHTHM.
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B sariudeHHe cleJiaeM 3aMedaHye O TOM, B KaKiX CHCTeMax BO3~
MORHO IOABJEHEE KBaHTOBHX DESOHAHCOB NpH BOBNEHCTBAN MEPHONE —
YeCKOT'O IeJbTao0pasHOI'0 BO BpEMEHH BOsMyweHua (KOTOpOe Mid Of~
HOMEpHOTO CJyuas mpefcraumo B Bmme £(x) & (), tme f(x) -
npousBoJbHas GyHsmss kxoopumsard X ), HeTpyAHO NOKasaTh, UTO
I CYWECTBOBAHAS DEBOHAHCA HEOUXOMUMO, WIOGH CHEKIP HeBO3MyweH-
HOTO TaMEJAbTORMEHE /H, OHJ JECKDETHHM M MMeJ BAL IOJHHOME OT
¥BAHL. 3000 umcia ¢ panioHaiBEHMM KosddurveHTamn. Ipu BTOM TaK—
K¢ Tpecyercs, UTOGH OHJIO BHIOMHEHO ycioBue BHEA Yo, Y, = Y+
JUIA COGCTBEHHNX GyHKIMi ramwsronMana He . Torma mMeem:

explc &5@‘1”5’5‘;’“7- (explc “Lgﬁ)?f,,lf &xp(c"%&t}ﬁ) K Ha OCHOBE HTO-
TO paBEeHCTBA, AHAJOIMYHO DACCMOTPEHHOMY CJIyYan yAaeTCd CBeCTH
oTOGpakeHKe Yepes Nepuof K yMHOMEHHD Ha MaTpumy. BIOOJHE BEpOAT~
HO, YTO [OCJEJHEee yCJIOBHE MOEHO OCJACHTE.

onp3ysch caydaeM, 8BTOPH BHDaxamT MCKDEHHDD gJaroIapHOCTE
BE.B.YMpEKOBY 32 BHHMaHHe K padoTe M IeHHHE 3aMevaHid, T.M.3a -
GIABCEOMY, W.A.Meamumy, B.B.CoxonoBy & C.A.Xejifemy — 3a CTHMyIA-

pyoumEe IMCKyccuE, & Tarze J,A.Xaiimo 3a HOMOWE B NPOBENSHMAM BH-
qHCJIeHK,
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Ahatrnct

This paper discusses the héhavinr of a plane quentum ro=- |
tator under the time-periodic perturbation given as delta-like |'
"kicks" nunlinaariy dépen&ant on phase. The case of so-called |
quantum resonance is considered both analytically and numeri-
cally. It is shown that for large times the rotator energy ie
proportional to L‘: . The structure of quapi-energy spectrum

is analysed and its continuity is proved.



1. INTRODJCTION

In recent years a great number of papers have appeared
wherein the attempts have been made to understand quantum pro=-
perties in the behavior of nonlinear systems. Attention has
been focused on the systems being under the periodic perturba=-

T8

tion » This is due, first of all, to new posgibilities to

4 study experimentally the behavior of atoms and molecules in
a field of laser radiatinn9*11.

The present paper is an extension of Ref.12. Our model is
a plane quantum rotator with the external nonlineﬁr, periodic-
ally time-dependent perturbation (delta-like "kicks"), Up to
| now the behavior of the corresponding classical system has becr
. studied sufficiently well, In particular, it was Bhnwn13 that
under certain condition Fha motion becomes stochastic even
though it is govermed by stricktly dynamical equations,., On the

' other hand, if perturbation is small, motion is quasi-periodiec.

~ Therefore, there exists a criterion of erising statistical pro-
perties in & dynamical system. Numerical investigation carried

out in Ref,12 has shown that the behavior of quantum system

differs from the claseical one even in the gtrong quasiclassice-

al region, In particular, the diffusion rate of the average ro- '

tator energy only for comparatively small times equals thé clag=-
- sical one and then decreases sharply. In addition, it has been

discovered the specific type of motion (quantum resonance),

which have no analogue in the classical system. In this case,
the rotator energy grows unlimitedly, independent of the extern- !

al force value,




The purpose of our work is a careful investigation of

2 14 is revealed that

the guentum reacn&nce discovered in
in the system there is infinite, dense set of such resonances.
The genera¢ condition of their appearance ia also found. The
main characteristics of the resonance motion for this system
are determined, It is shown analytically that for large times
the rotator energy grows as c‘ff , what is valiflated by numeric-
&1 experiments. The form of asymptotics is independent of per-

turbation parasmeter and is universal, The structure of quasi-

energy spectrum being continued in the resonance is analysed.

2. Quantum Resonance

The model we choose to study is described by the Hamilto-

nian:
A

: g o i b '
H=-35 & KCQSQ‘S'?‘(f)._ (2.1)

where Ef is the perturbation parameter, 5«-({) ;ﬂfffﬁnﬂ is
the periodic delts function of period T ("kick;"), J  is
the moment of inertia of the rotator, & is the angular va-
riable. In the following J= 1 .

One can integrate Schrodinger's equation with Hamiltonian
(2.1) to obtain the mapping for a wave function. This mapping
involves free rotation during 7  and a "kick" (see Ref.12):

?gg):exp(-;'xcaiﬂ) iﬁhexp(—igﬂ*w‘ﬁé’) | .(2-2)

Nz -0

where K = E’/}{,?’:é’ﬁ and %/ﬁ) :Z Rk

He —aso

.l -inB
An=7, Sy@)e  d@
ne can note from eq.(2.2) that the motion does not change

éné&

in what follows, ﬁ=i *

if 77 ies replaced by T+ 47 m , where #»7 is integer.
It therefore suffices to consider the values of 4 within
the interval L 90, 477,

Prom eq,{(2.2) one can find the connection between the
Tourier components in one step:

A: = 5": )C;rm Am . {(2.3)

= —po

where F, = (-c)" exp(-i Fm?) I, (K) ; 3, (K) .
Bessel function.
As was noted in Ref.12, in the case of main quantum reso-

nance ( 7= 47 nr , w1 is integer)

W(B) = expl-<kecos8)¥l6) (2.4)

and
27
the rotator energy (L EMHF)> = —%j?’“/ﬁ)% IO y for large

4
times increases as 7 « So, if the ground state (7 = 0)
wasg excited at the initial moment t = 0, then
Px
<E)> = KL - (2.5)
. &
Here and below, £ is the dimensionless time measured by
the number of "kicks".
We investigate now the general case of quantum resonance:

T= u P and ¢ ere the integer, mutually simple
umberﬂ. From eq.(2.2) we have W/tgj €XP('¢£’CCJ!9JF(6’)

where

Fl8)=2_ A, expl=: Gn’ +in6) =

B ==0n

= f: EXP(-¢ ‘?—é’m’); A,,,*?, expliimegl)8) = (2.6
= Fenp(-< ¢ Glm?) B,

Wi=g

B, = £ Aurgt ex,ﬂ/r (149£/8)

= -y




To determine .{;’;m , let us calculate the sum:

-4

S exple ff—*ﬂ)g ;_’A,_. exp(i(é +*—’£’-v€) wie+ m’/ (2.7)
m=g

Whence, Z‘-’-XP(’ iﬂ.m”) e+ JT/’

As a result we abtain the main relation for #(6)

57(5})"—‘ QX/D('L'K{'.E?SQ)Z ¥, ?’(9*'@%&) : (2.8)

where Xn“‘ q,mzdé')ff"(— 'f_.fm .c,__eﬁi'.ﬂ)
Rewrite eq.(2.8) in the fcrm suitable for & further analys-
is:
it 3 e o
V(0+28m)=5 €, V(6+4%n) (2.9)

s3]

Here S.,..,,, ia the matrix of the form:

£o Cifilly il 5 ﬂ'.,
S o -*, 0 ; *-1 ro Xq.j (2.10)
0 : ); xg s Xp

By= EXPI-iKcOS(6+4Ll)) , S\ = P Yuom .
Iue to unitarity of the matrix f , 1ts eigenvalues
Aj(8)=eXP(ia;(8)), | A;l=1. Note, that A; depend, in
s general case, on £ , as it will be shown below.

It is convendient to represant the matrix § as
Ed Loy
e 0t a, (2.11)

£=0

4 +
where @ is some unitary matrix (a-r-' @ } of dimensionality
QXQ with the & -dependent elements s
Let us introduce the vector-column P(B%) with the ele-

]

ments ? (f? ¢)= y(ﬁ""'gﬂ' :fi) From eq.(2.9) and eq.(2.11) one

can find the time deppndence of ?‘0
]
P (6,¢)= % = QXP(*ﬁfhfﬁ'}f)@e" ) - (o)

4ith a Inown ‘P,,,, {'5‘; 'ﬂ'J one obtains the dependence of the rota-

tor momentum and rotator energy on time:

¢ S 5T
< PlE)> :-%f f?’(af) @, (9 ¢)db
izh {2-13}
78 o =R * '9':
KEwbE -5 S [PI(6,t)55: P, (6,€)d8 (2.1
mzp ©
Directly from (2.12) and (2.13) .-:}ne .gets
2-1 .
<PH)> = <Pl0)>+a, £+@ﬂ+_§&fw{f) 5 g3
where

bo =52, §401006.0)8 6,04, . 47 §

a, = %;L— f#f {P(M) M,m?,ma, {dé (2.16)

¢

= !-_
B ft1=-£ E 49{ ACCACYY R M AN
Here and below the dash denotes the derivative over & .
Since &, Jdepends in general case on 6 , for asymp-
totically large times PMMI('E) (for m#m, ) is expressed
by the -integral of fastly oscillating function and, hence, for

large ‘é me‘fﬂ: &n&(ﬁ)&“mji' ol {/f)

totic time dependence of the rotator momentum may be readily

. Finelly, the asymp-




found:

<pt)>=a,¢t +6 +<plos> e

F-1
ehere ;= 4+ > P, (0)

=zl

For arbitrary times the dependence 45(’0} is determined
in a similar fashion:
CE()>=<EI0)> + ff£+ 4,1t +5’ﬂ +

(2.18a)
i & Kz +iZﬁ..,..,
and for asm':p:c:tically large ‘:c:fmea
KEW)>=nt +a,¢ +4,+ <EW0)> (2.18b)

where ?,_ Jdﬂfé {“,I)JJ ?ﬂﬂ}P{#ﬂ)ﬂ. ml?(#f>
&m)j.o ‘?dg[ “om E.t Qfmt?? + 2, Q) Qggm@f :%K‘Fg’f.

ﬁfm(‘)?mf ) -e‘a A —2 j{;ﬂ"" 4} @L “? f@md}:ff
o=-4 %{ {J&[afﬁ(p(x ) )L qnﬁ,,ﬁ* s s
*g Cp{‘ * ‘? E‘( %@j#ﬁﬁqm Qfm :U

Rmm‘(‘é)ﬁ-g_g_ ‘ﬂg!‘f p*p@eimiﬂﬂh H”Qg eXP{f‘fX - }f}f
'ﬂ! _ﬂiﬂ [oper’ K“‘m 5 ég‘f'«i_ v g

The expressions derived for the rﬁatc—r energy and rnta-
tor momentum are universal end yield the asymtrotic form for
large times. Examination of expression (2.19) for the coeffi-
cient ﬂ , which gives the asymptotic, shows that this co-
efficient equals zero when all AJ.‘ , and hen-2 &« also,
are independent of & (AJ- = eonst) . Moreover, K= 0 in the
case when at least one value of f\ = CE?H.:f' and the initial

distribution Eatiaflaa the specific condition /1 ":V (F)"

= expl-ikcosd) ?_'_ Yo 1, (0 +%52)

o —

e —— e ——— ey et et

Hext, we seek to find the quasi—en'erg:,r Bpectmm14'15.

From eaq.(2.8) it follows that the wave functions with a defi-

nite quasi-energy at moment <=0 are representable in the

form: ) .
i,f/%mﬂj w)-;c (6,)§(8+8, +_g_»z) S )
where €(§}=‘ ;?”.:?: £

The quasi-energy £ fQJ and the coefficlents fn({;}

are defined from the fcllﬂwa.ng get of linear equations:

n J’ i-j P h
expl-:€18,)7)¢, (&)zga s 1 A5 (2.21)
: o~
where j:.,..: Pa(6,) 3’”_,,, . The matrix 9 ig unitary and its
eigenvalues 3:1- 1"9;;}:&1‘}’4";#{?(9,}) determine the quasi-energy

spectrum:

g KGR
£J (ﬂﬂt} o] ""'{",??"_ (2.22)

Here 9,;. is a continuous parameter: ¥ £ &y <27

From eq.(2.22) it follows that the quasi-energy spectrum

has the eiran-
o -
:

values )ij =¢0mnif. Using the explicit form of

has the discrete levels only if the matrix §
D i8
easy 1o show that for any P/Q (except the case %-—--&‘?whicn
will be analysed below), SP e g :‘.'f depends on the conti-
nuous parsmeter &, , i.e. there exist jv # conet . Thus, the
quasi-energy spectrum (2.22) is continuous in resonance. Besides
this continuous component the specirum may have the discrete le-
vele whose full number is the same as that of eigenvalues

j} — 20ust . It becomes clear that there are no than g-!

w0




discrete levels in the resonance

Letting Y7 (q,(6,0)
%fﬂ)l{ﬁ f} =

to be known, it is easy fto find

%mm £)= EXP(-i£1(8)¢) ¥ Eﬂ@(@ﬁ;’  (2.29)

whe re %{#J is the quasi-energy eigenfunction, which is
time-periodic of period 77

Y60, t) = eXP (58It~ tkcoso dE-T))

Z A ﬂkP(-t—-’r‘Hné) o< €<T

e - oo
Ah are the Fourier components %f(’%J{Q’ 0)

& single step function.

It is worthwhile to note that in resonance <|Wi>is pro-

portional to the time (< /uf>~%/), Therefore, if the unperturbed

- m = .
system possessed the spectrum E,~h (m>1 is the integer),

then its energy would increse with time by the law < E@)>~ .

The explicit form of Ajfﬂ) has been found for three cases,
1) P/g = 14 is the main resonance., The time-energy depen-
dence (when at T = 0 the ground state M=0 1ig excited)
is determined by formulas (2.5). The quasi-energy spectrum has

the form:

K
E(‘%)-‘—" ;;C'aggﬂ (2+25)

As ngjg’ﬂj o) = S(a.m) s the quasi-energy eigenfunction
A :
is determined, according to (2.24), by the expression:

%@}(&, t)= exp(ie(G,)t-ikcose bt -T)) -

. (2.26)

e > g_xp(-:. n*t + L n(8+8,))

Mz-pa

ThE -~

and PE-T) is

e—

where 15'5-‘!{"5'77' T= a7
2) f)/g Y4 » From eq.(2.8) it follows

vrg) = EXP(-{Keosh) H(e Wg),ae ﬁ%‘um} (2.27)

Lif g:éf S £ is the integer, the coefficients B:?mf"
and the dimensionality of £ is %*’f %’2 J. The eigenvaluea
Ar = A = EXP(+ t's{:‘w"-';% where | -

-

eos{kK cosﬁ)

COL(X(B)) = P,., (2.28)

At K<< { we have ,‘Ba-—g :—&gnm) SLH-Z& , and if at the
i
initial moment Q"{é’)-— . (ground stata} then # = f—g ‘

£
Under the same initial conditions, &t K4 we have Zg‘fz

L ]

From eq.(2.22) we find the quasi-energy spectrum:

E+(8,)= -f,— F ﬂ{—*ﬁ (2.29)

<
For K<< 1 tne spectrum £ £ (6, ‘1‘-%;(%"";{% cpf@}is two nar-

> 4 '
row zones of ~ K in size, For K27 we have two wide bands:

; "i“': £(6,)<4 fcf £08,)<1 . The time dependence %ifﬂa.} is giv=

en by formula (2, 24), where Ah are Fourier componenfs of

the function ¥g, .. (6,0)= ¢,(6)8(0+4,)+ C2(§)8( 046+ 7) s

_here (Ci 3 C_‘,) is the eigenvector of the matrix S .

3312 P/Q':— /2 s from eq.(2.8) one obtains:
HB) = EXp(-ckecosb)Y(B+7) (2.30)
It is seen that the system returns to the initial state
in two "kicks". The eigenvalues are equal to /\1,1 =1§J1 =24 .

The quasi-energy spectrum consiste of two discrete levels with

the quasi-energies £, =0, &= 1/2 . The eigenfunctions of the

11




level £/ , to be more precise, their values at moment ¢ = @7
are the functions 'fgi@)ﬁf_t(ﬁ)(ffffﬂ***ﬂ’f@where F+(6) is an
arbitrary function satisfying Z+(6+7)= tj’(ﬁ') . The eigen-

are ﬁ‘ngé}': D4 ()17 @XP(-LK ¢250)).

fmach level is degenerate infinitely-fold and the functions th/éi

functions of the level E_E

and ;3,: form the total set.
Apparently, the degenerastion of eigenvalues (when }\J' =
= CONGSE ) is accidental and there is nocase for other resonan-
ces. Indeed, at the arbitrary initial distribution b)) ir
some AJ'=C. Onst were available, then s fraction of the ener-
gy would possess to the discrete component of the guasi-energy
discrete spectrum. In accordance with this, the time-energy de-
pendence would include periodic time-undamping oscillations
{(just ss in the case of F/e = ‘I/Z ). In our numerical experiments
such an effect has not been observed. At K>?4 the dependence
<E()> was a smooth function of time, at K < £ the slope
gize grew as the time increaaed (see Figs 1 and 2 respectively).
This, in quantum resonance (P/g ;"i,f‘,a’) the energy of the
system grows infinitely by the asymptotic law < EH)> ~ 1{;.,
the quasi-energy spectrum being continuous. |
For the quantities (ﬂ(’/';:" Eu?;?fé‘f_i] #‘V{the line indie-
ates the averaging over & ) one has succeeded in obtaining
the following estimates (they are valid for p?:l: of the mat-

rix £ as well) from the expliecit form of £ :
a) If K <<¢g , then

s |2 2 e
g~ Emax 5 g 1 G0 " (5] ; o

ark, that this estimate is that of the lowest possible value

12

— *.__..-...__....._.-..-._. e

»

()2
of max « Une might expect that the exact value in the
order of magnitude coincides with this lowest estimate (sez
gsection 3). :
@ e
b If K'}?q, and since ¥~ 2 ex, we have

-
2

? = % - (2.32)

H

where '% is some quantity dependent on the initial condi-
independent ' :

tions and, in practice, of X and g . Under the amooth

initial conditions 9‘/(/!9, ) the estimate for ? yields
Eﬁ- 5# -
Hipe
From the estimates obteined for (af .fmu it followe that

at K<&«g (P4

) are any mutually simple numbers) the quasi-

energy spectrum consists of @ .expcnentiall:,r narrow zones of

A& “’(%i}?/ in gize, In case K";;}q, s to find the zone gtruc-
ture, it-is required a comprehensive knowledge of the eigenvalue:
of the matrix fsv . Unfortunately, the explicit form of j:_; (8)
hasg failed.

From the said above (see eqs.(2.31) and (2.32)) it follows
that ’2—5.5' at P —> oo 5 g—vmjx:emﬁ This means that for
irrational values of T/ﬁ(ﬂ the quantity @ is equal to zero.
In this case the motion of the system has quite another charac-

ter (see Ref.12).
Let 7= ‘_’;;’;E’J where /8 /<4, Then during T, ~ L8

0<€ete
the system characteristics vary in time just as the case of

exact resonance 7 = é%?ﬁ . wh_at was observed clearly in the
£ 7 :
numerical experiment (Fig.3). From ‘ffz ZK L(z let us find

13




such a detuning cg\; at which the resonance /7% influences
greatly (it is suggested that G/“‘a{ifz Jo 4t £>¢ (other-

wise, the detuning is exponentially small) we have
cg‘ A
> i Kl?z (2-33)

For the nain resonsnce ( @¢=1, =0 ) V=4 and
* :
from the condition (2.33) it follows that 7 < J{/f\' « A8 18
it 7" ?
seen, within the quasiclassic region ( K —=>eo, 7= 0, K7=const)
inequality (2.33) is not satisfied, i.e. an influence of the main ‘
resonance is uneseential., One may find the sﬁnunamr of all the de-

tunings:

b,
,.3':-::-

K 9-
- K
> F=ZI ,e% 5. P9 et (2.34)

Since 5; <<{, then in the case of irrational %}" the reso-

nances influence weakly the system motion.
3. Numerical Experiments

In addition to theoretical analysis of our model, the nu-
merical studies hnve-been carries out also. In computation the
Pourier components of the wave function have been found by formuls
(2.3). Although the summation in (2.3) has been made from — oo
to * o= | the sum containa ~.Z2£& terms since IJ;,, (k)|
falls exponentially down with increase of # at #> & .{the
"kick" covers ©./K& levels). In view of this, the finite number
( €4k ) of Béssel functions has been used in our calculations. \
The control for computation accuracy is to test the cormaliza-
tion condition of the wave function: W= J'!Wﬁz‘.”;"’(ng . In all *,
cagses the errors do not exceed 5\.!‘-‘/.:5’ 3.10_3. The major limita-

tion on a run is imposed by the firiiteness of the chosen number

of levels, Under & quite large perturbation the faet exsib%a¥ion
of the system, high levels occur and computation errors become

essential. The program has been improved (as compared to that

in Ref,12), what made it possible to inerease the computation

rate approximetely by a factor of 2 and the number of levels

of model system - up to 2001. In the main experiments the resl
computation time was % 10 min at BESM~6 (Tables 1,2). The 1‘_:1:;."1--
sideration of symmetric initial distributiems { ¥/6/)= ¥/-8lensbl-
ed us to incresse additionally the number ef levels up to 4001
(-2000, +2000). Nevertheless, the computatien wae carried out
with the 20018t level, due to symmetry of imitial conditions and
Hamiltonian (2.1).

The initial conditions were varied from excitation of one
level (ground state) to excitation of about 20 levels (Gaussian
packet). In all cases the asymptotic form of motion depended
slightly on & choice of th_?} initial state. During each run the
rotator energy LE > -—j—sf?ﬁg?%,: ‘if/d"é’ was calculated, At the
same time, the time-energy dependence was plotted and the least-
-square Tit < EHA)D for a squared polinomial was performed.

For K< ¢ the squared time-energy dependence (see, e.g.,
Fig.l}l{)w:aa observed well. The fit was there carried out by
the formula < E#>=y¢° 4 <EM), tavie 1 containe the data
for 2 at different £ and 4 + At K& g  the values of )
are too Erma'll and the squared energy growth for finite times

o < 200 is not always'nﬂtimc, it is difficult to talk
about quantitative agreement with eatimate (2.31) but one can
agsert that ¥  decreases much more quickly than K/Qj g

For K:};tg the dependence ¥ (X, §) is approximated by

15




analytical estimate (2.32). Experimetal data (Table 2) show

a quite good agreement with this formula. The velue of ? va-
ries slightly and is independent explicitly of K and ¢ .
The average value of ? isé?) = 2.4.

It ullre'is varified separately in what extent ¥ depends on
the values of £ at the same value of § . As was expected,
the dependence on P , @according to (2.31) and (2.32), is neg-
ligibly small.

In the quasiclassical region ( K=eoe, /= %""3"53 at k7= conct 1 )
experimental data show for K’},@ that for small times the de-
pendence < Eﬁ‘)} in dimensionless variables is described well

by the semiemphirical formula:

B z

- KT K- £ 8)

<E(f?£/> ?,q' +£{f {E( > (3.1)
152

At the coefficient is in agreement with the theoretical

estimate (2.32) for ¥ . The second term in eq.(3.1), linear in

time, corresponds exactly to classical diffuaion12

. Nevertheleas,
the coefficient K?‘,” differs from the asymptotic value of &,

in (2.18). Therefore, the temrm Klf/? is not, strictly speaking,
diffusional. It folllm_m from the experimental dependence (3.1)
that for the times f‘f‘f* ’ where f*;ﬁ} e (in dimen-
sicnal variables 7 < ?’-*:f*f;ﬁ Ve ), the energy grows mainly
due to the "diffusion" term Kz%f ey BT squared

term being a purely quantum becomes dominating,
4. Conclusive remarks

Our study shows that in the case of quaﬁtum resonances

:E{Eﬁ?ﬂhﬂﬁ

whose system is“'dense, the aﬁymptdtic dependence of the rotator

16

energy on time is universal and is described by the squared

law (2.18). This implies that there is nc quantum stability
border (¥ * £ ), which was prediétadj and observed in the non-
-T'eS0NAnce casem. Tt is important to note that the classical
criterion of stability ( K_?T* £ ) is absent too, although the
system can be in the strong quasiclassical region. At the same
time, for the non-linear system,which is governed by the classic-
al Hemiltonian corresponding to (2.1), the KM theory (Kolmogo-

rov-Arnold-loser is applicable. This theory polnts out

: s : - 1
(just as numerical experiments 3} the motion stability under

a small perturbation. In our case this means that there is the
distinetion in behavior of the quantum system in comparison tﬁ
the classical one, at least, for large times.

For relatively small - , when the asymptotic proﬁertiea
do not yet arise, the character of the system behavior can be
complicated enough and stirongly depends on the parameters K
and 7 . For example, the squared growth of the system energy
is not clearly observed if K2~ ¢%{ and 7%24 . In this case,
the energy is proportional to = . If k<4 . then, in prac-
tice, the energy oscillates and the squared growth of # ¢ is
emall because of # <1 ,

It is interesting to observe the motion at p—=> &% ¢ ~ea,

P/g:coﬂsf . what corresponds t¢ the non-resonant value of £ .
As numericai experiments have ahnwnm, the m'otiqn of the pystem
is quite different as compared to that :'m'resonance; The amlyt—r
ical study faces excessive difficulties due to necessity to

know the exaet solution in resonance for any time rather than

A1




aaymptotically only. On the other hand, one can also investi-
gate the quasi-energy spectrum structure under transition to
high resonances QP‘?.{' . It has been showed that at 9_:‘*#’5

the width of each quasi-energy zone is exponentially small

(48 ~ lTx(?ﬁ/’q ). Moreover, the total width of all §

- zones ls small as well. This apparently indicates that the
quasi-energy spectrum becomes discrete in the non-resonsnt cage,
If K7>@ , the question on the overlapping and the quasi-ener-
£y spectrum - zones rema&ains open.

In closing, we would like to make a remark concerning the
feasibility of quantum resonances in the systems under delta-
~like in time perturbation (for the one-dimensional case, the
Jatter is representable as follows: fﬂiﬂégi%y , where A%/ is
arbitrary function of X -coordinate), There is no difficulty
to show that for the existence of a resonance it is necessary
that the spectrum of unﬁerturbed Hamiltonian AQ be discrete
and have the form of a polynomial of the quantum number with
rational numbers, In addition, it is also required that the
condition of the form gi . = B be satisfied for eigen-
functions of the Hamiltonianﬂ,.#e then have: EJ,U(L' 'F??'gﬁ?}jﬁ{]%
X%+ME(EXP(‘.2—;€@)%)({)&9(/’"3?;“)%). Fc:llowiﬁg from this equality,

one succeeds in reducing the mapping in one period to multipli-

cation by the matrix. Probably, the last condition may be relax-
ed, :

The authors are much indebted to B.V.Chirikov for his at-
tention to the work and valuable comments, to G.M.Zaslavaky,
l.A.Malkin, V.V.S5okolov, and S.A.Kheifets for gtimulating dis-

cussions, and to L.A.Khailo for the help in calculations.
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Tabhle 1

g

K 7 K g
0.025 6.107° 0.1 1/4
0,058 1074 1 1/17
0.058 104 1 4/17
0.099 107 10 1/101
0.100 2.107° 0.5 2/5
0.150 1072 1.2 1/8
0.176 1073 3 1/17
0.200 6.10"% 1 1/5
0.235 0.08 4 1/17
0.235 0.144 4 4/17
0.353 0.36 5 1/17

Table I.i

i , 7 K &
0.706 3.0 2.8 12 1/17
1,76 23.4 9.3 30 1/17
3.33 52,4 3.2 50 1/15
5.00 181 2.4 85 1717
5.44 284 157 87 1/16
6.21 239 1.3 87 1/14
7.69 404 1.9 100 1/13
7.73 246 2.7 85 1/11
8.57 206 2.5 60 1/7
10,7 245 3.3 TH 1/7
12.4 452 2,3 87 1/7
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