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It is shown that transformations .admissible by the equa -
tions which are integrated by the method of inverse spectral
tpangform form infinite-dimensional groups of different types,
namely: the infinite-dimensional group of symmetry, the infi -
nite-dimensional group of Backlund jransformations, and the
infinite-dimensional dynamical group.



ON A GROUP STRUCTURE OF _
TRANSFORMATIONS ADMISSIBLE BY INTEGRABLE EQUATIONS

B.G.Eonopelchenko

Institute of Nuclear Physics,
Novosibirsk, 630090, USSR

I. The Backlund transformations play an important role in
a study of nonlinear equations. By now thege transformations
were derived for a wide class of equations. It was clarified
the relationship between them and - the method of inverse spec-
tral transform., It was discussed the connection .between
the transformations of spectral data and the field quantities
(see, e.g., refs. /1-6/). But the question on group properties
of Backlund transformations is still open.

~ In the present note it is considered the group structure
of transformations acting in a whole set of solutions both
for an equation and a class of equations. It is shown that
these {ransformations and, in particular, Backlund transfor-
mations form an infinite-dimensional group. '

The solution space of nonlinear equations is a homogene-
ous space of the so-called dynamical group. This fact can be
used for quantization of integrable equationa by the method
of quantization on orbits. ;

2. We shall consider the nonlinear equations which are
integrable by the method of inverse spectral transform (IST).
To this end, we shall use the version of this method proposed
in the papers /5/. For the sake of simplicity, let us rest-
rict ourgelves to the class of equations which were studied
in the first of those papers. The results obteined are valid
in the general case as well, We shall make use of the notation
of the paper /5/.

The relative linear problem is of the form:
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where G; , 63 63 are Pauli matrices, U= 2J.‘-j:) is the

two-component field quantity, 4 1s the spectral parameten
Formula (1) and the equations of inverse transform determine
a one-to—one correspondence between the functions U(x) and
the quantities 'HV , &nd, hence, between the functions 'U');)
and the spectral data A(k)= (U'Lff") and E(rc): [ﬁj(‘) .
- o (k) B=(r)

The equations which are integrable by the operator (1)

may be written as follows /5/: :
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where )/ and a’ are the arbitrary functions and:

N T
L = 2572 9 viIv 6:2;

(Tf)w= fdf §(5,49).

Eq. (2) is satisfied simultaneously with the following equa -
tion (plus the equation for S K, -a‘fj)lt
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In virtue of th-e correspﬁnﬂence' Lﬁ:—*nA each solution of

the nonlinear equation (2) corresponds to the solution of
linear equation (3) and vice versa. '

Remark that if one proceeds from the ag:ctral data
A(k,4F) to Pourier transforms (% £q) =

:j}{t _gxf,{,zg',txﬁ'}) A(“’;ﬁ?) then eq. (3) can be written in
the form:
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¥ -In this note we confine ourselves to the continuous spec-
trum, ' The case of discrete spectrum will be congidered else-.

where,

Thus, the Fourier transforms of spectral data satisfy the
equation which coincides with a linear part of the nonlinear
equation (2).

3. Let us denote the set of solutions of eg. (2) as m:f:
and that of eqe. (3) (or eq. (4}) as m,q. The one-to-one cor -
regpondence between the elements of these sets permits us
to determine the spame correspondence between the operations
with the elements. Indeed, each +{ransformation ¢—= 2/ in
777v by formulae (1) is mapped into transformation A=A
in ?TZA s end inversely, each transformation in 97?,4 by
formulae of inverse spectral transform generates a trans -
formation in m?} .

There ig no difficulty to see further that any one-
-perametric group of transformations in '?77,&, corresponds to
a one=-parametric group of transformations in mb! sy and
vice cersa, It is clear that this is also true for any
finlte=parametric group and any infinite-parametric one:
each group of transformations in ’}7‘11; induces a group of
trangformations in ???,4 sy which is isomorphic to it, and
vice versa. Thus, the structures of the groups of transfor -
mations admisgesible by the sets. m:.l and ?7?,4 are the sa -
me, This circumstance makes it posasible to reduce the
question on ‘the groups admissible by eq. (2) to the much more
simpler case of linear equation (3), (4).

All the groups admissible by some equation can be divided
into the groups of three types: a dynamical group, a group of
gymme try, and a group of Backlund transformations. By the dy-
nemical group (D) we mean a group of transformations which
transformes any solution U~ of certain equation into any
other solution U/ of the game equation. The group of gym -
metry G s 18 a2 estationary group of solution U = {)*. The
group of Backlund +transformations (B) is a group of transfor-
mations inhomogeneous with respect to U . If an equation
possegses the dynamiecal group D, then the set MIJ of so-
lutiong of this equation is a homogenamis space of the group
D, and muia isomorphic to the space of the left adjacent
# Thig definition is equivalent to the standard one.




clagses of the grouplunder the subgroup G (group of symmet-
rYy)e

Let us turn now to eqe. (3), (4). The listed above types
of groups can be readily described for the case of a linear
equation. The group, of symmetry is a group of transformations
P> 'Pff :70+é_‘ ?:7 (in the infinitesimal form) for which

S ()= €D YY)

and, in general, the integro-differential operator. :D ¢com-
mutes with the operator ;([}::Dj:o) « In raf, (7) it
was shown that the group of symmetry for an arbitrary linear
equation is an infinite-dimensional Lie group and belongs 1o
the G, type. The existence of the infinite set of inte -
grals of motion of a linear equation is assocliated with this
fact,

The group of Backlund transformations of a linear equa -
tion is the group of transformations

SP(x)—a plx)= px) + W(x)

where (U(x)is the arbitrary solution of this equation, It is
eagy to see that the group in question is an infinite-dimen -
gional Abelian group /8/. The dynamical group is a group of
transformations of the form 5’([{3(:!):: €2X'X) L(x) and, hence,
thig is a combination of the group of symmeiry and the group
of Backlund transformations. The dynamical groups were consi-
dered in considerable detail in ref. /8/. It has turned out
that eq. (4) can be derived from the dynamical group D by
the method of nonlinear realizations /9/.

As we gee, the groups admissible by eq., (2) are isomor -
phic to those admissible by eqs. (3), (4). Thereby, eq. (2)
posgesses the jinfinite-dimensional Abelis;n_?grou? of Backlund
tranagformations. For arbitrary functions )/ and eg.(2)
posseases the infinite-dimensional group of symmetry Q; o0
connected to an invariance of this equation under the trans-
lations X-*X'= X#Q . The definite infinite-dimensional
groupe of symmetry of the Qﬂ,,, type * correspond to the

Note that the spectral parameter K possesses definite
trangformative properties under the group of symmetry: it is
tranaformed as 5'3.%{ 1%

6
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definite functions )/ and a/ « Thorough a whole set Mgﬂf
solutions of eq. (2) the infinite-dimensional dynamical
group acts and the set ??2;) ig a homogeneous 8pace of
this group. Since using the transformations of a dynemi =
cal group, it is possible +to obtain all the solutions from
any solution of the equation (in particular, from initial
data), the information which is contained in the dynamical
group coincides completely with +that in the equation.

The fact that the solution sepace of eq. (2) ie a homoge-
neous space of dynamical group D (i.e. the orbit of group D)
gives & posaibility, as it seems to us, to quantize eq. (2),
uging the method of quantization on orbits (see, e.g.,
ref. /10/).

And note finally, that the group properties which are
intrinsic to the solutions of eq. (2), corresponding to the
continuous spectrum of operator (1) coincide, in essence,
with +the group properties of the linear part of equation.
This circumstance may help in finding the "group" definition
of the soluticns of continuous spectrum, The solutions of eq
(2) which are described by the continuous spectrum (non-so -
liton solutions) are the solutions whose group properties
(group of symmetry, group of Backlund transformations, and
dynamical group) coincide with the, group properties of solu-
tions of the linear part of equation,

4., The Backlund traneformations and the transformations
of the groupof symmetry which have a simple form in the space
of gpecitral data are quite complex in the field variable

U-(X;-{r g') /71:8/. For the (%l;typé,aquatians the transforma -
tions, . in a particulasr case )/=¢ , were derived, in essence,
in ref. /5/. In this paper it was shown that the transforma -
tion U-> 7' of the form

(§(0) + $(a)s3)v "+ (§14) - f@)@)ﬂz@ (5)

where g(;?.‘)f 'f(.?.)are the arbitrary functions, and _A_-..A (z:j W)
is some integro-differential operator,transforms the golution

L
* Recall that the functions Y and Y are arbitrary and we
confine ourselves only to the continuous spectrum.

£
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U of eq..(2) ( )V = 0) into the solution U  of the
game equation. The quantity A (.E.}tt) ig transgformed as fol-

F(k)-g(K)
)+ g /
A(k‘(-@)—b;\{{%t{): () +9(k A{k‘f
0T sigaguo |Aistho

A Ok 1L
Let ue introduce the function ‘9(;)___ 2&-2(—(%(-. %}

Then transformations (5) and (6) take the form:

(x4)= A(»/2))63 ) U
wlt= exp(S(Am)S3) VG4,
A= exp(s(063) AlxY.

It is ready to see from expressions (7T) that transformations
under congideration form an infinite-dimentional Lie group:
the function _5? ig g transformation parameter; _SD = 0 cor-
responde +to the identical transformation, the function

¢=0 corresponds to the identical transformation, the func-
tion - @ corresponds to the inverse transformation.

lows:

ity _
- The case )= {0 1is degenerate. In the general case
J#0 transformations (7). form merely a small subgroup of
the whole dynamical group.

In ref. /5/ transformations (5) and (6) with the func-
tion dependent on £ were also considered. These trans =
formations, the so-called generalized Backlund transforma -
tions, trensform the solutions of an equation of type (2)

( 17 = 0) into the solution of another equation of type (2)
(with another function a,’ Yo It is evident  that the genera-
lized Backlund transformations form a group. Tn the space .
which is a combination of the spaces of the s~"utions of eq.
(2) with all possible functions X , the generalized dynami-
cal group can be determined so that the united space of so-
lutions is & homogeneous space of this group. The generalized
Backlund transformations give a possibility to obtain  the

“w

functiongl relations such +that the initial differential
equation is their infinitesimal form /5/.

The results presented above are,also true for any equa
tion integrable by the IST method.
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